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CHAPTER I. 


CARTESIAN AND POLAR COORDINATES. 

1. Cartesian Coordinates. Let XOX', YOY' be two 
given intersecting lines, P any point in their plane. Let the 
parallelogram PLOM be completed having its adjacent sides 
OL, OM along the given lines XOX', YOY' respectively. The 
position in the plane of the point P relatively to the given 
lines is known when the magnitudes and directions of OL and 
OM ai'e known. 



It is necessary in order that the point P may be definitely 
determined that the directions as well as the magnitudes of 
OL and OM should be known. For if only the magnitudes 
were given we should not know whether OL was to be 

A. 1 
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measured in the direction OX or in the direction OX', nor 
again whether OM was to be measured in the direction OF or 
in the direction OF'. 

Accordingly wc make use of that convention of signs with 
which the reader is ali-eady acquainted in Trigonometry, and 
consider OL to be a positive magnitude if it is in the direction 
OX, and negative if it is in the opposite direction OX'. 
OM too is to be considered positive if in the direction OF, 
and negative in the direction OF'. 

OL and OM, regard being had to their sign as well as to 
their magnitude, are called the Cartesian coordinates of the 
point P with respect to the axes OX, OY. They arc so called 
after the celebrated French mathematician, des Cartes, who 
first introduced this method of determining the position of a 
point in a plane. 

By calling the axes of coordinates OX, OF we imply that 
OX, OY are the directions in which OL, OM, as explained 
above, are to be accounted positive. 

We distinguish the two axes of coordinates by calling OX 
the a-axis, and OF the y-axis. 0 is called the origin. 

OL may be called the ic-coordinate of P, OM the y-coordi- 
nate. OL is frequently denoted by x, and OM by y. The 
point P is then briefly represented as {x, y). 

When we wish to represent several points we can do so by 
means of suffixes. Thus {xp, yf) can represent P, and {xq, i/q) 
can represent a different point Q. Different points are some- 
times represented by means of numerical sutHxes as («], yi), 
{Xi, y^, (Xi, yi), &c., or again by dashes, as (x,y), ,y )> 
{x"’,y'"), &c. 

2. It will be convenient to speak of that part of the plane 
which falls within the angle A"OF (OX, OF being unlimited), 
as the first quadrant, the part within the angle FOX as the 
second quadrant, the part within X'OY' as the third quadrant, 
and the pai’t within F'OX as the fourth quadrant... 
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If then a point lie in the first quadrant both its x and y 
coordinates arc positive; if in the second quadrant its a;-co- 
ordinate is negative and its y-coordinate positive; if in the 
third quadrant both coordinates are negative ; if in the fourth 
quadrant the as-coordinate is positive and the ^-coordinate 
negative. 

To represent the point (3, — 4) in Llio figure, OL would have 
to be measured along OX of 3 units of length, and OM along 
0 Y' of 4 units of length ; the parallelogram OLPM would then 
have to be completed. The vertex P is the point (3, —4). 

The student may as an exercise mark on properly ruled 
graph paper the I’ollowing points, (2, 1), (8, - 3), (- 4, 5), (5, - 1). 
These points, if correctly marked, will be found to lie in one 
straight line. 

3. The relativity of coordinates. The student cannot 
too early familiarise liimsclf with the fact that the coordinates 
of a point are purely relative. That is, they depend for their 
sign and magnitude on the axes of coordinates. For different 
axes the same point will have different coordinatea 

The following is of great importance : 

If (®ij y\) (^'2> fh® coordinates of twm points Pi and 

relative to axes OX and 0 Y, then the coordinates of Pa relative 
to axes through Pi parallel to OX, OY will be {x^-^Xi, y^ — y^. 
For if we complete the parallelograms OXjPiil/i, OL-iP^M^, we 
see that the coordinates of P^ relative to the new axes through 
Pi are equal to LiL.^ and MiM^. 

-but LiL^ OP 2 01j\ X 2 “* Xi , 

ifiifa = OM2 - OMi = - yi. 

This is true in whatever quadrant the 2)oiiits Pj and Pa may 
happen to fall, whether the same or different ones. 

The student may mark the points P, and P3 whose co- 
ordinates are (- 3, 5), (1, — 7) and satisfy himself that the 
coordinates of P* relative to axes thi’ough Pi, parallel to the 

1—2 
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original axes, are 4 { = ! — (— 3)}, and — 12 {= — 7 — 5}, and that 
the coordinates of Pj relative to axes through P* parallel to the 
original axes are (— 4, 12). 



4 . Rectangular and oblique axrcs. When the axes 
of coordinates are at right angles they are said to be rect- 
angular, otherwise they are called oblique. As the student 
will see, rectangular axes are used more commonly than are 
oblique. There are cases, however, where oblique axes are 
useful. The student will find it necessary as he goes along 
to discriminate formulae which are applicable only when the 
axes are rectangular and formulae which hold for oblique axes 
as well. 

6. Polar coordinates. In this system of coordinates 
the position of a point is determined by its distance from a 
fixed point 0, usually called \hepole (though it might equally 
well be called the origin), and the angle which the line joining 
the pole to the point makes with a fixed line through the pole, 
called the initial line. Thus if OA be the initial line, the 
polar coordinates of a point P are OP which is known as the 
radius vector, and the angle AOP which is called the vectorial 
angle. The vectorial angle is measured from the initial line as 
in Trigonometry ; it is usually considered positive if measured 
round from OA in the opposite direction to that of the rotation 
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of the hands of a watch, and negative in the other direction. 
But it may on occasion be more convenient to take the rotation 
positive in the same direction as that of the hands of a watch. 
To mark a point whoso j)olar coordinates (r, 0) are given, we 
first measure the vectorial angle 0 and then cut off the radius 
vector (= r). The extremity P of this is the point (r, 0). 



6. On the sign of the radius vector. In polar co- 
ordinates we admit negative as well as positive radii vectores, 
a negative radius vector being measured in the opposite 
direction to that of the boundary line of the vectorial angle. 

It will be seen that the point whose polar coordinates are 
(— c, a) is the same as the points (c, tt -1- a). It may seem 
then to be unnecessary to admit negative radii vectores at all, 
since every point with a negative radius vector could be 
equally well represented by means of a positive one by a 
change in the vectorial angle. 

We cannot, however, afford to exclude the negative radius 
vector; for while points in isolation can be as well expressed 
by means of a positive radius vector as by a negative one, this 
is not the case when we have to do with an assemblage of 
points forming a curve or locus, as it is called. 

We can illustrate this point by a simple example. There 
is a certain assemblage of points forming a curve whose polar 
coordinates satisfy the equation 

i = l-I-3cos0. 
r 

27r 

Now it can be seen that for r = — 2, ^ = -g" this equation is 
satisfied, and so we say that the curve represented by this 
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equation p:isses through the point \ - 2, g- j . But the co- 
ordinates of this point when it is expressed by means of a 
positive radius vector as ^2, - do not satisfy the equation. 

We should then have to exclude this point in the plane as 
not part of tlu' locus if we admitted only positive radii vcctorcs, 
whereas by admitting the negative radius vector the j)oint 
belongs to the locus, as it will be required to do. Why it 
will he so required it is premature to attempt to explain to 
the j-eader. He will he in a position to understand this for 
himself when he has mastered the polar equation of conics. 

7. Formulae connecting the polar and Cartesian 
coordinates of a point. 

It is to be understood in what follows that the pole and 
the initial line in the polar system are respectively the origin 
and the axis of x in the Carte.sian system, and the positive 
direction of measurement of the vectorial angle is towards the 
axis of y. 

Let (x, y) he the Cartesian coordinates of a point P, (r, 6) 
its polar coordinates. 

First, let the Cartesian axes be rectangular. 


Y 



We have at once from the figure 

x — rcosd, y^rrnnO, 

and these formulae hold in whichever quadrant P may be. 
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From the above we have 

r* = a® + y*, 

tan 0 = - . 
os 

Secondly, let the Cartesian axes be oblique. 



Drawing PL parallel to the axis of y to meet the aj-axis in 
L, and PM perpendicular to the a!-axis, we have, if » be the 
angle between the axes, 

r cos d = OM = OL + LM =‘X + yco8ci>, 
rsinO — MP= y sin co. 

Adding squares we have 

P = (x + y cos ft))* + y* sin* to 
= a:* + 2xy cos a> + 1 /*. 

This is an important formula giving as it does the distance 
of the point {x, y) from the origin. 

8. Distance between two points whose Cartesian 
coordinates are given. 

Let («i, 2/i), (aJa, 2 / 2 ) be the coordinates of the points Pi and 
P, respectively. The coordinates of P, relatively to axes 
through Pi parallel to the original axes are x^ — x^, yt — y\. 

Therefore by the last article 
P 1 P 2 * = (®2 - a^i)* + (yj - yO® + 2 (ajj - aji) (ya - yO cos as, 
or, what is the same thing, 

(asi - a;,)* + (yi - ya)* + 2 (a^i - x^ (yi - y^ cos o). 

In the case where the axes are rectangular 
P iP — (i*'! ^’a)* "b (yi ya)** 
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9. Coordinates of the point dividing in a given 
ratio the line Joining two given points. 

Let {Xi, y-^ {Xi, y^ be the coordinates of the given points P, 
and Pa, 

Let Q be a point in Pi Pa such that P^Q : QP^=^ k :( 

Let {x, y) be ihe cooidiiiates of Q. 


Y 



Draw QR and P^S parallel to the t/-axis to meet the line 
through Pi parallel to the iu-axis in R and S. 

Then k :l = P,Q : QP, = P,P : RS 


Similarly 


= x — Xi : Xt — w 

k{Xi-- x) — l{x — Xi), 
kx^ + Ixi 

_ky^ + lyi 

y~ k+i • 


Cor. If Q be the middle point of PiP^ its coordinates are 
+ hiVi+Vi)- 

It should be noted that if Q does not lie between Pi and Pg 
then the ratio is a negative quantity, that is to say one of 
the two, k or I, is negative. It does not make any difference to 
which of the two the negative sign be given. 
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Area of a triangle. 

10. To find the area of the triangle formed hy joining the 
origin to two puijits Pt, Pt whose coordinates are (a\, y^, y<i). 

Let (ti, 6i), (ra, d^) be the pohir coordinates of Pi and P.^. 
Let > 01. 

The area of the triangle OP 1 P 2 = OPj . OPa sin PjOP* 

= ^r,rasin(^a-^i), 

or ^ nra sin {2-rr - (0^ - ^,)} , 

according as the origin is to the left or right hand as we 
pass from Pi to Pj. 



Thus the area of the triangle 0PiP» 

= + i rir, (sin 0i cos 0i — cos dj sin 0i) 

= ± i {(iTi + yj cosft))ya 8 in<w — («, + ^a cos ®) yi sin to] by § 7 

= ± i - *22/1) sin <». 

If we consider the triangle OP 1 P 3 to have a positive area 
when, as we proceed round the triangle from 0 to Pi and then 
to Pa, the triangle is on our left hand, and to have a negative 
area in the opposite case, then 

A0P,Pa=-A0PaP„ 

and we have A OPiP* = ^ (a^ya -«>ay^ sin t», 
which when the axes are rectangular = (a^iy, — Xtyi). 
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11 . To find the area of the triangle whose vertices are 

(^ 1 , yd, yd, (®». yd- 

Denoting these points by Pi, P^, P, respectively, we see 
that the coordinates of Pa relatively to are — Xi, 2/a — y,) 
and of Ps relatively to Pj (a:, — y.^ — yd- 

Therefore by the last article, with the same convention as 
to sign, 

A P iP aP a = 4 ® {(^2 ^i) (2/3 yd (^3 *1) (3/2 2/1)} 

= i (1/2 - 2 /s) + •'Ks (2/3 - 2/1) + a-'a (2/1 " 2/2)1 sill «• 


V 



This is a formula easily remembered. It can be written as 
a determinant thus : 


^sin&> 


^1. 

1 

or ^ sin at 


a?,. 

^3 


^ 2 , 

ys, 

1 


yi. 

ys. 

2/8 



2/3, 

1 


1 

1 

1 


12 . The result of the previous article could also be obtained 
by joining the vertices Pi, Pa, Pj to the origin 0. Then regard 
being had to the signs of the areas 

A PiPaP, = A OPiPa + A OPaP. + A OP, Pi 

= ^ sin 0 ) {(* 12 /, - a;a2/i) + {x^y^ - x^y^) + («r,2/i - 2/s)}. 

And in this way we can obtain the area of a polygon 

P iP.p , . . . P n- 
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For the polygon 

= A 0F^1\ + A 0P,P3 + A OP 3 P, + A OP,P, + . . . 

+ AOP„-iP„+AOP„P, 

== i sin 0) [{ci\y., - x^y^) + - x^y^^ + U\y, - x^y^) +. . . 

+ - ^n2/n-i) 4* {x^y^ ” X^ljn)]. 

13. CondiUon of collinearity of three points. The 

points (.x’l, yi), (.x*2, y>i)y Ih) will clearly lie on one straight 
line if the area of the triangle formed by joining the points 
is zero. The condition for this is 

(i /2 - yz ) + ^2 {yt - 2/1) + ^8 (2/1 - 2/2) = 0 , 


or 

^ 1 , 

Vi’ 

1 


^ 2 , 

2 / 2 . 

1 


Xty 

y», 

1 


This condition for collinearity of three points holds whether 
the axes be rectangular or oblique. 


EXAMPLES. 

" 1. Prove that the distance between two points whose polar 
coordinates are (r^, 0,), (pj, 6^ is 

isjr^ + - 2^1 ?’3 cos (6^^ - 0a). 

2. Write down the coordinates of the middle points of the 

si^es of the ti*iangle whose vertices are (a’g, 2 / 2)1 (^si 2 / 3)1 ^^^d 

shew tliat the area of the triangle formed by joining these is 
one-quarter of that of the original triangle. 

3. Find the distance between the points (2, -3), (-5,-7), 
the axes being inclined at 60^ 

4. Shew that the points (a, a), (-a, -a), (-a ^3, a^3) are 
the vertices of an equilateral triangle, the axes being rectangular. 

6. Shew that the points (1, — |-), (-3, ~|), (-4, -f) are 
‘the vertices of a right-angled triangle, the axes being rectangular, 
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6. Shew that the points (2, 3), (6, 9) are in a straight line 
with the origin. 

Shew that (n^, 6), {ka, kh) are in a straight line with the origin. 

7. Prove tliat the three points (1, J), (2, f), (5, are 
coUinear. 

8. If (ic, y) be any point in the straight line which passes 
through (2, 4) and (5, 9), prove that 

5a; - 3y + 2 == 0. 

[Express the fact that the area of the triangle with the three 
points as vertices is zero.] 

9. Prove that the points (a^, y,), {x^, 
are collinear by § 13. 

^ 10. If the point {x, y) be equidistant from the points (2, — 3) 
and (—5, —7) then llrr + Sy + Gl -=0, and conversely, the axes of 
coordinates being rectangular. 

11. Shew that the middle point of the line joining (5, 1) and 
(3, 7) is also the middle point of the line joining (20, 9) and 
(-12, —1). What geometrical conclusion can be drawn from 
this fact? 

12. Find the area of the quadrilateral whose vertices are 
5), (6, —2), (3, 8), (5, 1), the axes being inclined at 30°. 
[Care must be taken that the points are taken in the proper 

order so as to get a closed ligure.J 
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LOCI AND THEIR EQUATIONS. 


14 . In the preceding chapter we have explained the 
method of representation of isolated points in a plane by 
means of Cartesian and Polar coordinates. We pass now to 
consider the representation of an assemblage of points. We 
cannot represent analytically an assemblage of points taken 
at random, but when the points are situated according to some 
law it may be possible to give a collective representation of 
them. Thus all points which lie on the same straight line can 
be represented by means of an equation. 

For example, if («, y) be the coordinates of any point on the 
line passing through the points (2, 4) and (3, 5) then the area 
of the triangle formed by these points is zero. We thus have 


y, 

2, 4, 

3, 5, 



from which we get a; — y + 2 = 0. 

Now this equation is satisfied by the x and y coordinates of 
every point on the line. It may therefore be said to represent 
the line, and it is called the equation of tlie line. 


15. Again, we might find an equation satisfied by the 
coordinates of all points which are at a certain given distance 
from a point whose coordinates are given. Thus if y) be 
the coordinates of any point whose distance from the point 
(2, 3) is 5 we have, if the axes be rectangular, 

(«-2)H(y-3)* = 5>, 
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for the left-hand side of this equation is (§ 8) the square of the 
distance between the points (w, y) and (2, 3). This equation 
reduces to 

-f- — 4 «b — 63/ = 1 2. 

This equation then represents a circle whose centre is at 
(2, 3) and whose radius is 5. And we speak of the equation as 
the equation of this circle. 

16. A number of points obeying some law are said to foi’in 
a locus, and if it be possible to find an equation satisfied by all 
points which obey that law, but satisfied by no other points, 
that equation is called the equation of that locus. Thus the 
circumference of a circle having its centre at the point Qi, k) 
and having its radius equal to a is tlie locus of points whose 
distance from (A, k) is a. Its equation is then 

(x - hf + (y - kf = a\ 

for this equation i.s plainly sati.sfied by all points whose distance 
fi’om (A, k) is a, and by no other points. 

17. Points which form a locus for which an equation exists 
lie along a lino straight or curved. J3iit a locus is not necessarily 
a straight or curved line. For example, all points lying within 
the circumference of some particular circle form a locus, and as 
we shall sec in a later chapter, they can be represented col- 
lectively, though not by an equation. Every locus, however, 
which can be represented by an equation may be called a 
curve, by which is meant the line on which all the points 
which obey the law of the locus lie, and on which lie no points 
which do not belong to the locus. 

' 18. The relativity of the equations of curves or loci. 

It is clear that the equation of a curve or locus is relative to 
the axes of coordinates, and it will change when the axes of 
coordinates are changed. Thus the equation of a circle whose 
centre is at (A, k) and whose radius is a is, as we have seen, 

{a-hf + (y-kf = a^ ( 1 ). 
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But if the axes of coordinates pass through the centre of the 
circle the equation of this same circle becomes 

u?^nf = a? ( 2 ). 

The X and y of equation (2) are of course not the same as 
the X and y of equation (1). In (2) they are the coordinates 
of a point P on the circle with reference to the axes through 
its centre, but in (1) they are the coordinates of the same point 
P, but with reference to different axes. 

Thus in the accompanying figure which, it is hoped, is self- 
explanatory, the X and y of equation (1) are OM and MP 
respectively; but the x and y of equation (2) are CN and 
NP respectively. Both the equations alike represent the 
geometrical fact that 

m-^ + NP^ = CP^ = aK 



19. If we wish to discover by analytical methods the 
geometrical properties of a curve or locus whose equation can 
be foimd, we choose our axes of coordinates so as to make 
the equation of the curve as simple as possible. Not that 
the same properties could not be proved otherwise, but the 
working out of the proof would be more complicated. The 
student will learn by experience which axes it will be best 
to take in pai'ticular cases. 
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EXAMPLES. 

[The axes of coordinates arc to be taken rectangular,] 

1 . Find the equation of the locus of points which are equi- 
distant from the points (2, 3) and (5, 7). 

2. Find the equation of the locus of points whose distance from 
the point (2, - 3) is double their distance from (1, 2). 

[Here 

V^-2f + (2/ + 3)= = 2 l)» + (y-2)». 

Square and simplify.] 

3. Find the equation of the locus of a j>oint whose distance 
from the origin is twice its distance from the axis of x, 

4. Find the equation of the locus of a point whose distance 
from (a, 0) is equal to its distance from the axis of y, 

5. Find the equation of the locus of a point whose distance 
from (a, 0) is m times its distance from (0, a), 

6. Find the equation of the locus of points the sum of the 
squares of whose distances from the points (2, 5), (3, - 1) is equal 
to 40. 

7. A point moves in its piano so that the sum of its distances 
from the points (c, 0), ( - c, 0) is 2a, Show that the equation of its 

locus is ^ = 1 where 6^ = - c*. 

a? IP' 

8. Expre.ss analytically tlie locus of points whose distances from 
two given points are in a given ratio h, 

[Here the axes of coordinates are at our choice. Let A and B 
be the fixed points. Let AB ^ 2a, Take 0 the middle point of AB 
for origin, OA and a line perpendicular to it for axes of coordinates. 
The equation of the locus will be found to be 

' (1 - IP) {a? + y^) - 2ax{l+k^)-^a^{\ - IP)=-0,] 

9. Expre‘'S analytically the locus of a point the sum of the 
squares of whose distances from two given points is constant. 

10. The equation of a certain curve is 

^ y^ — 4LX-\~ 6y ~ 14. 

What will this become when the origin is transferred to (2, — 3) 
without changing the directions of the axesi 



CHAPTER III 

THE STRAIGHT LINE. 


20. Equation of a line through two given points. 

To find the equation of the line passing through the points 
A and B whose coordinates are (a?!, 3/1), respectively. 

Let {x, y) be the coordinates of any point P on the line. 

The coordinates of P relative to axes through A and parallel 
to the given axes are {oc -- y -- y^ \ and the coordinates of B 
relative to the same axes are — ya — y{). 

Thus the area of the triangle P^IP is 

i sin « {(« - a;,) {y., - y^) - (a;, - a;,) (y - yi)l» 
where eo is the angle between the axes. 

But this area is zero since P, A and B are collinear. 


Therefore — — ~ = - — — (A). 

X2 x^ y^ 3/1 

This then is the equation of the line passing through the two 
given points. , 

By changing the signs of both denominators we can write 
this also 

(A). 

yi-ya 

And it can easily be seen that the equation is equivalent to 


^-^2 ^ y - y % 


(A), 


2 
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as of course the line through y,) and {x^, is also the line 
through (a;,, y,) and (a;,, y,). In other words the equation must 
be unaltered when we interchange a;, and y, and y*, 
simultaneously. 

21. Line through the origin. In the special case where 
the point (a;,, is the origin we have ar* = 0, y, = 0 and thus 
the equation of the line through the origin and (a^, yj is 

x^y_ 

«i yx' 

which may be written ^ = , 

•' X a\ 

In other words the ratio of the x and y coordinates of any 
point on the line is constant, as is obvious also from geometrical 
considerations. 

22. Equation of line whose intercepts on the axes 
are given. 

Let ABP be the line cutting the axes in A and B. Let 
OA = a, OB — b where a and 6 may be one or other or both 
negative. 



Let (a, y) be the coordinates of any point on the line. 
Then the area of the triangle whose vertices are {x, y\ (a, OX 
(0, b) is zero. 
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Therefore « (0 — &) + a (6 — y) + 0 (y — 0) = 0; 
/. bx + ay=ab; 


a^b 


This is an important form and one easily remembered. 

The equation (B) could of course be derived from (A) by 
writing Xi^a, yi-O] Xa = 0, y, = & ; 

X — a _y — 0 ^ 


It should be noticed that both equations (A) and (B) are 
applicable whether the axes be rectangular or oblique. 

23. General linear equation. 

To prove that the equation Ax + By+ (7 = 0 where A, B, G 
are constants represents a straight line. 

Let (ajj, 2/,), {x„, y^), (a?,, jfj) be three points on the locus 
represented by the given equation, thus 

Aa?! + Byi + (7 = 0, 

Ax^ + By^ + (7 = 0, 

Aa7g + By, + (7 = 0. 

Multiply the first equation by (y^ — ys), the second by (y, — y,), 
and the third by (yi — y,), then by addition 

[«i (yj - 2/3) + ( 2 /s - J^i) + iyi - 2/2)] = 0 

for the terms in B and (7 vanish identically. 

Therefore if A be not zero 

«h (ya - 2 /s) + (ys - 2/1) + (2/1 - 2 /s) =• 
that is, the area of the triangle formed by joining the three 
points is zero; therefore the three points lie on one straight line. 
This being true of any three points on the locus, the locos 
itself is a straight line. 

2—2 
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If A be zero, the equation reduces to By that is 

G 

y=-B‘ 

Thus the y coordinate of every point on the locus is the 
same. The locus is then a straight line parallel to the axis 
of 01. 

24. Lines parallel to the axies. It is easily seen from 
what has been said at the conclusion of the last article, that 
the equation of a line parallel to the «-axis is of the form y = b, 
and of a line parallel to the y-axis x = a. 



These are special cases of the form (B) when one or other 
of the intercepts on the axes becomes infinite. 

, Examples. 1. Use (A) to obtain the equation of the line through 
the points (6, 7), (3, 1) in the form 2 x—y= 6. 

' 2. Find the equation of the lino through (2, 4), ( - 3, 6). 

y 3. Write down the equation of the line through (1, 3), (-2, -C) and 
shew that it passes through the origin. 

4 Shew that the equation of the line through ^ 0^, (0, c) is 

5. Shew that the equation of the line through (p sec a, 0), (0, p cosec a) 
is arcoso+yBina= 2 >. 
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6 , Find the intercepts on the axes made by the line 2^ +5^=7. 

[Write the equation y + f = 1 . 

Compare with (B) and the intercepts are seen to be 
Or in the equation 2^-|-5y = 7, put 3 ^= 0 , 

2^=V, 

this then is the intercept on the o^-axis. 

Again, put a?=0 and wo get 2 ^= J which is the intercept on the y-axis.] 

7 . Find the intercepts on the axes made by the line 5a? — 4y=20 and 
so^draw the line. 


Forms for the equation of a straight line when the 
axes are rectangular. 

25. Thus far we have made no restriction as to the axes of 
coordinates. The formulae (A) and (B) are good for oblique 
axes as for rectangular axes. So also it is true that 

Ax + By +(7 = 0 

represents a straight line when the axes are oblique as well as 
when they are rectangular. But we are now going to obtain 
special forms of the equation of a straight line when the axes are 
rectangular. These will be of constant use hereafter. 

26. To obtain the equation of a straight line in terms of the 
perpendicular from the origin upon it, and the angle which this 
perpendicular makes with the axis of x, the axes being supposed 
rectangular. 

Let OL the perpendicular from the origin be p and the 
angle XOL be a. 

Then if OA, OB be the intercepts on the axes 
OA =p sec a, 

OB =^p cosec OL 




This is a very important form for the equation of a line, and 
it holds good however the line falls, provided that o is measured 
only from 0 to w in the positive direction, and provided that 
the perpendicular from the origin be accounted positive in the 
first two quadrants and negative in the third and fourth. 

The student should carefully verify for himself that in each 
of the cases represented in the accompanying figures the 
intercepts on the axes are p sec a and jp cosec a respectively. 
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The point is that by making our convention in regard to the 
measurement of a and the sign of p, we ensure that the 
intercepts have their right signs. 

27. The student may satisfy himself that the form 
X cos « + y sin a = p 

holds in all cases equally well if a be measured from 0 to 27 r 
and p be always accounted positive. 



28. To find the equation of a straight line whose indinaiion 
/9 to the x-oMs is known, as also its intercept h on the y-axis. 

It will be seen from the figures that in each case the inter- 
cepts on the axes are — b cot y8 and b respectively. 



24 


THE STBAiaHT LINE 


Therefore the equation of the line is 


+y^i 

-bcot0^b ’ 



It is usual to write m for tan I3. That is m stands for the 
tangent of the inclination of the line to the axis of x. We 
then have the standard form for the equation of a line 

y = mx + b (D). 

It will be observed that b has the same meaning as in (B). 
Some writers use c for b in (D). It really does not matter 
what letter is used. The advantage of using the same letter in 
(B) and (D) is that attention is drawn to the fact the 
same thing is represented each time. 

29. It should be noticed at this point that the equa ion of 
a line can still be written in the form y = mx + 6 whei the 
axes are oblique, b being the intercept on the y-axis. Butm is 
not now the tangent of the angle which the line makes wit,’ the 
axis of X, but if B be the angle the line makes with the i^is 
of X, and &> the angle between the axes, then 

sin/S 
W= - . 

sm (® — p) 
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This follows at once from the fact that the intercept on the 

. . , sin (^ — a> ) 1 . • . r T sin (ft) — j8) 

a!-axis IS 0 — - or, what is the same, — o - — . ^ . 

sm)3 sm/3 



30. On the constants In the equation of a line. It 

will be observed that when the equation of a line is written in ’ 
the form y = nue + b, of the two constants m and b which occur, 
m depends on the direction of the line, and b on its position. 

The two lines then whose equations are 

y — mx + b, 
y = mx + c, 

are obviously parallel. They have the same direction, but a 
different position. 

31. To find the equation of a line passing through A (x^, y^ 
and making an angle /S with the x-axis, the axes of coordinates 
being rectangular. 

Let {x, y) be the coordinates of any point P on the line. 
Let r be the algebraical distance of the point from (iCj, y^. 
Let r be considered positive if AP is in the first or second 
quadrants formed by axes through A parallel to the original 
axes, otherwise let r be negative. 

With this convention as to sign it will be seen that 
a — a, = r cos 
y-yj = rsin/8. 



26 THE STHAiaHT LINE 

So that we may express the line by the equations 

^ = = r (E). 

cos yS Sin p 
in which is measured from 0 to tt. 



This is a very useful form and we shall have occasion to 
use it frequently in later chapters. It will be seen that by 
equations (E) the coordinates of any point on the line are at 
once expressed when we know its algebraical distance from the 
given point (xi, y,) for we have 

x — Xi-\-r cos y = y^-\-T sin 

32. It may be observed that if the axes of coordinates be 
oblique a straight line through (a,, yd can still be expressed in 
the form 

fl:-a!,_y-y, 

I ~ m ~ * 
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where I and m, though not now the cosine and sine of the 
angle which the line makes with the «-axis, are constants 
depending only on the direction of the line. 

For let .B be a point on the line and let its coordinates be 
2 / 2 ) and let the algebraical ratio of AF : PB be p : g-, P being 
any point on the line. 

Then (a;, y) being the coordinates of P, we have (§ 9) 

p+q ’ ^ p+q * 

*■- p + q • 2' 

^ x-x^ ^ y-y, ^ P_^ AP 
Xt-Xj, yv,-yx jw + g AB' 

This we may write 

x-x , y-yi_ 

I ~ m 

where ^ = m = 

n* ra 

r,j being the algebraical distance of B from as r is of 
P from A. 

It is clear then that I and m depend only on the direction 
of the line and that we have 

i* + m“ + 2lm cos <u 

^ (Xj - Xif + (y., - yiY f 2 (a;, - a?,) (y^ - y,) cos a) _ _ 

Use of the form x cos a + y sin a •ssp, 

33. To find the length of the perpendicular from the origin 
on the line 

Ax + By 4" — 0. 

We may without loss of generality take B to be positive in 
this equation, for if it were not positive we should have only to 
change the signs all through. 
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Our equation may be written 

kA .x + hB .y -vkO^O, 
where k is any constant other than zero. 

Choose k so that + (kBy = 1. 

This is satisfied by ^ ^ - , and we will take the 

positive sign with the radical. 

Our equation is now 

A B ^ -ft 

»JaF+b^ '*■ ^ \/aFVb^ ’ 

in which the coefficient of y is still positiva 

Hence our equation is of the form 

X cos a + y sin a — p = 0, 

^ A . B 

where cos a = , sin or = ,-■/ 

G 

Since sin a is positive, a may represent an angle between 
0 and TT. 

Thus we have reduced our equation to the form (C) and our 
convention of § 26 is applicable. 

(j 

Thus perpendicular p — — 

If p is positive (that is G negative) the perpendicular 
between the origin and the line falls in one of the first two 
quadrants. 

If p is negative (that is G positive) the perpendicular 
between the origin and the line fiills in the third or the fourth 
quadrant. 
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Examples. 1. Write the equation 3«+4y - 28=0 in the form 
a?cosa+ysina=j> 

and find the perpendicular from the origin upon the line. 

2. Exjjrcss 4x - 3y = 18 in the form x cos a ■\-y sin a —f) = 0 (a between 
0 and tt) and find the perpendicular from the origin upon it. 

Verify that the sign of your perpendicular is correct by drawing the 
straight lino in a figure. 

3. Find the poi’peudicular from the origin on the lines 

( 1 ) 6 ^+%= 7 , 

(2) 6a; — 7y — 8=0, 

and state in which quadrant each falls. 

34. To find the length of the fergendicular from the point 
(^ 1 , yi) on the line 

Ax + By ■{■0=0. 

The method we shall adopt is as follows. We shall transfer 
the origin to the point (.'Ti.t/i) and obtain the new equation of 
the line. We then use the method of § 33 to find the length 
of the perpendicular from the new origin. We shall as before 
take B to be positive. 

Let {x, y) be the coordinates of any point P on the line 
refen-ed to the original axes, let {X, Y) be the coordinates of 



the same point P referred to axes through {x^, parallel to 
the original axes 

a:=X + <c„ y=F + yi. 
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But -Ax + By +0 = 0, 

^(X + a;0 + ^(3^+yi) + C'=0, 

jilA+^l + (^.Ti + + 0) = 0, 

^ _ TT ^ TT ■ ^^3 + %i+0_n. 

" ^/A^+ B'-‘ \/~A^ + E- ^/A^+W 


this is the new equation of the line in the form 
X cos a + F sin a — p = 0. 
Axj + 7?//i + G 


Hence 


p=- 


This then is the perpendicular fiom the point («,, yi) on 


the line 


Ax + By + 0=0. 


35. If — is positive, that is if An\ + 7>v, + 0 

V^^ + il- 

is negative, the perpendicular on the line falls in one of the 
first two quadrants formed by i;he new axes through (x^, yi). 

If — is negative, that is if Axj + Byi+ 0 is 

positive, the peipcndicular on the line falls in the third or 
fourth quadrant formed by the new axes through (xi, y^. 

We thus get the following result : 

If («!, yi) be the coordinates of any point in the plane, and 
Ax-\-By + G=Q be the equation of a line {B positive) then 
Axi + By^ + 0 is positive if the point («i, y^) bo above the line 
(that is if the perpendicular from {xi, y^ on the line falls in the 
third or fourth quadrant formed by the axes through (a:,, 
parallel to the original axes), negative if (Xi, be below the 
line and zero if {x^, y^ be on the line. 

Thus we see that any straight line Ax + Z?y + C = 0 divides 
the plane into two parts, such that the coordinates of all points 
on one side of the line substituted for x and y in Ax + By + G 
make this expression positive, the coordinates of all points on 
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the other side of the line make the exjDression negative. 
Points on the line itself make the expression zero. 

The relation Ax‘\- By G >0 

would be satisfied by all points above the line Ax 4- By 4 (7 = 0, 
always supposing B is positive. We might then speak of this 
side of the line as the positive side of the line. The other side 
we can call the negative side of the line. Points on the 
negative side make Ax 4 By 4 0 negative, that is satisfy 

Ax + By 4 C< 0. 

We see then that we can express analytically all points on 
one side of the line Ax + By C = 0 by the inequality 

Ax 4 By 4 ^7 >■ 0 

and all points on the other side of the line by the inequality 

Ax^rBy 4 (7< 0. 

We have only shewn that those inequalities hold when the 
axes are rectangular but it will be seen later that they are 
applicable for oblique axes also. 

Examples. 1. Shew that the perpendicular from (2, 3) on the line 

4^47y ~ 18*0 is of length and that the point is above the line. 

v65 

2- Find the peri)endicular from (1, -3) on the same line and shew 
that the point is below the lino. 

3. Find the perpendiculars from (4, 3) and ( - 2, - 1) on the line 
6^43y48*0. Determine on which side of the lino each point lies, 
and verify by means of a figure. 

4. Show that the point (5, 6) is above the lino 2u;-~4y47=*0 and 
determine its perpendicular distance from the line. 

5. Shew that the points (2, 3) and (1, 2) are on opposite sides of the 
line 5^47y-20=0. 

Use of the form ?/ = mx + b. 

36. It has now been seen how the form 
X cos a 4 y sin a —p = 0 

for the equation of a line enables us to obtain the perpendicular 
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distance of any point (xi, from any line Ax + J5y + 0 = 0, and 
to determine on which side of the line the point lies. We go 
on now to shew the use of the form y = mx + b. 

The condition that the Ivies y = mx + h, y = mfx + V should 
he parallel is m = m', whether the axes he rectangular or oblique. 

For if ^ be the inclination of the lines to the axis of x 
m = tan = m' if the axes be rectangular (§ 28) ; and 

sin B , 

m = = m 

sm (o) — p) 

if the axes be inclined at angle co (§ 29). 

It is clear then that the condition that the lines 


Ax + By + (7=0, 
A'x + B'y + G'^0, 


should be parallel is 


A 

'B' 


A' 


AC. A 

for the first line is y~~'2^~B its ‘m’ is — and the 

A' G' A' 

second line vs y — —-^,x — ^, and its ‘ w ’ is — . 


Thus if the two lines are parallel 
A' V! 

^ = 5 = I:(say). 

A' = kA. B'^JcB. 


Thus the line A'x + B'y + G' = 0, parallel to Ax + By + C= 0, 
can have its equation written 

k {Ax + By) + (7' = 0, 

or dividing out by k 

Ax + By + D = 0. 

This then is the general form of lines parallel to 
Ax + By + G <=0. 
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Examples. [The axes are not necessarily rectangular here.] 

1. Find the equation of the line through (2, 3) and parallel to the 
line 5^ + 8y=9. 

[The equation of the line required is of the form 

in which h must be so determined that the line passes through (2, 3). 

The condition for this is 

104-24=/[r, 

Therefore the line required is 5ji;+8y = 34.] 

2. Find the equation of the line through (1, 3) parallel to 3^- 4y*:8. 

3. Find the equation of a lino i)arallel to 2^ + 14^ = 7 and making an 
intercept of 3 on the axis of y. 

4. Find the equation of a line parallel to 3:r-8y = 21 and making an 
intercept of — 7 on the ^-axis. 


37. The condition that the lines y = inx H- 6, 7/ = nix-\-h' should 
he perpendicular is mm +1 = 0, the axes being rectangular. 

For if y8' be the inclinatioTiwS of the lines to the axis of x 

TT 


13 ' - 13 =^ 


r 


A ^'=ye+|. or = 

In either case tan yS = — cot 

tan /3 tan /S' = — 1, 

This is a very important result. 

It follows that the condition that the lines 
Ax + By + 0 = 0, 
A'x-vB'y^G^^^ 
should be perpendicular is 

A AA' + DF = 0. 
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38. It follows from the last article that the general form 
for the equation of lines perpendicular to Ax By 0 = 0 m 
(when the axes are rectangular) either 

Bx — Ay = k, 

X 


or 


A B~ ‘ 


The k or I must be determined by some other datum re- 
specting the line, as, for example, that it is to go through a 
given point. 

Examples. 1. Shew th.at the lines 5a?+6y=18, 18a:-16y=31 are 
perpendicular. 

2. Find the equation of the line through (2, 5) perpendicular to the 
line 2a: + 5y -p 31 = 0. 

[The equation of a perpendicular lino is 

bx—iy=h. 

Choose k so that (2, 5) lies on this line, 

10-10=/fc, 

.*. ^= 0 . 

Thus the equation required is bx — 'S,y=0.'\ 

3. Find the equation of the line through (4, 6) perpendicular to the 
line X- \by = 20. 

39. General equation of lines through a given point. 

The equation of all lines through the point (®i, y^ are 
included in 

Ax -P By — Axi -p By^, . 

For the general equation of a line is 

Ax + By =C. 

If this passes through (®i, yi) 

Axi + Byi = G. 

This gives Q in terms of A and B and the coordinates of the 
given point. 

Hence the general equation of all lines through (xi, y^) is 
Ax + By= Axi + Byi, 

or A{x-x^) + B(y-yi)-0. 
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40. From the' preceding article we see that the equation 
of the line through («i, 3/1) parallel to Ax + By + G=0 is 
Ax + By = Ax^ + By^ , 

and the equation of the line through (x^, yi) perpendicular to 
the above is 

Bx — Ay ■= Bx^ — Ay^, 


or 


A B A B' 


It is thus easy to write down quickly the equation of a line 
through a given point parallel to or perpendicular to a given 
line. For the terms in x and y are easily expressed in each 
case ; these form the left side of the equation and the right- 
hand side is obtained by substituting the special coordinates 
(«!, 3/1) for the general ones on the left. 

Thus the equation of a line through (3, 7) parallel to 
2a: -f 53/ = 9 is 

2a: -1- 53/ = 2 X 3 -f 5 X 7, 
that is 2a: + 03/ = 41. 

And the equation of the line through (3,7) perpendicular to 
2a: -H = 9 is 

6a: — 23/ = 5 X 3 — 2 X 7, 
that is 5a: -23/ = !. 


Examples. 1. Write down the equation of the lines through (2, —3) 
respectively parallel and perpendicular to 4a; — 7y=l. 

2. Write down the equation of a line through (4, — 1) perpendicular 
to 2y — 3a:=7. 

41. Intersection of two lines. If we wish to find the 
point of intersection of two lines whose equations are 
Ax -4- By -h (7 = 0, 

A'x+B'y-\-G' = 0, 

we have only to solve these equations as simultaneous. For the 
point where they intersect must be such that its coordinates 
satisfy both equations, and the coordinates of no other point will 
satisfy them both simultaneously. 


3—2 
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42. Lines through the point of intersection of given 


lines. 

If Ax + By +0=^0 (1), 

and A*x + B'y + (7' - 0 (2), 

be the equations of two lines, then, luhatever constant k he, the 
equation 

Ax By C -\- k (-A x B y G') = 0 


will represent a straight line, and for different values of k we 
shall get different straight lines. 

Further the straight lines included in (3) all pass through the 
point of intersection of (1) and (2) for the values of x and y 
which satisfy (1) and (2) simultaneously satisfy (3) also. 

Hence the equations of lines through the point of intersec- 
tion of (1) and (2) can be got from the form (3). 

Examples. 1. Fiud the point of intersection of the lines 2.r+7y = 25 
and 74 ;- 2 y = 8. 

2, Find the equation of the line through the point (3, 4) and the 
point of intersection of the lines 5^’— y = 9, A*4-Gj/ = 8. 

\Fmt method. 

Find the point of intersection of 

hx-y—%y 

^+G//=8. 

We find x—% y=l. 

The equation of the line joining this point (2, 1) to (3, 4) is 

— 2 _?/- 1 

that is 3a;-*y=5. 

Second method. 

The general equation of lines through the point of intersection of the 
given lines is 

8 ) = 0 . 

Choose h so that this passes through (3, 4), 

.% 15-4~9+^(3 + 24-8)=0, 
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The equation of the required line is therefore 

6a,_y_9_^(a:+6y-8)=0, 
which reduces to 93.«— 31y=155, 

that is 3a:— ^=5.] 

3. Find the equation of the straight lino through the origin and 
the intersection of the lines 5a: + Gy =23, 3a: — 4y+9=0. 

4. Find the equation of tho line through (2, 5) and the point of inter- 
section of the linos 5a:-l-6y=20, 4a:+9 = 17y. 

43. Condition for concurrence of three lines. Tho 


condition that the three lines 

AiX + Biy+Gy^O (1), 

' A,x-^B,y + G^ = 0 ( 2 ), 

A^x ■\r B^y -|- (/g = 0 (3), 


should be concurrent or meet in a point is that the values of 
X and y which satisfy (1) and (2) simultaneously should satisfy 
also (3). The condition that the three equations should all be 
satisfied by the same values of x and y can be expressed at once 
in tho form of a determinant : 

A„ B„ (7. ^0, 

-d-a, B^y Ca 

■d-a, -Bs* 

which is the same as 

A^{B^Gt — BjOa) + da(Ba(7i — B,(7g) + .ds (BjCg — -Ba(7i) = 0. 

44. Teat for concurrence in special cases. If three 
straight lines have their equations as in § 43, and if three con- 
stants h, I, m can be found so that 

k {A^x + B^y + G0 + 1 {A^x 4- B,y + G,) 

+ VI {AiX + Bty -1- (7g) = 0 (4), 

identically for all values of x and y, then the three Unes are 
concurrent. 

For let («,, yi) be the point of intersection of (1) and (2), 

.dia:i + Bjyi + (7i = 0, 

■d*®i + Bayi + Cg = 0. 
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Hence as (4) holds for all values of x and y it holds for 


«=«i. y = yu 


• ■^3^1 d" J^syi "l" ^3 — O' 


Thus (oBi, yi) lies also on (3). 


Examples. 1. Find for what value of a the three line.s 

ar+y + 2=0, 

2x-y+3=0, 

x+ay-3=0, 

will meet in a point. 

2. Prove that the lines 4^+7y-9=0, 5.v-8y+16=0, 9a;-y + 6=0 
are concurrent. 

[Use § 44.] 

3. The condition that the lines aiX+bjy+l=0, a^+b^y + 1—0, 
asX+b 3 y+l =0 should be concurrent is that the points («i, ij) {a^fb^ 
(« 3 ) ^s) sliould be coUinear. 

45. Polar equation of a straight line. From the equation 
XQO&OL + y sina 



we can, by writing x — r cos 6,y — r sin Q, where r and 0 are the 
polar coordinates of any point on the line, obtain 

r cos (0 — a) = p (F), 

which is the standard form of the polar equation of a line. 

The same equation can be obtained from the accompanying 
figure in which OL being the perpendicular on the line and P 
any point on the line 

OL = OP cos LOP. 
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46. The general equation of a straight line ia 
Acc + By + 0 = 0. 

Taking the axes as rectangular and writing a: = r cos 
y = r sin 0 we obtain the general polar equation of a line in the 
form 


A cos 0 + 5 sin 0 = . 

r 

If then 0 be not zero, that is if the line does not pass through 

h 

the origin, we may multiply by — ^ and get the equation in 
the form 


h 

r 


kA - kB 
— cos 0 


sin 6 


= A' cos 6 + B' sin 6. 

Thus the general polar equation of a line is of the form 

.4 cos 0 + 5 sin 0 = ~ (G), 

where k is any constant we are pleased to take, except in the 
case where the line goes through the origin. The equation of 
a line through the origin is 

6 = constant. 


47. Parallel lines. It is clear that the lines 
p = r cos {6 — a), 
p' = r cos (6 — a) 

are parallel. 

k 

As also are - = A cos 0 + B sin 0, 

r 

M 

— = A cos d + jB sin 0. 
r 

That is to say the general equation of lines parallel to 

- = cos ^ + £ sin 0, 
r 

is obtained by changing the constant k. 
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48. Perpendicular lines. The lines 

'p.= r cos {6 — a), 
p =r cos {6 — a') 

TT 

will be perpendicular if a' - a = ^ • 

Further the lines 

— — A cos d+B sin 6, 
r 

— = B cos ^ — .4 sin 0 
r 

are perpendicular (§ 38). 

Thus the general equation of lines pei’pendicular to 

— = A cos 6 + B sin 0 
r 

can be obtained by writing ^ for ^ and changing the con- 
stant h. 

Therefore of course the general equation of lines perpen- 
dicular to 

p = r cos (6 — a) 
nr 

can be obtained by writing 6 + -^ for 6 and changing the 
constant 'p. 

49. Area of triangle formed by three given lines. 

To find the area of the triangle^ the equatiotis of whose 


sides are 

ai« + 6jy-f-c, = 0 (1), 

OjiC + 622/ + Ca = 0 (2), 

Uja: -f 63 ?/ -f- Cs = 0 (3). 


We might find the area required by obtaining the co- 
ordinates of the three vertices, which we should get by solving 
these equations in pairs. The following method is however 
better, as by it we obtain an easily remembered formula. Let 
(®i» yi) (<*^21 ^2) {pct, y») be the coordinates of the vertices, (aJj, yi) 
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being the intersection of ( 2 ) and ( 3 ), (xs, y^) of ( 3 ) and (1), and 
(a?*, of (1) and (2). 

Then the area of the triangle is 

^ sin ft) 2/i > 1 

Vi, I 

® 3 ) Vtl 1 

and this 

= I sin ft) 0?!, yi, 1 (fi, 6i, Cl 

2/i> ^ ^21 O2 

^ 03 . &». c» 

Gl, 61, Cl 

Ctj, 62, Cj 
Gg, &s, C, 

= ^ sin ft) GiiTi + 5 , 7 i +■ Cl, 02071 + 622/1 + 0*, Os«i + 6,,2/, + Cs 

rt)®2+ 612/2 + Cl, 0*072 + 622/2 + 02, 0,072 + 6*2/2 + Cs 

Oi^g + 6 i2/;i + Cl, Oo 07 , + 6*2/3 + Cj, OgO?, + 6, 2/g + c, 

... ^ 

where A stands for the determinant 

Oi) 6ij Cl 

o*? 6*, C2 

Oj, 63, C3 

Thus, as all the constituents of the determinant in th( 
numerator are zero except the three diagonal ones read down 
wards from left to right, we see that the area is 

^ sin 0) (oioii + 6 i2/i + Ci) (02072 + h ^ y ^ + C2) (0,07, + 6,2/3 + c,) 

'A 

Now let OjOJi + 6 i2/i + Cl = h^. 

We thus have Oia’j + 6, ^i + Cj — fci = 0, 

02®! + 62^1 + c, = 0, 

OgOTj + 6,0/1 + c, — 0* 
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Hence 


That is 


®i> Cl k-i 

cti, b^, Cj 

ff'S) b^, Cs 


= 0 . 




Cl 

+ 

Cfi, 

bu 

-h 

d^y 

bi, 

C2 


C^2, 


0 

^8, 


Cs 


C^8> 

ba, 

0 


= 0 . 


A-k, 


Q/^y ^2 
a„ bt 


That is 




where Ci is the minor of c, in A. 

In the same way if we write 

+ b^yi + c, = k. 2 , 


and 

we shall get 
and 


aaiCa + b^ys + c, = kt 

k — — — 

^2 — Q 9 


k - — 

— Q 9 


where and 0^ are the actual minors of Ca and Cg in A. 


Thus the area is 


I sin o) 


If (7/, C^y C'a' be the prepared minors of Ci, Ca, Cs, that is the 
actual minors taken with their proper signs, then 

(7/ = (7„ 

I sin ft) A* 


Therefore the area is 


rifpfpf • 
Oj t/2 ^8 


Examples. 1. Find the area of the triangle formed by the lines 

2:r+y-3 = 0, 

307+ 2y — 1=0, 

2o; + 3y+4«0, 


the axes being rectangular. 
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[The numerical value of the area is 


k 

2, 1, -3 

3, 2, -1 

2, 3, 4 

2 

3, 2 
2, 3 


2, 1 
2, 3 


2, 1 

3, 2 



_|(16-2-274-12+6-12)2_-|x49 49 HU 

5x4x1 20 40 J 

2. Find the area of the triangle the equations of whose sides are 

07 + 3 / 4 - 2 = 0 , 

207— y — 3=0, 

807+23/- 5=0. 


EXAMPLES. 


1. Tlie condition that the lines y = mx - 4 - 6, y = m*x + V should 
be at rig lit angles, when the axes are inclined at an angle o) is 
mm' + (m + in') cos <0 + 1 = 0. 

[Let /?, /J' be the inclinations of the lines to the axis of a?. 


But 


m = 


••• = 

/. tan /3 tan — 1 = 0. 

sinjS ^ sin^' 


sin (o) - /3) 


, sin^ "] 
and m = -.--7-'— . 

sm(a>-^ ) J 


2. The condition that the lines 

Aa;+53/+C-0, 4'a7+ + (7' = 0 
should be at right angles is 

AA' + BB' - {AB' + A'B) cos a> = 0. 

3. Shew that the line joining the points (aji, and (ccj, y^ is 
cut by the line Ax + By + (7 = 0 in the ratio 

Axx + By^ + C 

dxa + By^ + G ’ 


4. Obtain the polar equation of the line passing through the 
points whose polar coordinates are (r^, (rg, 6^ in the form 
sin (^1 — 0^ _ sin {6 — 0^ sin {0 — 0i) 
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6. The diagonals of the parallelogram formed by the lines 
acr + % + c = 0, ax -^Vy + c =0, 
ax + hy + c' = 0^ a^x + h'y + c' = 0, 

will be at right angles if + 6'^, the axes being rectangular. 

6. The Cartesian equations of the sides BG^ GAy AB of a 
triangle are 

= 0-1 aj 4- b^y 4 <?i = 0, = a.^x + h^y + C2 ~ 0, Wg ™ a.^x 4 h.^y 4 c.^ ^ 0, 

and a line is drawn through A parallel to BG^ prove that its 
equation is 



O361 — O163 O162 — Og^i 

Shew also that the equation of the line through A bisecting 
the side BG is 

_Q 

O3 &i u5-j 0| 62 a^hj 

7 Find the coordinates of the centre of the circle inscribed in 
the triangle the equations of whose sides referred to rectangular 
axes are 

a;-y4l = 0, aJ42/“7 = 0, x-'6y = 

Find also the three ecentres and discriminate between them. 

8. Given that the origin lies at the escribed centre opposite 
a^x + h^y-^c^-Q of the triangle formed by this line and the lines 
Oiaj4 fei2/ + Ci = 0, 03054622/402 = 0, shew that the centres of the 
circles touching the sides of the triangle are given by 

a^ x 4 b^y 4 Cl _ ^ a^x-v-b . y-^c^ ^ a^x 4 4 Cg 

Cy Cj Cg 

and distinguish the cases. 



CHAPTER IV. 

PAIES OF STEAIGHT LINES. 

RO. Angle between two lines. 

To find the angle between the lines 

y = mx + h 
y = m'x + h' 

the axes being rectangular. 

The angle between these lines is the same as the angle 


between the lines 

y = nnx (1), 

y = m'x (2), 


these being through the origin parallel to the above. 
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Let $ and /S' be the angles which the lines make with the 
X axis so that 

tan yS = m, tan /S' = m\ 

Let /S > /S', and (f) the angle between the lines as shewn in 
the figure ; 

^ , tan B — tan /S' m — in 

tan 6 = z — *= ^ ^ » 

^ 1 + ran /S tan yS 1 + mm 


/. ^ = tan“^ 


m —m 


1 + mm' ’ 

This is the angle between the lines measured positively from 
y = mx to 2/ = mx. 

Therefore tan~’ r — , is the angle between them measured 

i + wm 

from y = mx to 3/ = m'x. 

Thus in the figure 


Z BOA or B'OA' (= (p) is given by tan ^ ^ 

Z AOB' or A' OB (= ^') is given by tan 4^' — j 


m — m 
+ mm' 

m' — m 


Cob. If the lines be parallel m! = m tor 4> = 0. 

TT 

If the lines be perpendicular vim' + 1 = 0 for ^ ^ , 

. • . tan ^ = 00 . 

These results we have already obtained independently in 
the previous chapter. 


61 . The angle between the lines 

Ax + By + (7 = 0, 

A'x + B'y-\-G' = ti, 

A A' 

is at once obtained by writing m- — -^, to' = — -^in the 

formula of the last article which the student will find easy to 
remember. 



PAIRS OF STRAIGHT LINES 


47 


Equation of a pair of lines. 

62. The equation 

(Ax + By + 0) (A'x -f B'y + C") = 0 (1), 

can only be satisfied by points whose coordinates satisfy 
either Ax + By +(7 = 0, 

or A'x + B'y + (7^ = 0. 

Thus all points which satisfy (1) lie on one or other of two 
fixed lines. The equation (1) therefore represents a pair of 
straight lines. 

If we were to multiply the two factors together we should 
get an equation of the form 

ax- + 2hxy + hy- + 2gx + 2/y + c = 0 (2) 

in which 

a = AA' 2f^BG' + BV 

l^BB' 2g^CA'^C'A 

c = a(7' 2h^AB'+A'B. 

An equation of the form (2) then will always represent two 
straight lines if it be the product of two 'linear’ factors of the form 

Ax + By+G, A'a? + 5'y + (7'. 

There must be a relation between the coefficients b, c^f 
g, h if this is to be the case. Without such relation the 
equation (2) will not represent a pair of lines. 

We may here remark that equation (2) is known as the 
general equation of the second degree. It contains all possible 
terms of the second, first, and no degree in x and y. 

53. We can sometimes tell at sight when an equation of 
the second degree represents a pair of lines. For example 
consider the equation 

iry — 3a; — 4y + 12 = 0. 

This is obviously 

(a;- 4) (y-3) = 0. 
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Thus the equation represents the two lines 

as — 4, 

y = 3, 

which are parallel to the a; and y axes respectively. 

54. Equation of pair of lines through the origin. 

We are going on in the next article to obtain the condition 
that the general equation of the second degree should represent 
two straight lines. But let it be noticed first that an equation 
of the form 

ax^ + 2/(a;y + hy^ — 0 

always represents a pair of straight lines both, passing through 
the origin. 

For as? + 2hxy + by'^ = a {.v — ay) (x — /3y), 

where a and yS are the roots of the equation 

+ 2hz + 6 = 0 in A. 

Hence the equation 

ax’^ + 2hxy + by'^ = 0 
represents the lines x = ay 

x = ^y 

which pass through the origin. 

55. Condition that the general equation of the 
second degree should represent two straight lines. 

Suppose that 

ax‘‘ + 2hxy + + 2gx + 2/y + c = 0 (1) 

represents two straight lines. 

Let («! , yi) be the point of intersection of the lines. 

Transfer the origin to (xi, t/j) keeping the direction of the 
axes unchanged. 

Let {X, Y) be the coordinates of any point on the locus (1) 
referred to the new axes, {x, y) of the same point referred to 
the original axes, 

= y=F + yi. 
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But «, y satisfy (1), 

a {X. + + 2/t. {X + (Cl) ( + 2 / 1 ) + 6 ( y + 2 / 1 )* 

+ 2^ (X + a!i) + ^( y + ^i) + c = 0. 
But both of the lines now pass through the origin ; there- 
fore the terms of first order in X, Y and the constant term must 
disappear and leave only 

aX^-^-^UXY+hY^^O. tf 

That is, we have 


0*1 + %i + 5^ = 0 (2), 

hxy + hyy+f=() (3), 

OiTi® + 2hxiy^ + lyi^ + 2yx, + 2J'y^ + c = 0 (4). 

These are equivalent to (2) and (3) and another equation 
formed from 

(4)-(2)x.-r,-(3)x7,,. 

that is gxi + fyi -hc = 0 (5). 


Eliminate x^ and y^ from (2), (3) and (5) and thus get 
ahc - 1 - %fgh — af'^ — hg^ — ch^ = 0 , 


or, in detemiiiaut form. 


a, 

h. 

9 

h. 

h. 

f 

9> 

f 

c 


Cob, We see from the above that if the general 
of the second degree represents two straight lines, 
where they intersect is given by 

+ hyi+g — 0 
AaJi-i- 6yi+/= 0 
hf-hg 


S.C. 


a, 


ab-h^' 


2/1 


gh- of 
-ap'-h*' 


equation 
the point 


From which wo see that if the general second 
degree represents a pair of lines, the lin^® parallel if 

ab = A®, 

for then their point of intersection is' infinity. 


4 
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56. We see that the necessary condition that the general 
equation of the second degree should represent two lines is 


a, h, g 

K h, f 
9 > /. c 


= 0 . 


We can see further that this condition is sufficient. For if 
it hold, it will be possible to find and yj to satisfy 


a®! -H /i?/i -f ^ = 0 

(1), 

-F/= 0 

(2), 

+/i/i + c = 0 

(3), 

since the values of x^, y, given b}' the first two 
satisfy the third. 

equations 

(1 ) X a;, - 1 - (2) X y, -t (3) 


gives ax^^ -1- 2/«,*iy, + by^ 2gXi + 2fy^ -I- c = 0. 



Now transfer the origin to {xi, as given by (1) and (2) 
and the equation is seen to reduce to 


which is a pair of lines, 
whv 

57. The condition that 


am? 2h.xy Jr hy* 2gx + 2fy + c = 0 (1 ), 

should b0 A pair of lines can also be obtained as follows. 

Treat I'he equation as a quadratic in x and we have 
00 ^ + 2x (hy + g) + {by^ + 2fy + c) = 0, 

-• (hy+u) ± + gf- a (by^+ Vy + c) 


X- 


a 


Hence the left-hand side of (1) cannot be the product of 
two linear factors unless 

{hy + gy - a (by^ + 2fy -t- c) 
be a perfect square. 

But this = - ab) + 2y{gh- af) + - ao. 
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If this be a perfect square, 

{gh - afy = (h? - ah) - ac), 

— ^<j/gh = g'^h? — abg^ — ac/t* + a%o, 
abe + ^fgh — af^ — bg^ — c/t* = 0. 

Examples. 1. Shew that the following equations represent each a 
pair of straight lines and draw the lines in a figure : 

(i) ^y==0, (hi) -30=0, 

(ii) ^ (iv) a!^+ 2 x 2 /-a;- ^^-2^0. 

2 , Find for what value of c the equation 

^ 2^2 ^ (;.77y -f ^2 + 4^ + 2?/ 4- c = 0, 

represents two straight lines. 

3. Fcu' what value of a will the eipiation 

<2.^2 _ 4- 2^2 _ 4^ —4 = 0, 

represent two straight linos ] 

68. 1/ the general equation 


aa^ + 2hxy + hf + 2gx + 2fn + c = 0 (1), 

represents a pair of straight lines, then the equation 

aa? + 2hxy + 6/ = 0 (2), 


represents a paw of straight lines parallel to them through the 
origin. 

For if (1) be 

{Ax + By + C) {A'x + B'y + G') = 0, 

(2) must be {Ax + By) {A'x + B'y) = 0. 

And the linos 

Ax-\-By = 0, A'x B'y = 0, 

are lines through the origin respectively parallel to 
Ax + By + J = 0 and A'x + B'y H- (7' = 0. 

69. Perpendicularity of two lines* To find the condi- 
tion that the lines 

aa? + 2hxy + = 0, 

should be perpendicular, the axes being rectangular. 

Let cuc“ + 2hxy + by'' = {Ax + By) {A'x + B'y). 


4—2 
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The pair of lines will be perpendicular if 
AA' ■¥ BB' 

But a = AA' and b = BB', 

the condition for perpendicularity is 

a + b — 0. 

This condition is easily seen to be sufficient as well as 
necessary. 

It follows that if the general equation of the second degree 
represents two straight lines, these will be at right angles if 

ct b — 0. 

The student will observe that this is only true if the axes be 
at right angles. The condition when the axes are oblique is 
deferred for the present. 

Bisectors of the angles between two lines. 

60. To find the equation of the bisectors of the angles between 
the lines 

Ax^-By + Cr=Q, A'x + B'y^C'^O, 
the axes being rectangular. 

The bisectors are the locus of points such that the magnitude 
of the perpendiculars from them on the two lines are equal. 

Hence if {x, y) be any point on one of the bisectors 
Ax + By + V ^ ^ A'x + B'y+C' 

+ IP ~ 

The two bisectors can then be expressed in one equation 
thus: 



= 0 , 

that is 

(Ax + By+ Gy (A'x+B'y + GJ 
A^ + & A'^ + B'^ 7 

The student will see that these bisectors aiie at right angles 
by applying the test of § 59. 
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61. To obtain the equation of the straight lines bisecting the 
angles between the lines 

aa? + 2hxy + hif = 0, 
the aaes being rectangular. 

Let ax'‘ + 2hxy + by^ = a(x- ay) {x - ^y), 

2h i a b 

a + 8 = and aB — — . 

a a 

The equation of the bisectors is, as in § 60, 

ia;-ayY _(x- ^yf ^ 

l+a'^ 1 + /3'" 

That is 

( 1 + /S”) {x^ — laxy + a?f) — (1 + a”) (x^ - 2j3xy + ^if) = 0, 


lhat is 


X‘ 

> - a^) + 2xy (/S - «) (1 - a/3) - - a'-’) f = 

that is 



1-^ 

that is 



a 

that is 

II 

1 1 

62. 

To find the angle between the pair of lines 


ax^ + 2hxy + by^ = 0, 


the axes being rectangular. 

Let a«® + 2hxy + by^=b(y — mx) {y - mu ). 

, 2h , a 

m + m — — mm =-^. 

Let </> be the angle between the lines, 



(«i + m'y — 4mw' 
(1 + mm'f 


(§ 50 ) 
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i ' .(■ 


4/!'° 4a 



4 (h* — ab) 


tan <j>= ± 


2V/(.’ — a6 


the + or - sign being taken according as ^ is the acute or 
obtuse angle between the lines. 


Implied in the formula for tan (j) is the condition for perpen- 
dicularity, viz. 


a 4" 6 = 0. 


63. We will conclude this chapter with an important pro- 
position which will be useful in subsequent chapters. 

We have already said that the general equation of the 
second degree 

aa^ + Ihxy -f- hy^ -f- igx + %fy -f c = 0 (1), 

only represents a pair of straight lines in special cases. 

Generally it represents a curve, viz. a circle or other conic 
section as we shall prove later on. 

Now suppose we have the equation of a line 

lx + my = \ (2). 

Form an equation by making (1) homogeneous of the 
second order in x and y by means of (2) : viz. the equation 

+ 2hooy ■\-hy^ + 2 (gx + fy) {lx -1- my) + c{lx + myY = 0. . .(3). 

This we know represents a pair of straight lines through 
the origin. Moreover (3) is satisfied by points which satisfy 
(I) and (2) simultaneously. 

Hence (3) represents a pair of straight lines through the 
origin and the points of intersection of the line (2) with the 
curve (1). 
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If the line were given as 

lx + my = n, 

instead of in the form (2), the equation of the pair of lines 
would be 

(aa:* + 'ihxy + hy^) n® + 2 {gx +fy) (lx + my) n + c {lx + my}- = 0. 


EXAMPLES. 

(The axes of coordinates are to he taken rectangular unless othencise stated.) 

1 . Prove that the angle between the lines 

2 / = y — 

when the axes are inclined at an angle w is 

tan“^ (m - m) sin cd 

1 + (m + m') cos oj + 77ini^ * 

[If /3 be the angle which the first line makes with the x axis 
sin /? - . tn sin o> 

' ^mr V\ r\rk r\ -f %-v /•r 


"•-sin (0,-/3) 
Use method of § 50.] 


whence tan (3 - 


1 4- 7ii cos 


2. Shew that the angle between the lines 

ax^ + 2hxy + by'^~0 

, 2 \/h^ - ab s\n (o 

18 tan 1 ^ , 

a — Zk cos a> + 6 

where o) is the angle between the axes. 

[Use the method of § 62.] 

3. The equation of the line through the origin making an 
angle <f> with the line y = mx -I- 6 is 

m+tand) v 

tij ~ ^ ^ 

^ 1 - m tan ^ 

4. Prove that the product of the perpendiculars from y^) on 
the lines given by 

ax^ -f 2hxy -f by^ = 0 
ax^ + 2hx^y^ + by^ 
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6 . The equation of the pair of lines through the origin perpen- 
dicular to the pair whose equation is 

dx^ + 2kxy + = 0 , 

is bx^ — 2lLxy + ay^ ~ 0 . 

6 . The condition that the pair of lines 

aoc^ + 2hxy + by^ = 0 and a x^ + 2/ixy -f- - 0 

should have one line in common is 

4 (ah' - a'h) (hb' - h'b) = (ah' ~ a'b)\ 

7 . If ax^ + 2hxy ^ by'^ + 2gx + 2fy + c = 0 

represent a pair of lines intersecting in (Xj, y^) then the equation 
of the lines bisecting the angles betwcou them will be 

{x- 'Xif-{y-y ,y ^ {x - X,) [y - y,) ^ 

a — b h 

8 . If aa? + 2hxy + 63 /^ + 2gx 4- 2fy + c 0 

represent a pair of lines, the area of the triangle formed by their 
bisectors and the axis of x is 

sI{a--by-\-W ca — g^ 

2h ' ab — ' 

9. Shew that the line Ax By and the two lines 
r;^{Jresented by 

{Ax^Byy^3{Ay^Bxy^0 ^ 
form the sides of an equilateral triangle. 

10 . Shew that all the pairs of lines 

aoc^ + 2hxy + = A (.t® + t/^ 

for different values of A have the same bisectors. 

11 ,.A Shew that the four lines given by the equations 
(y — mxY = c^(l + m^) 

(y ~ 7ixy = (1 + n^) 


form a rhombua 
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12. The vertices of a triangle lie on the lines 

y = *tan0i, y = a:tan 03 , y^xirnd^, 

the circumcentre being at the origin ; prove that the locus of the 
orthocentre is the line 

X (sin + sin 0, + sin 0,) - y (cos 0i + cos 03 + cos 6^ = 0. 

13. The distance from the origin to the orthocentre of the 

triapgle formed by the lines - + ^ = 1 

a p 

and aa? + ‘llixy + 5?/* = 0 

is (a+b)a^(a\+Ji^)i 

aa^ - 2hafi 4- h/3'^ 


14. Prove that the equation 

(a -h 2h -h b) oc^ - 2 (a ~ b) xy + (a - 2h +b) y^ — 0 

denotes a pair of straight lines each inclined at an angle of 45* to 
one or other of the lines given by 

ax^ -f- 2hxy + by^ = 0. 

15. Shew that tlie centroids of the triangles of which the three 
perpendiculars lie along the lines 


lie or^ 

-V 


y — m^x =0, y ~~ - 0, y — in-p: ~ 0 

(3 + 4- + rn^7n^ — x (r/ij 4- 4- 4- 


16. The base of a triangle passes through a fixed point (/, g) 
and its sides are respectively bisected at right angles by the lines 

aot? 4 - 2hxy 4 - by’^ — 0. 

Prove that the locus of its vertex is 

(a + 6) (x* + y®) + 2/t (fy + gx) + {a-b){fx- gy) = 0. 


17. Two equilateral triangles ABC^ PQE have the same centre, 
^e order of the letters for each triangle corresponding to circuits 
in the opposite sense. Prove that AP^ BQy CR are concurrent. 



68 


PAIRS OF STRAIGHT LINES 


18. Shew that the equation 

+ ^hxy + hy^ = {(a + h) sin^ (9 + (A® - sin 26] {o(? + y*) 
represents two straight lines having the same bisectors as 

ax^ + 2hxy + hi/ = 0 , 

and making equal angles 6 with them respectively. 

19. Shew that the equation 

(ab — h^) {ax^ + 2hxy + 4 - 2yx + 2/y) -i- a/^ 4- bg^ - — 0 

represents a pair of straight lines ; and that these straight lines 
form a rhombus with the lines 

ax^ + 2hxy + bi/ = 0 

provided that 

(a - b)fg + h(/--g^) = 0. 

20. On the sides of a triangle as diagonals, parallelograms are 
described having their sides parallel to two given straight lines ; 
prove that the other diagonals of these parallelograms are con- 
current 



CHAPTER V. 


THE CIRCLE. 

64. Equation of a circle. The equation of a circle 
*whose centre is at {h, k) and whose radius is a is clearly 

{x-hy + {y-ky = a^ ( 1 ) 

if the axes are rectangular ; and 

{x - Kf + {y- ky + 2(x- h) (y - k) cos « = ...(2) 

if the axes are inclined at an angle a>. 

This is so because by these equations is expressed the fact 
that the square of the distance of the point (a;, y) from {h, k) 
is a®. 

65. The equation 

iC® + y® 4- 2yx + 2fy + c = 0 
will represent a circle if the axes are rectangular. 

For this is equivalent to 

(x + gy + (y +/)® = 9 ® +/* - c 

which expresses the fact that the square of the distance of the 
point (x, y) from (- g, - /) is constant and equal to y® +/s - c. 

The above then is a circle having its centre at (—g, —f) 
and its radius equal to Vy®+ f^ — c. 

We see then that the conditions that the general equation 
ol the second degree, viz. 

cur® + 2hxy + 6y* + 2gx + 2fy + c = 0 
should represent a circle when the axes are rectangular are: 

a = b, 

A* 0. 
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These however are not the conditions that the general 
equation should represent a circle when the axes are oblique. 
For the general equation of a circle when the axes are inclined 
at any angle w is, as we see from (2) of § 64, of the form 
a? + 2xy cos cd + + 2fy + c = 0. 

The conditions then for a circle would be 

a = h 

and /i = a cos a>. 

It is but rarel}^ that we use oblique axes when we have to 
do with circles that we shall not trouble the student more with 
them in this chapter and shall confine ourselves throughout 
the chapter to the case of rectangular axes. 

66. To find the equation of the circle described on the line 
joining two given points A (xi^ and B {x^,^ as diameter. 

The circle required is the locus of points P such that APB 
is a right angle. 

Let {Xy y) be the coordinates of a point P on the locus. 

The of the line P is . 

X — Xi 

The ‘ m ’ of the line BP is . 

X — X2, 

as AP and BP are at right angles 

X — Xi X — X2 

That is 

{x - x{) (x - x^) + (y- yi) (y - y^) = 0. 

This then is the required equation. 

Examples, l. Find the centre and radius of each of the circles 

(i) — Ax ~ 6^4- 3 =0, 

(ii) + + l — 

(iii) 2{a^+y^)A-Qx-*ly^0, 

2. Find the equation of the circle passing through the origin P and 
cutting the axes of x and y at distances a and b from the origin. 
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3. Shew that the locua of a point such that the sum of the squares of 
its distances from two fixed points is constant is a circle. 

4. Shew that the locus of a point such that the ratio of its distances 
from two given points is constant is a circle. 

67. On the constants in the equation of a circle. 

We have seen that — g, and — / are the x and y coordinates of 
the centre of the circle whose equation is 

ic^ + •tp + 2gx + 2fy + c = 0. 

We enquire naturally what is the geometrical meaning of 
the remaining constant c. An answer to this enquiry will be 
supplied when we have proved the proposition which is given 
in the next article. 

G8. Prop. If from, any point P (-* 1 ,^ 1 ) in the plane of the 
circle 

(P "h y“ ~i~^gx "h ^fy “h 0 * 0 

a line PQR be drawn to ent the circle in Q and R the product 
of the algebi-aical distances PQ and PR is independent of the 
direction of the line and equal to 

iCi” + Vi + + 2/yj + c. 

For let the line make an angle 6 with the «-axis, then the 
line can be analytically expresseil (§ 31) by the equations 
x-x^ ^y-y^_^ 
cos 6 sin 6 ’ 

where r is the algebraical distance of the point {x, y) on the 
line from {x^, y^). 

We vvant now to find the distances from P of the points 
Q and R where the line cuts the circle. 

So then write x = a-’j + r cos 6, 

y-yi + rsind, 

and substitute into the equation of the circle. 

We have 

{xi + r cos Of + (^1 + r sin fff + 2g {x^ + r cos 0) 

+ 2/(^1 + r sin 0) + c = O. 
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This is a quadratic equation in r, the roots of which are the 
algebraical values of PQ and PR. 

This equation when simplified becomes 
■P (cos^ 6 + sin® 6) + 2r {{xi + g) cos d + (gi+f) sin 0] 

+ V + yi + + 2/yi + c = 0. 

Thus as cos* 0 + sin’ ^ = 1, the product of the roots is 

+ Vr, + 2/?/i + c. 

Hence we see that the product of the algebraical distances 
PQ and PR is independent of the direction of the line PQR, 

69. We have thus proved analytically what the student 
will have recognised to be the w'ell-knowii geometrical property 
of the circle, that the rectangle of the segments of all chords 
drawn through a definite point are equal. 

Now in the particular case where P is at the origin a;, = 0, 
y, = 0 and the expression 

Xi + + 2gxi + 2/1/, + c 

reduces to c. Thus c is the constant rectangle of the segments 
of chords through the origin. 

70 . We see that if the point P be outside the circle PQ 
and PR will have the same sign, that is 

+ Vi + "^gxx + 2/y, + c 

will be positive; whereas if P be inside the circle PQ and 
PR will have opposite signs, and so 

ai’* + 2/i* + S'a;i + 2/y,+c 

will be negative. 

Thus the circumference of the circle divides the plane into 
two regions. The coordinates of points outside the circle make 
a;* + y* + 2^® + 2/y + c positive, the coordinates of points inside 
the circle make this expression negative* 'while those of points 
on the circumference make the expression zero. 
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Thus + y* + 2gx + 'ify + c = 0 

represents the circumference of the circle, 

+ 2/* + ^9^ + %fy + c > 0 

is the analytical representation of all points outside the circle, 
and a;* + y’ + 2gx f ’ify + c < 0 " 

is the representation of all points inside the circle. 

The constant c will be positive if the origin be outside the 
circle, negative if it be inside the circle, zero if it be on the 
circumference. 

71. We see from § G8 that every line through {x^, y\) will 
meet the circle in two points, since whatever be the value of 6 
we have a quadratic equation in r to determine the points 
common to the line and the circle. 

The roots of this equation will not always be real, and 
in this case we say that the line meets the circle in two 
imaginary points. 

If the roots of the quadratic in r be equal to one another we 
say that the line meets the circle in two coincident points and 
we call the line a tangent to the circle. 

By a tangent to the circle then we shall understand a line in 
its plane which meets it in two coincident points. 

On Imaginary points. 

72. The existence of imaginary points in Analytical 
Geometry is a matter of not a little importance. In elemen- 
tary Pure Geometry we are accustomed to say that a line in 
the plane of a circle either meets the circle or it does not. 
In Analytical Geometry our principles compel us to say that 
every line in the plane of a circle meets the circle. There 
is no real contradiction between the two. For in Analytical 
Geometry we have the possibility of imaginary points, that 
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is to say, points whose coordinates are of the form (a + — 1, 

7 + SV — 1), where a, y, S are real. These points have alge- 
braical significance, but we cannot strictly represent them in 
a figure, and so they are non-existent in Pure Geometry until 
this takes up the ideas of Analytical Geometry, which indeed it 
has done to its great advantage. 

73. In elementary Pure Geometry we say that two tan- 
gents can be drawn to a circle from a point outside it, one 
from a point on its circumference, and none from a point 
inside it. But in Analytical Geometry we must not make any 
such statement. Wo must, in accordance with our principles, 
say that from any point in the plane of a circle two tangents 
can he drawn to it ; these tangents will be real if the point be 
outside the circle, they will be coincident if the point be on the 
circle, and they will be imaginary if the point be within the 
circle. Let us examine more closely why our principles I’equire 
this of us. 

We have seen in § 68 that the points in which a line 
through a given point (xi, meets the circle are determined 
by the solution of a quadratic equation in r, viz.: 

r* -l- 2r {(a?! -1- g) cos ^ -I- (yi +/) sin 0} 

+ «i* + y,* + 2gxi + 2fy^ + c = 0 (1 ). 

Now if the line we have drawn be a tangent to the circle 
this equation must have equal roots, for a tangent meets the 
circle in two coincident points, that is, we must have 

[(^1 + g) cos 6 + (y, +/) sin 6f = a;,* + + 2ga;i + 2/y, + o, 

from which we get 

(«i + fl')cos^-l-(y,-«-/)sin0= + Va;^* + yp’ + 2gx^ + 2yy7+’c...(2). 

By means of this and 

cos® 6 -h sin® 6 — 1 


cos 0 and sin 0 can be found. 
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Now if we take the positive sign with the radical, clearly 
we shall get two solutions, say 

cos 6 ^ cos 0 == G, 

sin 0 = 5, sin 0 = 5, 

and if we take the negative sign we shall have 

cos0 = — J., cos0= — (7, 

sin 0 = — 5, sin 0 = — 5. 

We get then two lines through (^i, y^) which are tangents, 
viz. 

_ y “ 

A B * 


and 


0 D ^ 


These lines are obviously imaginary if {xiy y^) be within the 
circle, for then the expression under the radical in equation (2) 
is negative. The lines are coincident if (^i, y^ be on the 
circumference of the circle, for then the expression under the 
radical vanishes, so that (7 = — and 5 = — 5. 

If then we define a tangent to a circle as a line meeting the 
circle in two coincident points and allow the algebra free play, 
we must admit that there are two tangents from every point in 
the plane of the circle which become coincident when the point 
lies on the circumference of the circle. 

Further, it is clear that the lengths of the two tangents 
from any point are equal For the length of a tangent from 
(:Ci, yi) is the value of r furnished by (1) when it has equal roots, 

V 

As the product of the roots is 

+ Vi + 2(/a;i + 2/yi + c, 

we see that if t be the length of this tangent from (iCj, y^) 
t' = + y,’ + 2ya;i + 2/y, + c, 

which is independent of 6. 


A. 


5 
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Thus the square of each tangent from a point (iSi, to the 
circle is 

+ Vi + + 2/?/i + c, 

whether be without or within the circle. 

We have made a somewhat long digression on imaginary 
points and lines because we think it important for the student 
to have clear ideas about them at this stage of the subject. 
Imaginary points and lines ditfer from real points and lines in 
that they have only algebraical significance, whereas real points 
and lines have geometrical significance too. Imaginary points 
and lines cannot be located in a figure as real ones can. 

Examples. 1. The locus of points the tangents from which to two 
given circles bear to one another a constant ratio is a circle. 

2. Find the length of the tangent from (2, 3) to the circle 

- 3.r + 4y = 0. 

[The equation must iirst bo divided by 2 to make the coefficients of 
and unity.] 


74. Equation of the tangent at a point. 

To find the equation of the tangent to the circle 

2gx 4- 2/g + c = 0 

at the point (x^, y^ on its circumference. 

The equations of a line through (xi, making an angle 9 
with the a;-axis are 


cos 6 sin 9 


.( 1 ). 


So that a point situated on the line and distant r from 
{xu yi) is given by 

ce^oBi + rcosd, 
y =yi-\-r sin 6. 

If this point be on the circle we must have 

+ r cos d)- + (yi + r sin Of + 2y (a,’, + r cos &) 

+ V Cyi + r sin (y; + C«= 0 
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which is a quadratic in r, viz. : 

r* + 2r {(iCi +^) cos 6 + {y^ +/) sin 6] 

+ + Vi + + 2/jfi + c = 0. 

Now if the line (1) be a tangent, both the values of r 
furnished by this equation must be zero, for the line is to meet 
the circle at two coincident points, viz. itsel£ 

We must therefore have 

+ Vi + + 2/yi + c = 0 

which is satisfied, since {x^ , y,) is by hypothesis on the circum- 
ference of the circle, and also 

(Xi -t- g) cos 6 + {y^+ f) sin 6 = 0. 

This gives us the direction of the line that it may be a tangent. 

To get the actual equation of the tangent we must eliminate 
6 between this relation and equation (1). 

The equation of the tangent is then 

— X (ic, -I- 7) cos ^ = — X (vi -f- /)sin 6 

that is (X - Xi) (.r, +g) + (y- y^) +f) = 0. 

By making use of the fact that {x^, y,) is on the circle we 
can reduce this down to a form which it is not difficult to 
remember. 

The equation is 

+ yui + 9^ +/y = +fy\ 

= -9-^'i-fyi-c'> 

xxi +yyi + g (x + x^) +/(y y,) -i- c = 0. 

This is the standard form of the equation of the tangent. 

Circle referred to its centre. 

76. In the special case where the origin is at the centre of 
the circle the equation of the circle assumes the simple form 

where a is the radius of the circle. If we wish to obtain the 


5—2 
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geometrical properties of the circle by analytical methods we 
naturally take the equation of the circle in this simplest form. 
But we have sometimes to find properties of a circle in 
combination with other figures and then we may find it 
necessary to take the origin elsewhere than at the centre of the 
circle. The student then should accustom himself to the 
general form of the equation of the circle as we have up to this 
point been presenting it. 

If facility can be obtained in the analytical methods as 
applied to the circle, it will be found that all the latter part of 
our subject becomes easy. The student is recommended then 
to dwell on this part of the subject and to master it thoroughly 
before passing on to the more general conic sections, 

76. The equation of the tangent to the circle a;* + y* = a’ 
at the point (xi, can be found by exactly the same method 
as that which we have employed in § 74 and the student is 
advised to go through the work step by step for himself and to 
obtain the equation of the tangent at («j, in the standard 
form 

xXiAr yrj^ = a\ 

This could of course be got from the more general form we 
had before by writing y = 0,y = 0 and c = — a\ 

77. Condition for tangency. 

To find the condition that the line y = mx + c should he a 
tangent to the circle a? + y'‘ = a?. 

We treat the two equations as simultaneous so as to find 
the points common to the line and the circle. On eliminating y 
we get 

x^ + {nm + c)“ = a*, 

that is aj’ (1 + w?) + 2mcx + o'* — a® = 0. 

Now if the line be a tangent to the circle, the two values 
of X furnished by this equation must be equal, otherwise the 
line would meet the circle in two points not coincident. 
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The condition then for tangency is 

mV = (o’ — a*) (1 + VI*) 
which reduces to c* = a* (1 + m*). 

Thus we see that the two lines 

y = mx ± aVl + m® 
are both tangents to the circle. 

78. It follows from the preceding article that the lines 
y — k — vi{x — h)±a\/l+ rti* 

are both of them tangents to the circle whose equation is 
{x — Ilf + (y — kf — a*. 

For if we eliminate y — k between the equations 


y — k = m{x — h)-\-a^\ + m* (1) 

and (x — hf + {y — kf = a* (2) 


so as to find where the line meets the circle we shall obtain 
exactly the same quadratic equation in x — h as we should 
have had in x if we had eliminated y between 

y = vix + a Vl + VI* 
and xi* + y* = a*, 

but this resulting quadratic equation in x we know to have 
equal roots by the last article. 

Therefore the quadratic equation in ®— A got by eliminating 
y — k between (1) and (2)- has equal roots. That is we get only 
one value oi x — h and therefore one value of x, and then y 
is determined uniquely from (1). Thus the line (1) meets the 
circle (2) in two coincident points. That is to say it is a 
tangent. Similarly also 

y — k = m{x — A) - a Vl + m* 


is a tangent. 
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Examples. 1.*"’ Provo analytically that the tangent to a circle at any 
point of it is perpendicular to the radius to that point. 

2. Find the equoations of the two tangents to the circle 
which make an angle of 60° with the ^-axis. 

3. Shew that the tangent to the circle at the 

•origin is 

4. Shew that the line x^y — ^ touches the circles = 2 and 

4-y^-f 3ji?+3y — 8=0 at the same 2 >eint. 

6. IfJ.r-f-i?y + (7= 0 be a hingent to the circle -hy* + + 2yy + c = 0, 

t wiU also be a tangent to the circle 

^HyH2ya?-|-2/y+c+X (il^+//y+ 6^ = 0. 

79. Chord of contact. 

To find the , equal ion of the chord of contact of tangents from 
(^u yd circle + y^ = ttl 

When we speak of the ‘ chord of contact * of tangents from 
(^1, yd we mean the line through the points of contact of the 
tangents from yd to the circle. 

Let {x^y ydi (^g, yd points of contact of the tangents 

from {xi^ yd to the circle. 



Now the equation of the tangent at {x^, yd is as we have seen 
Therefore, as this passes through {x ^ , yd we have 
ooiX^ + y^y^^a\ 


Similarly 
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Therefore (a;,, y,) and (X3, y,) both satisfy the equation 

+ yyi = a*, 

which represents a line. 

Therefore this is the eqxiation of the chord of contact. 

Cor. We see from the equation that the chord of contact 
is perpendicular to the line joining the centre to the point 
(xi, yi) for the equation of this joining line is 

yi 


80. Pole and Polar. 

Def. The polar of a point with respect to a circle (or conic) 
is the locus of the points of intersection of tangents drawn ai the 
extremities of chords through that point. 

To find the equation of the polar of the point {x^, y,) with 
respect to the circle a;* + y* = a*. 

Let any chord be drawn through (.-r,, yi) and let the tan- 
gents at its extremities meet in (a;,, y,). 



The equation of the chord of contact of tangents from 
(®», y*) is by § 79 

xXi + yys = a*. 

But this goes through (Xi, y,), 

»ia!,-fyjy, = a». 
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Therefore the locus of (x^, is 

xx^ + yyx=a\ 

We thus see that the polar of (a;,, y,) as defined above is a 
line, and it is perpendicular to the line joining the centre to 
the point (a;j , y^. 

The point (a:,, y^ is called the pole with respect to the 
line a!aj, + yyi = a?. 

The terms ‘ pole ’ and ‘ polar ’ are thus correlative. 

The term ‘ pole ’ as used in this connection hjis nothing to 
do with the same term as used in polar coordinates. 

81. If we wish to find the pole of a line whose equation is 

ala? -j- Hy 4- {7 = Oj 

we suppose (a^, y,) to be the pole. 

Therefore the given line is identical with 

•• A~ B~-G' 

Thus a?i and y, are found. 

82. On the definition of Polars. We see from §§ 79, 80 
that the polar of a point P with respect to a circle coincides 
with the chord of contact of tangents from that point, if P be 
outside the circle. The same is of course true if the point. P 
be inside the circle. For we have then two imaginary tangents 
from P which will have imaginary points of contact with the 
circle. These imaginary points of contact lie on the real line 
aja;, + yyj = a’, as is obvious from the fact that the algebra of 
§79 takes no account of whether the points of contact (a;*, y,) 
(^i» y») of the tangents are real or imaginary. 

We see then that the chord of contact of tangents from a 
point and the polar of a point are the same line. 

Some writers indeed define the polar of a point as the 
chord of contact of tangents real or imaginary from that 
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point. This is perfectly legitimate. But we prefer the 
definition we have given in § 80, as then the polar is defined 
by means of a geometrical property without any reference 
to imaginary points. 

Suppose the polar of a point is defined as the chord of 
contact, then it is still necessary to shew that as a result of 
this definition the polar of the point is the locus of the points 
of intersection of tangents drawn at the extremities of chords 
through the point. 


Examples. 1. Shew exactly as in § 79 that the chord of contact of 
tangents from to the circle 

2. Show that the polar (as defined in § 80) of the point yj) with 
respect to the circle 

2y.r + 2/^-f-c=0 

is xa;i +yy^ -\-g -\-f(y -f-yi) -f c = 0 . 


3. Prove that the points of contact of the tangents from (^;i, yj) to the 
circle are 

/ a^Xi -f uyi y a^y 1 - | ^ + y i ^ 


and ( ^^-^1 - ^K^/i V + yi^ - ahy ^ -f a:cx sl ~x^ 4-y i^ - a? 

Write down the equation of the lino through these points and shew 
that it reduces to ^^i-}-yyi = a2. 




4. Prove the following geometrical construction for the polar of a 
point P with respect to a circle whose centre is C : Join CP and take § 
on CP such that . CP = square of radius, then the line through Q 
perpendicular to CP is the polar. 


83. The student will have noticed that the form of the 
equation of the tangent to a circle at (x-^, y^, when (aii, y,) 
is on the circle, is exactly the same as that of the chord of 
contact of tangents from (a:,, y,) and of the polar of {x,, y,) 
when the point is not on the circumference of the circle. This 
makes these equations easy to remember, for we have only one 
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form to remember for all three. As will be seen later exactly 
the same property holds for the conic sections in general. 

84. Conjugate points. 

Prop. If the polar of a point A goes through B, then the 
polar of B goes through A. 

Take the origin at the centre of the circle so that the 
equation is 

(C* + y* = a\ 

Let (a?!, yi) be the coordinates of A, and (ajj, y,) of B. The 
polar of A is then 

xXi + yy, = n*. 

If this passes through {x^, we have 

+ ViVi = a’ 

which is the condition also that (x^, y,) should lie on the line 

xxj + yy-i = a\ 

But this is the polar of (x^, y^). 

Thus the proposition is proved. 

Two points such that each lies on the polar of the other are 
called conjugate points. 

Thus the condition that (o!;j,yj) and (x^, yj) should be 
conjugate points for the circle a^ + y'^ = a* is aia:* + yiy, = a*. 
It is quite easy to prove that the condition that {xi, y^) and 
(®a. yj) should be conjugate points for the circle 

aj* + y® + 2gx + 2fy + c = 0 

is XiXi + y,y* + y (^i + xj) +/(yi + y-,) + c = 0. 

Conjugate lines. To find the condition that the polo of 
the line 

lx + my + n = 0 (1) 

with respect to the circle a?* + y* = a* should lie on the line 

Vx + m'y + n' = 0 (2). 
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Let (tHi, yi) be the pole of (1), 

xxi + yyi = a* 

is identical with (1); 

a;, _ Vi _ —o? 

L m n 

If then (xi, 3 /i) lies on (2) 

ll'u^ mm'a^ , . 

-I ?i' = 0, 

n n 

77 / / n 

ll + mm r = 0. 

a* 

It follows from the symmetrical nature of this relation 
which is unaltered by the interch.ange of I, m, n with I', m , n' 
respectively that if the pole of (1) lies on (2) then the pole 
of (2) will lie on (1). 

Two lines such that each contains the pole of the other are 
called conjugate lines. 

The student need not trouble to remember this condition 
for conjugate lines as it is much easier to commit to memory 
the formula in the general case which will be considered in a 
subsequent chapter. 

Equation of chord In terms of its middle point. 

86. If (xi, y,) be the middle point of a chord of tike circle 
+ y’ = «*. the equation of that chord is 

xxi + yyx = x^* + yi\ 

Let the equation of the chord be 

x-x, ^y-y^^^ 
cos 6 sin ^ ’ 

6 being its inclination to the axis and r the algebraical distance 
of {x, y) from {Xi, y,). 

Substitute 

a = + r cos 6, y = yi + r sin 6 

into the equation of the circle. 

. {xi + r cos 6)' + (yi + r sin $)* — a\ 
r* + 2r (ic, cos 6 +yi sin 6) + x^* + yi* — a* = 0. 
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Now since («,, y,) is the middle point of the chord the 
values of r furnished by this equation must be equal in 
magnitude and opposite in sign. 

cos 0 + yi sin 0 = 0, 

or cos Q = — y\ sin Q. 

Therefore the equation of the chord is 


X — 


y-Vx 


that is 


+ yyi = + yi- 


86. To f/nd the middle point of the chord of the circle the 

equation of the line of the chord being x cos a+y sin a — p=0. 

Let (Xi, Pi) bo the middle point of the chord, 

. •. the equation of the line of the chord is 

This then must be identical with 

xcoaa+y sin a=p, 

... = X (say) 

COS a sill a p 

:ri = Xcosa, yi^Xsina, 


. X»(cos^«+sin==a )_^ ^ 

" P ’ 

Thus the middle point of the chord is {p cos a, p sin a). 

Similarly the middle point of the chord lying along the line 
Ax+Bi) = C is given by 


A ~B~ C 


(say) 


and 


Xi=^\A, yi—\B 


the middle point of the chord is 


( AG _ BG\ 


87. Geometrical properties. 

(i) The line joining the middle point of a chord of a circle to the centre 
of the circle is perpendicular to the chord. 

For if (jri,yi) be the middle point of a chord of the circle a:*+y*=a* 
the equation of the chord is 

*iri+yyi=«i*+yi*. 
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But this line is clearly at right angles to 

Vx 

wliieh is the line through the origin, that is the centre of the circle, and 
the middle point of the chord. 

(ii) The locus of the middle 'points of a series of parallel chords is a 
line through the centre of the circle. 

For if (^1, yi) be the middle point of one of two series of chords, the 
equation of that particular chord is 

But the chords being all parallel, have the same ‘ m,’ 

, ~ = a constant. 

y\ 

Tliat is the locus of yO is - =sa constant, which is a line through 

cc 

the centre. 

88. The student should for practice prove by the method 
of § 85 that the equation of the chord of the circle 

4- y'* + 'igx + 2/y + c = 0 

is XX-, + yyi + gx -vfy = x^ + + gx^ + fy ^ , 

if (^ 1 . 2/i) middle point of the chord. 

It should be observed that if 2' = 0 be the equation of the 
tangent at {x^, y^ where 

T = xxi + yyi +g{x + a;,) +/ {y + y^ + c, 
then T= Ti is the form of the equation of the chord whose 
middle point is {x^, y^), being what T becomes when x,, y^ 
are written for x and y. It will be found later that this is a 
property applicable to conic sections in general. 

89 . Trigonometrical notation. If 9 be the angle 
which the radius to a point P on a circle (radius a) makes with 
the axis of x, the centre being the origin, the coordinates of P 
are given by 

x = ac,osd, y = a sin 0 
in whatever quadrant P liea 
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IS 


It is sometimes convenient to represent points on the circle 
— m this way instead of by (a?!, etc. 

The equation of the chord joining the two points 

(a cos dy a sin 6), (a cos a sin (^) 

X — a cos 6 _ y sin 9 

a (cos 6 — cos 0) a (sin 9 — sin (f>) * 

that is (a? — a cos 9) 2 sin cos — 

2 2 

— asin0)2sin sin — 

2 2 

^ j 

that is, on dividing by sin , 


9 + cf> . 0 + 9-6 

X cos — + y sin — a cos “ ^ ~ • 

^22 


The equation of the tangent at (a cos 6, a sin 6) is got at 
once by making the point {<}>) move up to and coincide with {0). 
We thus get as equation of tangent at (0) 

X cos 0 y sin 0=a. 

This could of course be got immediately from the tangent 
at (^. yx)> viz. 

by writing «!i = a cos 6, yi = a sin 0. 


90. We could by analysis prove all the geometrical properties of a 
circle. It must not, however, be supposed that tliese properties are in all 
cases more easily proved by analysis than by pure geometry. Sometimes 
the methods of analysis are short and simple ; but there are cases where 
they are corni)licated and inferior to the methods of pure geometry. 

Suppose we were required to prove by analysis that angles in the same 
segment of a circle are equal. We could proceed as follows. 

Let .2^ be a chord of the circle radius a. 

Take the origin 0 at the centre of the circle, and the line perjicndicular 
to AB as the axis of x. 

Let P be a point on the arc of the larger segment cut off by 2 />, § a 
point on the arc of the smaller segment. 
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Let the points P and Q be expressed (a cos a sin (a cos (^, a sin <^) 
respectively. 


V 



Let the point A be (a cos a, a sin a) so that B is [a cos ( - a), a sin ( — a)}. 

Therefore the equation oi A P joining {6) and (a) is 

6-\-a . ^ + a B — a 

X cos — — hy sin - ~ = a cos — — . 


And the equation of Z>/* joining (d) and (-a) is 

d — a. . 6 ~ a d + ti 


+y sill =a Cv.o 


X cos 

The ‘m* of the line AP is therefore -cot 


cos 
6 a 


B — a 


and the ‘w’ of the lino BP is —cot — > 

B-\-a B — a . fB^ra ^ — aN 

-cot — ; — hcot - Sin — I 

, 52 2 \ 2 2 / sm a _ , 

Je "" 

’i, 2 2 

i.BPA=\i.BOA. 

Similarly the ‘ ’ of <2^1 is — cot 

A 

and the ‘w*’ of QB is —cot ° : 


• tan BBA ' • = tan a, 

d + a ,B~a z^+a B — a\ COS a 

1 4- cot cot - cos ( 

2 2 


CO 


(/) — a 


0 + a 


tan ^§2? = 


cot 4- cot 


- sin a 


4 . 0 +a COS a 

l + cot^-^— cot-^^y- 


~ — tan a> 


We have thus proved that the angle BP A ~ ^ BOA wherever P is on 
the arc of the largt^r segment, and the angles A^B, BP A are supplementary 
independently of the position of Q on the arc of the smaller segment. 

All that we have proved could have been proved more easily or quite as 
easily by pure geometry. 



80 


THE CIRCLE 


91. Polar equation of circle. It is easily seen that 
the polar equation of a circle whose radius is a and the polar 
coor^nates of whose centre are (c, a) has for its equation 
r* — 2rc cos (d — a) + c* = a* 

for the left-hand side is the square of the distance of the point 
(r, 0) from the point (c, a). 

When the pole is on the circumference of the circle c = a 
and the polar equation becomes 

7' = 2a cos (0 — o) 

which when the initial line is a diameter assumes the simpler 
form 

r = 2a cos 0. 



These last equations can be got quite easily from figures for 
if OA be the diameter through the pole 0, and P any point on 
the circle 

OP = OA cos A OP. 

Systems of Circles. 

92. Orthogonal circles. 

The necessary and sufficient condition that the circles 
w* + y* + 2gx -t- 2/y -f- c = 0, 
a;* + -f 2g'x -1- 2fy + c' == 0, 
should cut orthogonally is 

^gg'-\-2ff' = c + c'. 

[Def. Two circles are said to cut orthogonally when the 
tangents at their points of intersection are at right angles.] 
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Let A and B be the centres of the two circles, P a point of 
intersection. 

Then if the tangents at P to the two circles are at right 
angles, these tangents being at right angles to the radii, APB 
must be a right angle, 

^P* = ^P= + PP*. 

Now the coordinates of A are ir-g.—f) and AP^ = 4-^/^ — c. 

And the coordinates of B are (— g\ —f) and BP^ = g'^ + — c'. 

• •• (9- gJ + (f-fy = 5^" +/' -o-\-g^ - 0, 

2gg' + 2ff^o^c\ 

This condition then is necessary, and it can be seen to be 
sufficient by working the algebra backwards. 

93. Radical axis. 

The locus of points from which tangents to hvo given circles 
a/re equal is a straight liw perpendicular to the line joining their 
centres and passing through the points of intersection of the 
circles. 

Let the two circles have for their equations 


+ + c = 0 (1), 

ix^ 2g X ^fy -f = 0 (2). 


Let P {x, y) be a point from which the tangents to (1) and 
(2) are equal. 

Now square of tangent from P to (1) is a;* + -f- 2gx + 2fy+ c. 

And square of tangent from P to (2) is x^ + y^ + '2fx 4 2f'y 4- o\ 
+ y® 4- 2gx 4- 2/y 4- c = 4- 4- 2fx 4- 2/'y -|- c', 

2{g-g')x + 2 (/-/') y 4- c - c' = 0 (3). 

Therefore the locus of (x, y) is a straight line ; and points 
which satisfy (1) and (2) simultaneously also satisfy (3); 
therefore (3) goes through the points of intersection of (1) 
and (2). 

Moreover the coordinates of the centres of (1) and (2) are 
-f), i-g', -f) respectively. 


A. 


6 
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. f-f 

Therefore the ‘m’ of the line joining the centres is - — 

, 9-9 

But the ‘m’ of (3) is — and the product of these is — 1. 

Therefore (3) is perpendicular to the line joining the centres 
the circles. 

The line (3) is called the radical axis of the two circles (1) 
and (2). 


Cob. 1. The three radical axes of three circles taken in 
pairs meet in a point (called the radical centi’e of the three 


circles). 

For if «’ + 1 /* + 2/^ + c = 0 (1), 

x^ + y"^ 2g'x + 2f'y + c' = 0 (2), 

+ 2 /’ + 2g''x + %f 'y + c" = 0 (3), 

be the equations of the circles. 

The radical axis of (2) and (3) is 


2 {g - g") a; + 2 (/' -/") y + c' - c" = 0 (4). 

The radical axis of (3) and (1) is 

2 {g" -g)x + 2IJ" -/) 2 / + c" - c = 0 (5), 

and of (1) and (2) is 

2 {9 - 9 ') + 2 (f-f') y + c-c= 0 (6). 

Now (4) + (5) + (6) is an identity. 

Therefore the three equations (4), (5) and (6) hold simul- 
taneously, that is, the radical axes meet in a point. 

Cor. 2. If two circles touch one another their radical axis 
is their common tangent at the point of contact. 


94. Equation of two circles. 

By choosing as the axis of x the line joining the centres of 
two circles, and as the cuds of y their radical axis, the equations 
of the circles are of the simple form 

a’ + 2/® + 2gx -|- c = 0, 
o?+y‘^ + 2g'x + c = 0. 
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For since the y coordinate of each centre is zero the circles 
have their equations of the form 

a? + 2gx + c = 0, 

a;* + 2/’ + + c' =»= 0. 

The radical axis of those is 

2 (5^ - y ) ® + c — c' = 0. 

But the radical axis is x = 0. 

c' = c. 

Thus the proposition is proved. 

95. Prop. The dijference of the aqxiare of the tangents to 
two circles from any point in their plane varies as the distance 
of the point from their radical axis. 

(Let Xi, yi) be any point in the plane of the two circles 
a?* + y’ + 2gx + c = 0, 

X* + y" + 2g'x + c = 0. 

The difference of the squares of the tangents to these from 
(aa, yi) is 

+ yi* + o) - + y,* + 2g'x + c) 

= 

which varies as which is the distance of the point from the 
axis of y, that is the radical axis. 

96. Coajdal circles. A system of circles such that the 
radical axis for any pair of them is the same is called a coaxial 
system. 

Clearly such circles will all have their centres along the 
same line. Taking this line of centres as the axis of x and the 
common radical axis for the axis of y the equations of the 
circles will be of the form 

+ y* + 2gx + c = 0, 

«■*’ + y* + 2g'x + c .= 0, 
ff* + y* + 'lg"x c = 0. 
etc. f.tc. 


6—2 
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Belonging to this system will be the two circles 


^ + 2/* + + c = 0 (1) 

and a? + y' — 2^cx-\-c=0 (2), 

that is (a; + V cf + '>f = 0 

and (a; — V cf + = 0, 


that is two circles of zero radius with their centres at 

(- Vc, 0) (+ Vc, 0). 

The centres of these two circles of zero radius, point circles 
as they are sometimes called, are known as the limiting points 
of the system of coaxial circles. 

The limiting points, lying on the line of centres, are real if 
c be positive, othej'wise they are imaginary. 

97. Limiting points. 

Prop. If L and L' he the limiting points of a system of 
coaxial circles the polar of either of these points with respect to 
any circle of the system passes through the other. 

For taking the line of centres as axis of x, and the radical 
axis as that of y, the equation of any circle of the system is of 
the form 

x‘ + y^+ ^gx + c = 0. 

The coordinates of L are (Vc, 0) and of L' (— Vc, 0). (§ 96) 

The polar of L {\!c, 0) with respect to the circle is 
afc-\-y{0)-\-g{x-\- Vc) + c = 0, 
that is {\/c-\-g){x+fc) = 0. 

But — 

a; + Vc = 0, 

which is a line through L' parallel to the radical axis. 

98. Prop. All the circles of a coaxial system are cut 
orthogonally by every circle passing through the Umiting points. 

Take the axes as before. 
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The equation of a circle of the system is of the form 

(c^ + if-^-igxJrc^O ( 1 ) 

and the equation of a circle passing through (Vc, 0), (— Vc, 0) 
is of the form 

+ ^fy — c = 0 (2) 

since the x coordinate of its centre is zero and when 

y = 0, a: = + Vc. 

The condition that (1) and (2) should cut orthogonally is 
2^1(0) + 2(0)/= c-c (§92) 

which is satisfied. 

99. The general equation of circles coaxial with two given 
circles 

S=x^ + 'y'‘+ 2gx + 2fy + c = 0, 

S' = x'‘ + y^ + 2g'x + 2f'y + c' = 0 
is S + kS' = 0, where k is any constant. 

For clearly S + k8' = 0 for any constant value of k is a circle, 
since the coefficient of x'^ = coefficient of y^, and the coefficient 
of xy is zero. 

Moreover the locus S + kS' = 0 passes through the points 
common to the two given circles. 

Thus for different values of k it represents circles coaxial 


with the given circles. 

100. If S^a? + y^ + 2gx+2fy + c = 0 (1) 

he a circle and L ~ Ax -\-By + C = 0 (2) 

a line, the equation 

S-kL = 0 


for any constant value of k will be a circle cutting the given 
circle in the points where it is cut by the line. 

For it is clear that 

(S — = a:’ + y’ + 2^a; + 2fy -^-c — k {Ax + fiy + (7) = 0 

represents a circle and it is satisfied by points which satisfy 
(1) and (2) simultaneously. 
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Cor. If S = o^ + y* + 2gx + 2fy + 0 = 0 
be some circle, then the equation of any other circle can be 
expressed in the form 

5 -h (ZiT + my + n) = 0. 

EXAMPLES. 

1. The condition that the circles 

+ y^ + 2gx + 2/y + c - 0 
4- + 2g'x + 2/'y 4- 0 

should touch is 

{2gg' + 2#' ~ c - c')^ = 4 (g^ ~ c) ~ c'). 

2, The locus of points, the tangents from which to two given 
circles are in a given ratio is a circle coaxial with tiie given circles. 

[Use § 94.] 

3. The locus of points such that the difference of the squares of 
the tangents from them to two given circles is constant is a line 
parallel to their radical axis. 

4, The equation of the circle orthogonal to the three circles 

a:^4-2/^4- 2o?iX+ 2^i?/4-/i = 0 
+ ?/‘^ 4- 2d2X 4- 2^2^/ “t/i = 0 
x^-\- y^ + 2d^x 4- 2eg2/ +/$ = 0 


ib 

7? 4 y*, 

X, 


1 


“/u 

dly 


-1 




^2) 

-1 


~~fz% 

cZg, 


-1 


6. The equation of the circle circumscribing the triangle formed 
by the lines 

Ax + By-^C^O, A'x-^ B'y + C = 0, + (7" = 0 

A^^B^ 

Ax 4- By 4- C * 

A'* 4- B^^ 

A^x\bY^C' 

A"^ 4- 


A, 

B 

A’, 

B' 

A", 

S' 
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[Clearly 

■Vv{Ax^ By + G){A'x-\- By 0, 

will pass through the vertices of the triangle formed by the given 
lines, for this equation is satisfied by any two of the given equations 
taken simultaneously. Choose A, /x, v so that this is a circle.] 


6. The condition that the circle circumscribing the triangle 
formed by the three lines 

a^x + h^y + Cl = 0 
CU^X + hy + Cj = 0 

+ c, = 0 

should have its centre on the x-axis is 


ftg&g “f" Ct^b^ “1“ ^^3^1 j “t 

b^^ ”t ^2^3 > ^1^8 ^3^11 “t b\C^ 


= 0. 


7. The straight line x cos a + y mna = p being denoted by (ajo), 
find the equation of the circle circumscribing the triangle formed by 
the lines (ap\ (yr) and shew that if it passes through the origin 
thqn 

qr sin (i3 - y) + rp sin (y — a) + pq sin (a - )8) = 0. 


8. Shew that the circle on the chord x cos a + y sin a ~ p = 0 of 

the circle 4 - = 0 as diameter is 

4- 2 /* — — 2p (pc cos a 4- y sin a — p) = 0. 

[Use § 100.] 

9. If two circles cut a third circle orthogonally, the radical axis 
of t]^ two circles passes through the centre of the third circle. 

10. Shew that if Si = 0, aS^q = 0, 5, = 0 be the equations of three 
circles of which each two cut orthogonally, the equation 

j) 

represents a real circle except in certain cases where it represents a 
straight linOi 
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11 . Shew that the condition that the two circles 

a {x^ +y) -f gx ^fy + c = 0 
and cl (o(? + y^) + gx + f'y + c' = 0 

may touch each other is 

{af - a'f) {cf - c'f) + {ag' - a'g) (eg' - c'g) + (ac' - a'cY^ -J- (fg' --/’g)\ 

12. Shew that if two points are conjugate with respect to a 
circle the square of the distance between them is equal to the sum 
of the squares of the tangents from them to the circle. 

13 . If two points P and Q are conjugate with respect to a circle 
S the circle on FQ as diameter cuts S at right angles. 

14 . Shew that the general equation of all circles cutting at 
right angles the circles represented by 

+ 2/^ - 2^1 aj— 26 i 2 / + Cj = 0, oc^ y^ - 2a2^»— 263// +Ca = 0 


4 - 

a?, 

y 

+ k 


y > 

1 



6. 


0^1, 

hu 

1 

^2, 



j 


62, 

1 


15 . Find the equation of the circle whose diameter is the 
common chord of the circles 

ic* + + 2a; + 3y + 1 = 0 and + 4.'r + 3y + 2 = 0. 

16 . Find the coordinates of the limiting points of the circles 

X* + + 2a; + 4f/ + 7 = 0, o;^ 4 - y* + 4a; + 2y + 5 = 0. 

17 . Find the equation of the circle to which the triangle whose 
vertices are (Xi, y^), (x,, y^), (x,, y^) is self-conjugate. 

[A triangle is self conjugate for a circle when each pair of its 
vertices are conjugate points.] 

18 . Prove that the circumcircle of the triangle formed by the 
linos 

» cos a + y sin a = a sec a + 6 sin a, 

X cos ^ + y sin /? = a sec ^ + 6 sin /?, 

X cos y + y sin y = a sec y + 6 sin y, 
passes through the points (0, 6). 

19. The polars of a point P with respect to two given circles 
meet in Q ; shew that the radical axis of the circles bisects PQ. 

[Use § 94.j 
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20. Circles are drawn throngh the point (c, 0) touching the 

circle Shew that the locus of the pole of the axis of x 

with respect to these circles is the curve 

4a^ (x - cY = (a^ - {a^ - (c — 2xy} y\ 

21. The straight line lx + my — 1=0 meets the lines 

ax'^ -h 2hxy + by^ = 0 

in the points P and Q ; shew that the equation of the circle described 
on PQ as diameter is 

(a? + {arn^ — 21hlm, + hP) - 2x (hi — hm) — 2y (am — hi) + a + 6 = 0. 

22. Prove that if aS\ = 0, = 0, a?, = 0, S^—0 bo four circles of 

whicli each pair is orthogonal, their equations being in the form 
in which S denotes the square of the tangent from any point, then the 
condition that 

\Sy + ^ and Si + y S^ + v ' + p = 0 

should be orthogonal is 

XX' Vi + p^p!t.2 + vv'r^ + PP^A = 0 
where are the radii of the circles. 

23. The length of the common chord of the two circles 

+ 2Xx + c = 0, 

+ 2/2 + 2yy - c = 0 

is 2 n/(X»-c) (/x» + c)/'(X" + ,.»). 

24. If the origin be at one of the limiting points of a system of 
coaxial circles of which 

a:* + 2/* + ^gx + 2fy + c = 0 

is a member, the equation of the system of circles cutting them all 
orthogonally is 

(** + S'’) 0 +«/■) + «(* + iA.y) = 0. 

25. Two circles of radii , R^ with their centres at a distance 
d > {Ri + R^) may, by properly choosing the axes of coordinates in 
one of two different ways, be represented by the equations 

£c*+t/“-2aa+c» = 0, «* + y‘- 26y + c» = 0, 

where ^ {R^^ - A’./ + d*), = \ {R^^ - AV + d*) 

and c‘=l{d^-R^’‘-R^^). 
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26. From a fixed point (^, rj) perpendiculars are drawn to the 
straight lines 

aa? + 2hxy + by^ 4* 2gx + 2/y + c = 0. 

Shew that the equation of the circle circumscribing the quadri- 
lateral so formed is 

{ab - {x{x-^) + y{y-r})}-‘ {hf - bg) {x-^)- {gh - af) (y-v)^ 0 . 

27. Circles are drawn with their centres on the axis of x and 
touching the straight line y~x tan a. Shew that the points of 
contact of tangents from a fixed point (A, k) will lie on the curve 
given by 

(x — hy (?/* — sin^ a) — 2xy (x — h)(y — k) sin^ a + 2/* “ (2/ “ ^ 

28. If four points P, Q, P, S be taken, and the square of the 
tangent from F to the circle on QR as diameter be denoted by 
(P, QR), then 

(P, RS) « (P, QS) ~ {Q, RS) + {Q, PR) = 0. 

29. Shew that with respect to the triangle formed by the lines 

aa^ + 2}ixy + = 0, y = k, the equation of the pedal line of the 

point (other than the origin) where the circumcircle cuts the axis 
of a; is 

a(a-b)x’\- 2ahy = 2bhk. 

30. The centres (7„ of four circles form a parallelo- 

gram, Cl and being opposite vertices. Prove that the locus of a 
point such that the lengths ti, of the tangents drawn from 

it to these four circles obey the relation is a curve of the 

second degree. 

31. Shew that the general equation of a circle which touches 
the two circles 

+ 2/* + c® + 2ax = 0 , a;* + 4 - c* 4 26a; = 0, 

may be written in the form 

{(c’ + y?) (c* 4- ab) (a;* 4- 1 /’ + c* 2\jx) 4- c (a6 — (a:^ + 1 /® — c* 4* 2gy) = 0, 

where y. has any value, and X is either root of the quadratic 
equation 

(a + 6)(c'+X*) = 2X(c* + a6> 



CHAPTER YL 

CHANGE OF AXES. 

101. Before we pass on to the analytical investigation of 
the conic sections we shall obtain, for future use, the formulae 
necessary to express the coordinates of a point in a plane 
referred to two axes in terms of the coordinates of the same 
point referred to two other axes. 

We have already made use of the fact that if (ar, y) be the 
coordinates of a point P, referred to two axes, (xi, the 
coordinates of a point A referred to the same axes, then the 
coordinates of P referred to axes through A parallel to the 
original axes are {<c — x^,y — y^. Denoting these by (A, Y) 
we have 

x-=X + x^, y=Y+y^. 

We see then how to obtain the equation of a curve referred 
to two new axes when its equation is already known referred to 
two axes to which they are respectively parallel. We have 
only to write X -\-x^, Y+y^ for x and y in the given equation, 
and the new equation in X, T will be obtained. 

This is changing the origin without changing the directions 
of the axes. 

We now pass to the consideration of the problem of a 
change in the directions of the axes without a change of 
the origin. 
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102. Transition from one set of rectangular axes 
to another with the same origin. 

Let (x, y) be the coordinates of a point P referred to rect- 
angular axes OX, OT. Let (x', y') be the coordinates of the 
same point P referred to rectangular axes OX', OY' with 
the same origin. 



Let /. XOX' measured in the usual positive direction = 9. 

Draw PL, PL' perpendicular to OX and OX' respectively. 
Draw L'K perpendicular to OX and L'N perpendicular to PL. 

Then x=0L = 0K-NL' 

= x' cos 9 — '}/ sin 9 (1), 

y=LP = KL’ + NP 

= X sin 9 -Vy' cos 9 (2). 

From these, or independently, we get 

x' = x cos 9 + y sin 9, 

y' = — x sin9 + y cos 9. 

These latter are not wanted so frequently as the former. 
They can be always obtained from (1) and (2) by interchanging 
X and x', y and y' and writing — 9 for 6, 
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103. Transition ttota oblique axes to rectangular 
axes with the same axis of x. 

Let {x, y) be the coordinates of P referred to oblique axes 
OX, OY containing an angle &>; {x', y') the coordinates of the 
same point referred to rectangular axes OX, OY', 



Draw PL, PL' parallel to OF, OF' to meet the a;-axis in 
L and L', 

Then x = OL = OL' — LL' = x' — y' cot w 1 
y — LP — xj cosec w j 

and x' = OL' = OL + LL' = « + y cos w ] 

y' = L'P = y sin <o ) * 

104. Transition from one set of oblique axes to 
another with the same origin. 

Let (x, y) be the coordinates of a point P referred to axes 
OX, OY containing an angle o; {x, y') the coordinates of the 
same point referred to axes OX', OY' containing an angle a>'. 
Let a and /S be the angles which OX' and OF' respectively 
make with OX. 

Draw PL parallel to OF to meet OX in L, so that 
OL — x, LP = y. 

Draw PL' parallel to OF' to meet OX' in L', so that 
OL'^x', L'P^y'. 
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Now draw PiV perpendicular to OX; L'R and L'K per- 
pendicular to OX and FX respectively. 

Y 



Then y sin <» = NP = RL' -f- KP — od sin a + y' sin 

Similarly, since OX' and OY' make angles a) — o and « — /S 
with OF, 

« sin ft) = a! sin (a) — a) + y sin (to — 


Thus 


^^^, 8in(ft,-a) ^ s i n(ft)-^ ) 
sin 0 ) ^ sin a> 


, sm a , sin B 
yz=:x -r— 4- y - — 

^ sm CO sm a> 

where /3 — a = (o'. 


105. The formulae obtained in the last article are not 
easily remembered, nor will there be much need to remember 
them* But it is important to observe that 

X = kx' 4- ly', 
y^kx' + iy, 

where k, Z, k', I' are constants depending on the angles (o, (o 
and a. 
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The actual formulae of §§ 102, 103 will be wanted from time 
to time. But they are very easily obtained at any time directly 
from a figure, so that they need be no burden on the memory. 


v406. Invariants. 


Prop. If (x, y) he the coordinates of a point referred to axes 
OX, OY containing an angle &), and (x', y') be the coordinates o/ 
the same point referred to axes OX', OY' containing an a 7 tgle (o', 
and if aa? + 2hxy + hy'^ in which a, b, h are independent of 
X and y become a'x"^ + 2h'x'y' + b'y"^, then 

a -\-b — 2/t cos ft) u + 6 — 2A cos (o 
sin’' ft) siu“ ft) 


and 


a'b' — h'^ _ab — h^ 
sin“ ft)' sin- o) * 


We have ax^ + 2hxy + by‘‘ = a'x''^ + "Ih'x'y' + b'y'* 

and a? + 2xy cos (o + 7f = x'^ + 2x'y’ cos co' + y'^, 

since each of these is the square of the distance of the same 
point from the origin. 

Therefore 


(RB* + 2hxy + 6?/* + X (a;’ + 2xy cos &) + y~) 

= a'x'- + 2h'x'y' + b'y* + X (a:'“ + 2x'y' cos a)' + y'). . .(1), 
for all values of X. 

Now if X be so chosen that the left-hand side is a perfect 
square in x and y, viz. (px + qyy, then since 

X = kx' + ly', 

y = k'x' + l'y' (§105), 

(px -p 5'y)* == {p (kx ly'') -t- q (k x' + 1' y ))* 

‘^(p'x' + q'yy, (say). 

Thus whatever value of X makes the left-hand side of (1) a 
periect square in x and y makes the right-hand side a perfect 
square in x' and y'. 
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The left-hand side will be a perfect square if 
(ci + X) (b -f- X) = (/i -f- X cos ft))*, 

chat is if 

X* sin* CO + \(a + b — 2h cos ft)) -f = 0. 

Similarly the right-hand side will be a perfect square if 
X* sin* ft)' + X (a -f — 2 A' cos to') + a'6' — A'* = 0. 

These two quadratic equations in X must have exactly the 
same roota, 

a 4* & — 2/? cos ft) _ a' -f — 2X' cos m 
sin* ft) sin* co' 

A aft - h* __ g'ft' - /i^* 

^ sin* ft) sin* co' 


^ ^ ^ a -f ft — 2/i cos ft) ^ oh — Jr 

On account of this property r— and — 

^ ^ ^ 8in* ft) sm* ft) 

are called invariants. 

In the special case where we transform from one set of 
rectangular axes to another, 

a b ^ a -f-ft, 

ah a'U - h\ 

These invariants are of importance in the development of 
the theory of the general equation of the second degree and the 
student is recommended to master the proof given of them. It 
would be well for him to work out the special case of rect- 
angular axes by the same method we have employed in the 
general case when the axes may be oblique. 


107. Removal of the xy term. 

Prop. // {x, y) be the coordinates of a point referred to 
rectangular axes, it is always possible to transform to rectangular 
axes with the same origin so that ax? + 2hxy becomes 

ax'"^ + ft'^'* in which the term in xy is wanting, (x\ y) being the 
same point referred to the new axes. 
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For if the axes be turned through an angle 6 we have 
by § 102 

= ic' cos 6 — y' sin 0, 
y — x sin 6 -\"y' cos 0, 
ox^ + 2hxy -f 6?/* = a (^r'cos 6 — t/'sin Oy 
+ 2A {x' cos 9 — y sin 6) (x sin 0 + y cos 0) +h (x' sin 0 + y' cos 6}^ 
= (a cos- 9 + 2A sin 0 cos 9 + b sin^ 9) x^ 

— 2 {(a — 6) sin 9 cos 9 (cos^ 9 — sin^ 9)] xy' 

4- (a sin- 9 — sin 0 cos 9 +b cos'^ e)y'\ 

The term in xy' will disappear if 

^ (a — 6) sin 29^ h cos 29 = 0, 

2h 

that is if tan 29 = r , 

a — b 

and this equation can always be satisfied by a real value of 0. 


We have 29 = iitt + tan ^ r , 

a — 6 



. , 2h 

(1). 


••• 

or 

0--^ + |tan 

-P), 

or 

2/( 

0 — IT +\ tan~^ T 

^ a— 6 

(3), 

or 

<’= 2+*‘“ a-4 

(4). 


These all really give the same new axes of coordinates, what 
is the positive direction of the a;-axis in one case being the 
positive or negative direction of the x- or y-axis in another. 

Special case where ab — = 0. In the special case 

where ab — = 0 the removal of the xy term in 

ax'^ + 2hxy + 6^’ 

2h 

by turning the axes through an angle 6 given by tan 9 = ^ 

will make either a' = 0 ov b' = 0. 


7 
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For aa^ + 2hxy + hy- becomes aV“ + h'y'^. 

Now ah — h} is the condition that the pair of lines through 
the origin 

ao(? + 2hxy + by^ = 0 

should be coincident. 

Therefore aV* + h'y"^ = 0 

represents a pair of coincident straight lines, which is impossible 
unless a' = 0 or 6' = 0. 

The same can also be seen by means of the invariants. For 
ah' = ah — h‘= 0, 
a' = 0 or b' = 0. 

Oblique axes. 

108. To find the condition that the two lines whose equations 
are 

Ax + By +(7=0 

and AAx ->r By + C 

should be at right angles, the axes being inclined at an angle w. 

Transform to rectangular axes keeping the origin and the 
axis of X unchanged. 

As in § 103, we have 

x = x — y' cot w, y — y[ cosec ®. 

Thus the equations of the two lines referred to the new 
rectangular axes are 

A {x — y' cot w) + By cosec ® + (7 = 0 
and A' (x' ~ y cot «) + B'y' cosec ® + (7' = 0, 

that is A sin ® . a;' + (5 — A cos w) y' + (7' sin ® = 0 
and A' sin. (o . x' + {B' — A' cos ®) y + O' sin ® = 0. 

The condition that these should be perpendicular is 
AA’ sin’ (ji + {B — A cos m) {B' — A’ cos ®) = 0 
that is AA' + BB'—{AB' + A'B)coso) = 0. 

This condition the student has probably already obtained 
for himself in another way. (See Ex. 2 of Chapter III, p. 43.) 
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109.v/7\) find the length of the 'perpendicular from the 
point P {oci, 3 / 1 ) on the line whose equation is 

Aa'+Bg + O = 0 
when the axes are inclined at an angle o). 

Transform to rectangular axes with the same origin and 
the same axis of x as before. 


Use dashed letters for the new coordinates so that 


X — X —y cot (o 
y = y' coscc co 


}• 


x^ ~ xf — yi cot 
y^ = y/ cosec CO 


}• 


The equation of the line thus becomes 

A (x' — y cot oj) + Bf cosec co + (7 = 0. 
The perpendicular from 3 / 1 ) on this is (§ 34) 
A (xf — ?// cot co) + Bj/i cosec co C 


and this 


f A'-^ -h (B coscc CO — A cot (of 
(A Xi By^ + C) sin co 
V A"^ sill" CO -b{B — A cos co f 

{Ax^ -f 7??/i +(7) sin co 


f A‘^ — 2AB cos CO + B^ 


110. To find the angle between the pair of lines 
ax^ 4 - 2hxy + 63 /" = 0 , 
the axes being inclined at an angle 

We will here make use of invariants. 

Transform to new and rectangular axes with the same 
origin and let the equation of the lines become 

a' x'^ 4 - 21ix y' 4 - Vy'^ = 0 . 

Now if ^ be the angle between the lines we know from § 62 
that 

2fh^-al/ 
a'+ U 


tan (j) 


7—2 
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But by § 106 


/t’ — ah 
ein’o) 


h'*-a'h' 

sm*2 


= h'*-a'b' 


9 


and 


a + h — 2h cos a 

sin*© 


a' + b' — 2h' cos 


sin* 2 


= a' + 6', 


2 sin ft) — ab 
••• ‘“'^ = ^T6-2Acos<»- 

And the lines will be at right angles if 
a + 6 — 2/i cos 0 ) == 0. 


EXAMPLES. 

1. If (x, y) and {x\ y') be the coordinates of the same point 
referred to two sets of rectangular axes with the same origin and if 
ux 4 - vy where u and v are independent of x and y becomes ux^ -f 
then 

14^ + -f V^, 

2. If (x, y) and {x\ y) be the coordinates of the same point 
referred to two sets of axes with the same origin and ux-¥vy be 
transformed to u'x + vy\ then 

u* — 2uv cos w + - 2wV cos w' + v'* 

sin'^ CD sin’* cd' ^ 

where co and (o' are the angles between the axes in the two axes. 

3. If (x, y) and {x\ y) have the same meaning as in £x. 2 
and if 

X = kx + ly\ 
y = k'x + Vy', 

then {kV ~ k'l) sin <d = sin w. 

4. Shew that the equation x cos a + y sin a = p, when the axes 
are turned through an angle a, becomes a5=p. Interpret this fact. 
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6 . The equation of the bisectors of the angles between the linovS 
ax^ -t- 2hxy 4 - = 0 

is ax + At/, hx ^ by - 0, 

x-v y cos (o, y ^ cos CO 
the axes being inclined at an angle co. 

6. OAB is a fixed triangle having AOB a right angle, OA, OB 
along the axes of coordinates, AB ^ \c and OAB ~ a. A circle is 
drawn circumscribing the triangle, and from any point on this circle 
perpendiculars are drawn on the sides ; shew that the feet of these 
perpendiculars lie on the line 

X cos (/) + y sin </) = 4c sin cos cfy sin (a + </>). 

Transfer the origin of coordinates to the point a cos a, sin a ; 

turn the axes of coordinates through an angle Z and shew that 

u o 

the equation of the line is now 

X cos i/' + t/ sin i// = c sin 3i/^. 

7 . Prore that tlie transformation of rectangular axes which 

. . T* 72 

converts — + — into + 2hxy + by^ will convert + — — into 

p y ^ p — A j— A 

ax^ + 2hxy -f by^ - X (ab — A’) 



CHAPTER VII. 

THE CONIC SECTIONS— GENERAL AND STANDARD 
EQUATIONS. 

111 . The conic sections are the curves of projection of a 
circle by means of a vertex V, not in the plane of the circle, on 
to another plane. In other words they are the sections of a 
cone having a circular base. It is not necessary that the cone 
should be a right cii’cular one, that is that the line joining the 
vertex to the centre of the circular base should be perpen- 
dicular to the base. 

The sections of any cone having a circular base by planes 
parallel to the base will be themselves also circles, and the 
section of the cone by a plane passing through the vertex will 
be two straight lines. * 

If the cone be cut by a plane not through the vertex and 
not parallel to the base the curve of section will be an ellipse, 
parabola or hyperbola according to the position of the cutting 
plane. All these curves alike share what it is convenient to 
call ‘ the focus and directrix property.’ That is, each of these 
plane curves is the locus of a point such that its distance from 
a fixed point (the focus) in the plane is e times its distance 
from a fixed straight line called the directrix, e being a con- 
stant known as the eccentricity. For a parabola e=l, for an 
ellipse e < 1, and for a hyperbola e > 1. {Course of Pure 
Geometry, Chap. IX.) 
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112. Proposition. Every plane section of a cone having 
a circular base when referred to Cartesian axes of coordinates 
in the plane is represented by an equation of the second degree. 

We have already seen that this is so if the section be two 
straight lines or a circle, for both these are represented by an 
equation of the form 

ax‘‘ + ‘ihxy + by* + 2gx + 2/y + c = 0. 

If now the section be an ellipse, or parabola, or hyperbola, 
let e be the eccentricity, {x^, y^) the coordinates of the focus 
referred to some rectangular axes in the plane, and 

Ax + By + (7=0 

the equation of the directrix referred to these same axes. 

Then if {x, y) be any point on the particular curve under 
consideration we have 


{x - xf^ + (y - yi'f = 


{Ax-\-By + Gy 


for the left-hand side of this equation is the square of the 
distance of {x, y) from the focus {x^, y^), and the right-hand 
side is e^ times the scluare of the distance from the directrix. 

It is clear that the above equation is of the second degree, 
being of the form 

ax^ + Ihxy + by^ + 'igx + 2/y + c = 0. 


The form would be exactly the same if the Cartesian axes 
were inclined at an angle cu other than a right angle, for then 
we should have (§ 109) 


{x - x^y +{y-yyy+2{x- «:i) {y - y,) cos 


_ ,(.4a; + By + (7)*sin’&) 


113. We now see that every conic section is represented 
by an equation of the second degree. That this must be so is 
also clear from the fact that the conic sections being pro- 
jections of a circle, which is such that every straight line in its 
plane meets it in two points (which may be imaginary or 
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coincident), must themselves have the same property, since the 
projection of a straight line is another straight line. Thus 
when we eliminate x between Ax + By = C (the equation of a 
line) and the equation of a conic section, we must obtain a 
quadratic equation in y. This can only be the case if the 
equation of the conic section be of the second degree in x 
and y. 

We shall presently go on to shew that an equation of the 
second degree always represents a conic section, that is to say 
it will represent two straight lines, or a circle, or, failing these, 
an ellipse or a parabola or a hyperbola. Before proving this, 
we shall obtain the equations of the parabola, ellii)8e and 
hyperbola in their simplest standaj-d forms. 

114. Tangent to a conic. Since a conic section, or 
‘conic’ as we shall call it, is a curve of the second degree, 
every straight line in its plane will meet it in two points, 
real or imaginary (compare § 71). In special cases the two 
points in which a line meets a conic will be coincident, and 
then we call the line a tangent to the conic. 

A tangent to a conic then is a line which meets it in two 
coincident points. 

115. Standard form of the equation of the parabola. 

Let S be the focus, DX the directrix. 

Draw SX perpendicular to the directrix and take first of 
all XS and XD for axes of coordinates. Let XS = c, so that 
the coordinates of S are (c, 0). 

Let P be any point on the parabola, {x, y) its coordinates. 

Draw PM perpendicular to the directrix. 

Then SP = PM, 

SP* = PM\ 

(x-cy+y^ = ie‘ 
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for the left side is the square of the distance of {x, y) from (c, 0), 

y' — 2cx~c? • 




Put y = 0 in this to find the point A where the curve cuts 
the a:-axis. We have 



If we now transfer the origin to -4 , 0 j leaving the axes 

unchanged in direction, our equation becomes 

y’ = 2c®. 

It is usual to write a for XA or AiS, so that c = 2a. The 
equation is then 

y’ = 4a®. 

This is the standard equation of the parabola. 


116. Some properties of the curve. The point A is 
called the vertex. The line AS produced indefinitely is called 
the axis. 
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We see that the parabola is symmetrical with regard to its 
axis. For to every point {x, y) on the curve there corresponds 
a point {x, — y). 

If PN be drawn perpendicular to the axis and produced 
to meet the curve in P', PN is often called the ordinate of 
the point P, and PPP' the double ordinate of P, while AN 
is called the abscissa of P, it being the portion of the axis 
cut off, as it were, by the ordinate. 

The double ordinate LSL' which passes through the focus is 
called the latus rectum of the parabola. 
lueiSL = l. 

Therefore the coordinates of L are (a, 1). 

But L is on the curve y'^ = ^ax, 

.-. /■' = 4a’. 

Thus we see that SL — 2a, that is the latus rectum is of 
length 4a. 

We now observe that the axis of y is a tangent to the 
parabola y* = 4aa;. 

For putting a; = 0 in this equation we get y’ = 0, that is 

y — 0 bis. 

Thus the line x = 0 meets the curve in the two points 
(0, 0), (0, 0), that is to say, in two coincident points. 
Therefore it is a tangent to the parabola. 

We see that negative values of x would give imaginary 
values of y, thus the curve lies wholly in the positive direction 
of the a;-axis. Moreover as x can have any positive value, 
however great, we see that the curve extends to infinity. 

117 . We can now see that a curve whose equation referred 
to two rectangular axes is 

y* = 40 ® 
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is a parabola, for on working the algebra of § 115 backwards we 
can prove that this curve is the locus of points whose distance 
from (a, 0) is equal to their distance from the line x = — a. 

Also we can see that the curve whose equation is 

yS ~ _ 4^^ 

is a parabola, for, if we write x' — — x, the equation becomes 

— ^ax, 

y 



That is to say, == — ^ax is a parabola whose axis runs in the 
negative direction of the a;-axis as in the figure. 

Thus a curve v/hich is the locus of points the square of 
whose distance from one line (1) varies as their distance from 
another line (I') perpendicular to the first is a parabola, having 
I for its axis and V for the tangent at the vertex. And the 
constant of variation is the length of the latus rectum of the 
parabola. 

Thus the equation 

{Ax + By + (7)2 = A; {Bx - Ay + O') 

represents a parabola, whose axis has for equation 

Ax By + G — 0, 

and the tangent at the vertex is the perpendicular line 

Bx — Ay + C = 0. 
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The above equation can be written 

/Ax + By + G\* k Bx — Ay + C 

\ / “v'Z’Ti?’ \/Z* + # ’ 

80 that the length of the latus rectum is the numerical value of 

k 

Examples. 1. Find the focus and directrix of the parabola 
{x - A)^ + 4a (y - ^) = 0. 

[If we transfer the origin to (A, k) the equation becomes 

J»=-4ar, 

which is a parabola of latus rectum 4a with its vertex at the new origin 
and with its axis running in the negative direction of the JT-axis. 



Hence the vertex of the parabola referred to the original axes is (A, k). 
The ^-coordinate of the focus is A. 

The y-coordinate of the focus is - a. 

The directrix is y = -f- a.] 

2. Find the vertex, focus and directrix of the parabola 
y 2 -h 4.r -1- 2y — 8 * 0 
and represent the same in a figure. 
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[We write tnis equation 

(y2 + 2y-f l) + 4r~9=0, 

that is (y -f 1)^ = - 4 (^ - J ). 

The vertex is the focus (f, -1), and the directrix has for its 

equation 4a: ~ 13=0.] 

% 3. Find the equation of the parabola whose focus is the point (f , - 1) 
and whose directrix is the line 4a;- 13 = 0. 

4. Find the length of the latus rectum and the position of the vertex, 
focus, and directrix of the following parabolas : 

(i) (y-3)H2(:i7-2)=0. 

(ii) (x-2)2=:5(y + l). 

(in) y + 2a;-4y + 3=0. 

(iv) + 3y=0. 

(v) / + 2^^+2/y + c=0. 

6. Find the equations of the two parabolas whoso latus rectum is 6 
and the axis and tangent at the vertex are the linos whose equations are 
3a; + 43/ + l=0, 4a;-3^=0. 

118. Standard form of the equation of the ellipse. 

Let S be the focus, DX the directrix, e the eccentricity, which 
is necessarily less than unity. 

Draw SX perpendicular to the directrix and as before take 
first XS and XD for axes of coordinates. Let XS = c. 
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Let P be any point on the ellipse, {x, y) its coordinates. 
Draw PM perpendicular to the directrix. 

SP = e.PM, 

SP^ = e\PM\ 

. {or — cf + ?/’ = 

(1 — e^) — 2ca; + + c’ = 0, 

2c if 

;,x + :r ^ — o» 

L —e^ 1 — 1 — e® 

/ c Y y* _ eV 

Now transfer the origin to the point 0 whose coordinates 


are 


f— 

U-e^’ 


0 ) and write 


ec 


== a. 


The equation becomes 

1 — 

^2 /w2 

that is “5 + Li = L 

a’ 6* 

where 6’= a®(l — e-), a quantity necessarily positive since e< 1. 
This is the equation of the ellipse in its standard form. 


119. Some properties of the curve. The curve is 
symmetrical with regard to both the a;-axis and the y-axis. 
For if (x, y) be a point on the curve, so also are (— x, y), {x, — y) 
and (— X, — y). Every line through C will thus meet the curve 
in two points equidistant from C. That is, every chord passing 
through C is bisected at G. The point 0 is therefore called the 
centre. 


Putting y = 0 in the equati^,^ of the curve we find x = ± a. 
Thus the two points A and A' in which the curve cuts the 
aj-axis are distant a from the c£.ntre. 

<1 

Putting « = 0 we get y = ±h. Thu,^ oints B and B' in 
which the curve cuts the y-axis are dist ■' the .re. 
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If a: > a, y is imaginary, and if y> h, x imaginary. Thus 
the curve is limited and closed. 

The two lines AA' and BB' with respect to which the 
curve is, as we have said, symmetrical are called the axes of 
the ellipse. As AA' > BB' (for 6* = a’ (1 — e*) so that h<a) 
A A' is called the major axis, and BB' the minor axis. 

We shall now prove tliat CS = e. CA and GA = e. GX. 

Since A and A' are points on the curve, 

AS^e.XA, 

SA' = e.XA'. 

Adding, we have 

AA' = e (XA + XA') = 2e . XG, / 

GA=^e.GX. \_ 

Subtracting, we get 

SA' - AS = e.AA', 

SG + GA' -{AG-SG) = e.AA', 

.-. GS = e.GA.\^ 

The symmetry of the curve exhibited by its equation shews 
that there must be a second focus S' situated on the major axis 
at the same distance from G as S, and a second directrix 
corresponding with S' and parallel to the original directrix and 
cutting the major axis produced in X' where GX' = XG. 

If from a point P on the curve PN be drawn perpendicular 
to the major axis, and produced to meet the curve again in P', 
PN is called the ordinate and PNP' the double ordinate of the 
point P. A double ordinate through a focus is called a latas 
rectum,. 

2b* 

The length of either latus rectum is — . 
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For let ItS'R' be the lattis rectum through S' and let 
S'R = 1; then the coordinates of R are (ae, 1). But R is on the 
curve, 


*. I*: 


b* 


a 


i > 


6 * 

the length of the semi-latus rectum is — . 

a 


120. Geometrical property e^spregied by the standard 
equation of the ellipse. 


If PN be the ordinate of the point P, then from the 
equation of the ellipse we have 


PN* , 

a"‘ 6* 

P^^_ 1 _ga^-cn*_ an. NA’ 

6* a’ a* a* ' 

Pi7’ P<7» 

AN .NA'^ a}~ Kp- 


This is a geometrical property of the ellipse probably already 
familiar to the student. 


In the same 
minor axis, 


for we have 


way, if PK be drawn perpendicular to the 

PZ» _ A^C* 

BICKB' ~ BG'»' 

PK^ CK* , 

— — + _ = 1 . 


121t^ The circle as a limiting case of the ellipse. 

We see that if e becomes smaller while a remains constant 
ae becomes smaller and the foci approach the cenire ; r.ii 80 6’ 
which = a’ (1 — e’) approximates to a\ Thus as the foci, >':.pproach 
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the centre, the ellipse tends to become more circular in ap- 
pearance, and when e becomes very small and nearly equal to 
zero the ellipse becomes almost a circle ; so we say that a circle 
of radius a is the limiting case of an ellipse whose major axis is 
2a and whpse eccentricity tends to zero. 

122. The parabola as a limiting case of the ellipse. 

If we take the equation of the ellipse 






+ ~ = 1 


and transfer the origin to the vertex A whose coordinates are 
(— a, 0) the equation becomes 


{x 




= 1 , 


that is 


2x y‘ . 

+ = 0 , 

a 6- 


that is 




r 


= 0 . 


a a(l - e^) 

Now AS = a (1 — e) ; denote this by d!, 

d 


a == 


Thus the equation is 
x^(l —e) 
d 


1 




r 


= 0 . 


d {\ + 

Now let us suppose that d remains finite while 1 — a becomes 
very small, then a becomes very large and the equation of the 
curve approximates to y* = which is a parabola. Thus a 
parabola may be regarded as the limiting case of an ellipse 
when the centre moves oflf to a great distance, the vertex A and 
the focus S remaining unchanged. 


^ 123. We see from the equation of the ellipse that if we 
have two intersecting perpendicular lines I and V and a point P 
moves in their plane so that 


a* 


1 , 


8 
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where pi and py are the lengths of the perpendiculars 
from P on I and 1' respectively and a and b are real quantities, 
so that a’ and h' are positive, then the point P will describe an 
ellipse having its centre at the intersection of the two lines, 
and, if a be > b, having its major axis, of length 2a, lying along 
the line V and its minor axis, of length 26, lying along the 
line L 


Examples. 1. Find the lengths of the axes and of the latera recta 
of the ellipse + 3^2 = 24. 

[We write this ^ *8^ ~ 


Thus in this case the axis of x lies along the minor axis and that of y along 
the major axis. We have a^ = 8, 6^ = 6, therefore the lengths of the axes 
are 2/^/8 ( = 4v^2) and 2^6 and the latera recta are of length 


26“ 

a 


2)^6 

2^2 


3v/2.] 


sf Find the centre and eccentricity of the ellipse 

2.r‘^ + ^ — 4^4-5j/-h4 = 0. 

[We write this equation 

2(.r2«2a;4l)-h3(y2+f;y + it-t) = 2 + ff-4 = ^, 


that is 




sV ' jjV 

If we transfer the origin to (1, -f) the equation becomes —-f-— = 1. 

Thus the equation represents an ellijise whose centre is at (1, - |), and if 
a and 6 be the semi-major and minor axes = 6^ = ^^. 






1 " 


3. Find the coordinates of the foci of the ellipse of Ex. 2. 

4. Find the equation of an ellipse whose axes are of lengths 6 and 8 
and their equations 3^ — 4y + 1 = 0, 4 -p 3y — 2 == 0 respectively. 


J 124. Standard form of the equation of the hyperbola. 

The work for obtaining the equation of the hyperbola in its 
standard form is very similar to that already done for the 
ellipse. There are some important points of difference however. 
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Let S be the focus, BX the directrix, and e the eccentricity, 
which is > 1 . 




Draw SX perpcndicnlar to the directrix and first take XS 
and X D for axes of coordinates. Lot XS = c. 

Let (x, y) be the coordinates of any point P on the curve 
Draw I’M perpendicular to the directrix, 

SP^- = e\rM^, 

{x — c)- y- = e"x^, 

x^(e'^—l) + 2cx - 3 /^ = c*, 

2c y" c* 

. X^ ; X -rj , 

— 1 — 1 e- — 1 

/ c Y y’’ _ d‘ , 

{e^-iy + _ 1 “ (e^ _ 1 )» • 

Now transfer the origin to the point 0 whose coordinates 
are ^ ^ ^ ^ , 0^ and write = a. 

8—2 
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The equation is now 



that is 


a> ’ 


where 6’ = a* (e* — 1), a quantity necessarily positive since e>l. 
This is the standard form of the equation of the hyperbola. 

125. Some properties of the curve. If (x, y) be any 

point on the curve, then (— x, y), {x, — y), ( —x, — y) also lie on 
the curve, which is therefore S3’mmetrical about both axes. 
Lines through G will meet the curve in two points eqxiidistant 
from G. That is chords of the curve which pass through G 
will be bisected at G. This point then is called the centre. 


Putting y = 0 in the equation of the curve we find x = ± a. 
Thus the two points A and A' in which the curve cuts the 
a-axis are distant a from the centre. 


Putting a; = 0 we get y* = — 6* ; thus the curve does not meet 
the y-axis in any real point, but in two imaginary points 
distant 6 V— 1 from G. 

Any value of x lying between —a and +a would make 
y** negative so that no part of the curve lies between A and A'. 
X can however have any positive or negative value numerically 
greater than a. The curve then extends to infinity in both 
directions, and consists of two branches. 

The line AA' is called the transverse axis. If on the y-axis 
we take two points B and B' each distant b from G, then BB' 
is called the conjugate axis. But it must be carefully observed 
that B and B' are not points on the curve. 

It is easy to prove that GtS = e . GA and GA — e . GX as 
in § 119. 
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For AB = e.XA, 

A'S = e.A'X, 

adding we get 2CS = 2e . GA, that is C8 = e . CA. 

Subtracting we get A'A = e(A'0 + GX) — e {GA — GX), 
that is GA = e . GX, 


As in the case of the ellipse, there must be a second focus 
S', situated on the transverse axis at the same distance from 
the centre as S, and a directrix to correspond with S'. 


PN drawn perpend ictilar to the transverse axis is called the 
ordinate of the point P, and if PN be produced to meet the 
curve again in P', PNP' is called a double ordinate. A double 
ordinate through a focus is called a latas rectum. It is easy to 

26 * 

prove, 6is in § 119, that each latus rectum is of length — . 

It can be shewn further, as in § 120, that the Geometrical 
property of the hyperbola expressed by the equation 


a? .V* _ 1 


is that which is usually written 


PN^ EG* 

ANTA'N~ AG*' 


We can see too (compare § 123) that if we have two inter- 
secting lines I and I', and a point P moves in their plane so that 

a* 6 * ’ 

where pi and pi' are the perpendiculars from P on i and V, and 
a and h are real quantities so that a* and 6* are both positive, 
then the locus of P is a hyperbola, the length of whose 
transverse axis, lying along V, is 2a, and the length of its 
conjugate axis, lying along I, is 26. 
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126. Two straight lines as the limiting case 6f a 
hyperbola. 


The equation of a hyperbola referred to its axes being 

^ y ^ 1 

a" a^te^-1) ’ 


which we can write 



we see that if e be kept constant while a is made gradually 
smaller and smaller until it becomes very small indeed the 
hyperbola will approximate to the two straight lines 


the axes of coordinates being the bisectors of the angles 
between them. 

Thus we may regard a pair of straight lines as the limiting 
case of a h 3 rperbola whose axes are infinitely small, while their 
ratio is finite. 


127. Rectangular hyperbola. In the special case in 
which h = a the hyperbola is called rectangular. This name 
is explained by the fact that when 6 = a the ‘asymptotes,’ of 
which we shall speak in a later chapter, are at right angles. The 
name ' equilateral ’ has also been applied to such hyperbolas. 

Examples. 1. Find the centre and the length of the transverse axis 
of the hyperboic'i 

^2_2y2-2.r-f8y-l=0. 

[We write this 

5:2 - - 2 ^^2 _ 4 ^ )= 1 ^ 

i.e. ( 5 :- 1 ) 2 - 2 (y- 2 ) 2 = 1 + 1-8 - -6, 

(y-2)* (^-1)* 

i.e. =1. 

Thus the centre is and the transverse axis which is parallel 

to the 3 /-axis is of length^^S.])— ^ VVow , 

2, Find the lengths of the axes, and the eccentricity of the hyperbola 
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3. Find tho equation of the hyjwrbola the lengths of whose transverse 
and conjugate axes are respectively 4 and 6, tho equations of these axes 
being respectively 3^; + 4y - 1 = 0 and 4;r — 3_y + 2 = 0. 

128. The General ESquation of the second degree. 

Prop. Every Cartesian equation of the second degree repre- 
sents a conic. 

For consider the general equation 

an^ + 2hxy + htf + ‘Igx + 2/2/ + c = 0 (1). 

First suppose the axes of coordinates are rectangular. 

Turn the axes through an angle 6 and choose 6 so that 
the xy term of the new equation vanishes (§ 107). 

Our new equation will be (say) 

aVa + b'y'‘^ -I 2g'x’ H- 2fy + c = 0 (2), 

so that axr + ^hxy + bif = aV“ + h'y"^. 

From the theory of invariants (§ 106) we have 
a -^b ~ a -\-b y 
ah — — a'b'. 

(1) If ab = h^ either a or b' is zero. Suppose a' is zero, 
the equation is then 

^'f‘ + 25 f'a; + 2fy + c = 0, 

which is a parabola having its axis parallel to the aj-axis. 

(2) If ab h^y then neither a' nor b' can be zero and our 
equation can be written 

a' (x'^ + ^ x^ + U (y'^ + ?? /) + c = 0. 

Complete the squares of the terms in x' and y' and this 
becomes 



which represents (i) an ellipse with its centre at 
if a and 6' have the same sign, (ii) a hyperbola with its centre 


ft 

I a ’ b'J 
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at 



and h' have different signs, and if in 


particular a' + 6' = 0 the hyperbola will be a rectangular one 
(§ 127). 

Now a and h' will have the same or opposite signs according 
as a'h' is positive or negative, that is, according as ab — h* is 
positive or negative. 

Thus if ab~h* is positive (1) will represent an ellipse, 
but if ab — is negative (1) will represent a hyperbola, and 
if a' + 6' = 0, and therefore also a + b — 0, the hyperbola will 
be a rectangular one. 

Next let the axes of coordinates be inclined at an angle o>. 
Transform to rectangular axes with the same origin so that 
equation (1) will transform to (say) 


aV’ + 2h'xy' + b'y'^ + 2g'x + if'y + c = 0. 


This will represent 

(i) a parabola if a'b' — h'* = 0, 

(ii) an ellipse if a'b' — h'* > 0, 

(iii) a hyperbola if a'b' — h'^ < 0, 

(iv) a rectangular hyperbola if a’ + b' = 0. 
But by invariants we have (§ 106) 


a + b — 2h cos (I) 
sin* ft) 

ab — /i* 
sin* ft) 


a' + b' — 2h' cos 


sin* 


, XT 


:=a' + 6'. 


a'b' - /i'* 


sm* 


= a'b'-h'\ 


Thus 


(i) if ab — — 0 

(ii) if ab - h- > 0 

(iii) if ab — A- < 0 

(iv) if a + 6 — 2A cos ft) = 0 


(1) is a parabola, 

(1) is an ellipse, 

(1) is a hyperbola, 

(1) is a rectangular hyperbola. 
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It will be observed that the condition that the equation (1) 
should represent a parabola is that the terms of the highest 
degree, viz. aa^ + 2hxy + should form a perfect square. 

129. Summary. The results to be remembered then are 
that the general equation 

ax^ + 2}ixy + hy* + 2gx + 'ify + c = 0 
will be (i) two straight lines if (§ 55) 

a, h, y = 0, 

h, b, f 

9< f> c 

(ii) a circle if a = h, and h = 0, the axes being rectangular; 

or if a : 6 : = 1 : 1 : cos the axes being obi ique, 

(iii) an clliixse if ab — h'> O.vand the conditions for a circle 
be not satisfied, 

(iv) a hyperbola if ab — h^ < 0, and the condition for two 
straight lines be not satisfied, 

(v) a rectangular hyperbola if a + b — 2h cos w = 0, and the 
condition for two straight lines be not satisfied. 

If both the condition for two straight lines and the relation 
a + b — 2hcoa o) — 0 be satisfied, the equation represents two 
straight lines at right angles (§ 110). 

130. We shall go on in the following chapters to evolve 
the properties of the various conics by considering them to 
be expressed in their standard forms. It will greatly simplify 
our work if before passing on to this we obtain certain 
equations which are api)licable to all the conics alike, and 
which are really as easy in the general case as they are in 
the particular ones. The student is recommended to make 
the contents of the present chapter his own before passing 
on. The rest of the subject will be found to be thus greatly 
simplified. 

All the results that we shall obtain in the rest of this 
chapter hold for oblique, quite as well as for rectangular axes. 
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•Tf ^ ^ 

131. The Tangent. ■ 

To find the equation of the tangent to the conic 

aa? + 2/(^3/ + 63/’ + ’igx 4- 2/3/ + c = 0 (1) 

at the point (a;i , 3/1). 

The equation of a line through 3/1) is as we have seen 

(§ 32) 

( 2 ), 

L m 

where I and m are constants depending only on the direction of 
the line and r is the algebraical distance of {x^ , 7/1) from (a;, y). 
To find where (2) meets the conic substitute 

^ 2/ = 2/1 -f inr 

into the equation of the conic ; we thus get 

a {xi + Irf 4- {x^ 4- Lr) 4- mr) 4- h (y^ + mry 

^2g(x^ + lr) + 2f(yi + m7^) + c = 0, 

which gives 
(al^ + 2hlm + hm^) 

4- 2r {{axi + hy^ + g) I + (hx^ + 63/1 +/) m} 

4- ax^^ 4 2hxjyi 4 + 2gx^ 4 S/^/j 4 c = 0. . .(3). 

Now if (2) be a tangent to the conic at (x^y ?/i), both of the 
roots of this quadratic equation in r must be zero, otherwise 
the line (2) will meet the conic in another point other than 

Vl)- 

We thus have the conditions 

(i) ax^^ 4 "ihx^y^ 4 hy,^ 4 ^gxy^ 4 2fy, 4 c = 0, 
which is satisfied since (xi, lies on the conic, 

(ii) (a^i + hy^ + g)l-\- {hx^ 4 %i 4-/ ) m = 0, 
this gives the ratio oil : m. 

If now we eliminate this ratio I : m from this relation and (2) 
we shall have the equation of the tangent, viz. : 

X {gx^ + i (/ucj + 63/1 +/) w = 0, 
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that is 

{x - a^i) (rtx’i + hy^ + g) + {y- yi) {hx^ + hyy +/) = 0. 

This is the equation of the tangent at {x^, y^, but this is 
not the standard form. 

We can reduce as follows: 

axxi + h {xy^ + x^y) + hyy^ + gx -Vfy 

= ax^ + + hy^ -\-gx^ +fiji 

^-g^i-fyi-o, 

that IS 

axx^ + h {xy^ + x,y) 4- hyy^ +g{x + «■,) +f{y + ?/,) + c = 0, 
which is the standard form of the equation of the tangent. 

It is convenient to write T for the expression on the left side. 


132. On the form of the^ equation of the tangent. 

It is very important that the student should be able to write 
down with facility the equation of the tangent to any curve of 
the second degree as it arises. It is quite easy to do this if 
the following rules be remembered : 

(1) In the terms in and in the equation of the conic 

write xxj and yy^ respectively for and y"^, ^ , v ^ 

(2) In the term in xy write xy^ + x^y for 2xy. 

(3) In the terms in x and y write x + x^ and y+yi for 
2x and 2y respectively. 

(4) Retain the constant term. 

Observing these rules it will be seen that the tangent at 
(^ 1 , yO to 


(i) = 4kix is yyi = 2a (x + .r,), 


(ii) 




XX, 


+ 


yih , 


1 , 


(iii) xy = k'^ is ^ (xy^ + x^y) == k\ 


133. The condition that the line 

lx + my + n = 0 

should be a tangent to the conic 

aa^ + 2hxy + by'* + 2gx + ^fy + c = 0 
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w \ a, h, g, I \ = 

h, b, f, m 
9, f, c, n 

I, m, n, 0 

For suppose the line touches the conic at (x-i, y,), then it 
must be identical with 

axxi + h {xy^ + a^y) + hyy^ + (a; + a;,) + /(y + 2/i) + c = 0, 
that is with 

(o^i + % + y) a; + {hx^ + %,+/) y 4- (ya-j + /y, + c) = 0, 

. oa:, + /ij/i +g hx, + by, +/ gx, + fy, + c ^ 

• • 1 = = = A tsay;, 

i m n ' 

axi + fiyi + g — lX = 0, 

hxi + byt+f— m\ = 0 , 

9^1 + /yi + c — nX = 0. 

Also since (x^, y,) is on the line 

Ixi + myi + n = 0. 

Eliminating x^, and X w^ get 

a, h, g, I \== 0. 

h, b, f, m 

9> f, c, n 

I, m, n, 0 

This multiplied out becomes 

Al' + Bni^ + Cn? +2Fnm + 2Gnl+ 2Hlm = 0, 

where A, B, G etc. are the ‘ prepared minors/ that is the 

minors taken with their proper sign of a, b, c, etc. in the 

determinant 

a, h, 9 
h, b, f 
9 > c 

Thus A — be B — ca—g-, G = ab — h*, 

F = gh-a/, G = hf-bg, H-fg-cIi. 
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134 . We can see that a pair of tangents can he drawn 
from a point not on a conic to the conic, 

Let the conic be 

cue* + 2h^g + by* + 2gx + 2fy + c == 0. 

Let (^ 1 , yi) be a point not on the conic. Suppose a line 
drawn through this point to touch the conic, and let y,) be 
the point of contact. 

The equation of the tangent at (ar,, y^) is 

axTt + h(zyt + x^) + 6yy, + 5 ^ (a; + *,) +/(y + ys) + c = 0, 

As (^ 1 , yi) lies on this we have 

cuc^x^ + h + ^jy,) + 6yiy, + y + x^) +/(yi 4- y-i) + c = 0 . . . ( 1 ). 
And as (x.^, iji) is on the conic we have 

(jw;,/ + 2/iiCjy, + hy.^ -P 2y.i;, + 2/y, + c = 0 (2). 

These two equations (1) and (2) determine and y,. 

As (1) is a simple equation in x, and y,, by substituting the 
value of Xj in terms of into (2) we shall get a quadratic 
equation in y^ which will in general have two roots. Thus 
there will be two possible points of contact of tangents from 
(ai, yO. but they will not be real in all cases. 

135 . If a pair of tangents he drawn from {xi, to the 
conic 

ax'‘ + 2hxy + by^ + 2gx + 2/y + c = 0, 

the equation of the ‘ chord of contact ’ (that is of the line through 
the points of contact) is 

axxi + h (xy^ + x,y) + 6yy, + g (x + x^) + f (y + y^) + c = 0. 

For let (x„ y,) and (x^, y,) be the two points of contact of 
the tangents. 

The equation of the tangent at (x^, y,) is 

axxt + h (xyt + x^) + 6yy, + y (a; + x^) +/(y + y,) + c = 0. 

But (x^, yi) lies on this, 

aa^x^ + h (a^iy, + x^y^) + hy^yt + y (ajj + x^) +f (yi + y,) + c = 0. 
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Similarly as , y^) lies on the tangent at {x^ , 
ax,x, + h (x,y, + x,y,) + by,y, + g {x^ + ^;3) ^f{y, + 2/3) + c = 0. 
These two relations shew that (^2^ and (^3, 7/3) lie on 
aa\x + h {xiy + xy,) + hy^y -^oix^^- x) -^f{y^ + y) + c = 0, 
which represents a line as it is of the first order in x and y. 

It is therefore the equation of the chord of contact required. 

Hence the equation of the chord of contact of tangents from, 
{xi, 7/1) when 7/1) is not on the curve is exactly the same form 
as that of the equation of the tangent at (xi, yf) when {x^, yf) is on 
the curve, 

136. Poles and Polars. 

We shall define the polar of a point vnth respect to a conic 
to he the locus of the q)oints of intersection of tangents at the 
extremities of chords through that pointy and the point itself is 
called the pole of its 2'n)lar. 

We can now prove that the p)olar of (a?i, yf) with respect to 
the conic 

ax} 4- ^hxy + hif + 2 gx + 2/y -f c = 0 
is axx, + h (xy, + xgj) + hyy^ -f g {x + xf) +/(7/ + 7/1) + c = 0. 

For let any chord be drawn through (/Tj, yf) and let the 
tangents at its extremities meet in {x^, 7/2), which is therefore 
a point on the polar of (x^, yf). 

The chord of contact of tangents from {x2y yf) is (§ 135) 
axx2 + h {xy., -f x.yy) 4- hyy,, + g{x + x^) ^f{y 4- 7/.,) 4- c = 0. 

But (x^y 7/1) lies on this, 

ax^oCi + h {x,y., + x.,y^) + hy.^j^ 4- (a;, + x^) +f{yi + y^) 4- c = 0. 
This relation shews that the locus of {x^, y^) is the line 
ax^x + h («,y + xy,) + hy,y + g (x, + x) +f (i/j + i/) 4- c = 0. 
This is the required equation, and we see from this that the 
polar of a point with respect to a conic coincides with the chord 
of contact of tangents real or imaginary from that point to the 
conic. 
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Thus if P be a point from which tangents PT and PT' are 
drawn to a conic, and PQR be any chord through P, tlie 
tangents at Q and R meet on the line TT'. 


P 



137. Conjugate points and lines. 

If the polar of P passes through Q then the polar of Q will 
pass through P. 

For if (a;i, y,) be the point P and (x., yf) the point Q, and 
the conic be 

aa^ + ^hxy + + ‘igx + 2/y + c = 0, 

the polar of P is 

axx^ + h {xgj + xy^) + hyy^ g {x -¥ x^) +/(y + yO + c = 0. 

As {x^, y,) lies on this 

ax.pc^ + h {x,y^ + x^y,) + hygj, + g (.r, + iTj) + /(y, + y,) + c = 0, 

which is easily seen to be the condition that the polar of {x^,y.^ 
should pass through (a;, , y^). 

Two points such that each lies on the polar of the other are 
called ‘ conjugate points.’ 

The condition that {x^, y,) and (x^, yj) should be conjugate 
points is then 

ax^x^ + h (a;,yj + x^,) + by,y^ + y (a;, + x.,) + f{y^ + y^) + c = 0. 

Again we can prove that if the pole of a line I lies on 
another line I', then the pole of I' lies on I, 
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For let the pole of the line I be {x-^, y,) and the pole of I' be 
(ar,, yj), therefore the equation of the line I is 

axxy + h {xy^ + x^y) + hyy^ + g{oo-\- Xy) +/(y + yO + c = 0. . .(1), 
and the equation of V is 

axxi + h {xy^ + x^y) + byy^ 4- g (x + +/(y + y,) + c = 0. . .(2). 

Now by hypothesis (xy, yi) lies on (2) 

axyx, + h (xyy^ + x^yy) + hyytj^ + y (a;, + x^) +/ (yj + y,) + c = 0, 
therefore {x„ y^ lies on (1). ' 

Thus the proposition is proved. 

Two such lines are called conjugate lines. 

When three points A, B,G are such that every two of them 
are conjugate points, then the triangle ABC is said to be a ‘self- 
conjugate (or self-polar) triangle.’ Since the polar of A passes 
through both B and G, BG is the polar of .4. So that each 
side of the triangle is the polar of the opposite vertex. And 
any two sides of the triangle are seen to be conjugate lines. 


138 . The condition that the lines 

lyX -1- TUyy + rii = 0 (1), 

l.^ 4- m»y + (2), 

should be conjugate lines for the conic 


ax^ 4- ‘2.hxy 4- by"^ 4- 2ya; + 'ify + c = 0 


a, 

h, 

g> 

k 

h, 

b, 

/> 


9> 

/ 

C, 

rii 

h, 



0 


For let (xy, yj) be the pole of (1), therefore (1) is identical 
with 

axxy 4- h {xyy 4- Xyy) 4- byyy 4- y (« 4- xj) +/ (y 4- yO 4- c = 0, 
that is with 

{axy 4- Ayi 4-y) a; 4- {hxy 4- iyi 4-/) y 4- (y^i 4- /y, 4- c) = 0, 
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. cw;, + %, + ^ Aa;i+6?/,+/ ^a;i+/y, + c , , , 

. . j = = ^ = X (say), 

h mi n-i \ j/’ 

axj + hiji + g — liX. = 0, 

hxi + hyi +/ — TOiX = 0, 

<7^1 +/i/i + c - «,X = 0, 
and since (a;,, by hypothesis lies on (2) 

+ Wj = 0. 

Eliminating , y^ and \ from these eejuations we get 


a, 

h, 

g> 

h 

h, 

b, 

f 

7ni 

9> 

f 

c, 



nh, 

n,. 

0 


139. The Centre. 

If {Xi, t/i) he the centre of the conic 

ax'‘ + 2hxy + + 2gx + ’Ifij -t- c = 0 

then Xi and yi are given by the equations 

axi + hyy + g = 0. 

hxi + hyi +/= 0. 

For a line through (x^, y,) can be written 

^•-^ 1 

I m 

Where this meets the conic (§ 131) 

{aP + 2hlm + hm^) i^ + 2r {{ax^ + hy^ + y) ( + {hx^ + bifi + f) m] 

+ ax^ + 2hxiyi + byi^ + 2gxi + 2fyi + c = 0. 

Now if {xi, yi) be the centre, every line through {xi, yi) 
meets the curve in two points equidistant from (x^, y,), that is 
the roots of this quadratic equation r are equal in magnitude 
but opposite in sign for all values of I and m. Thus the 
coefficient of r must vanish for all values of I and m,, that is 

ao;, + %, +y = 0, 
hxi + by I +f= 0. 


A. 


9 
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The student will rcmeiiiber that these were the equations 
giving the point of intersection of the lines represented by the 
general equation in the case where it represents two straight 
lines. 

140. The result of the previous article could also be 
obtained in the following way : 

If we transfer the origin to (^i, by writing 
X^x + Xi, y = Y+y^, 
the equation of the conic becomes 

aX^ + 2hX Y + h + 2 {ax, -\- h y, + g) X + 2 {hx, + hy, + /) F 

4- ax,^ + 2hx,y, + -f 2gx, + 2fy, -f c = 0. 

But, the origin being now at the centre, the terms in 
X and Y of the lirst order must disappear, 

ax, + hy, 4/7 = 0 , 
hx, + hy, +/= 0. 

From these we find 

^hf—hg gh — nf 

that is, using the notation of § 133, 

G F 

Q> Vl Q’ 

141. Equation of a chord in terms of its middle 
point. 

If {^ly Vi) fjs the middle point of a chord of the conic 
S = owe® + 2hxy + by^ + 2gx + 2fy + c = 0, 
the equation of the line of the chord is 

where 

T ^ axxi + h (xyi + x^y) + hyijy 4- g (.r + a;,) +/(i/ + y^) + o, 
and >S\ is what S becomes when and y, are written for x and y. 
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Let 


~r 


y-yi 


= r 


m 


.(1) 


be the equation of the line of the chord. 

As before we write Xj + Zr, -f mr for x and y in the equation 
of the conic and get 

{aP + 2hhn + ha-) -f 2r [(ax^ H- hy^ g)l~\- {hx^ -f -f /) m} 

+ (a^j^ + + hy^^ + 2gx^ -f "Ify^ -f c) = 0. 


But as {x^, y^ is the middle point of the chord the values 
of r furnished by this equation must be equal in magnitude 
and opposite in sign, 


{ax^ liy^ 4- gf) ^ -h (hx^ + hy^ -\-f ) m = 0. 
Elitiiinating the ratio of I : m between this and (1) we get 

V 

{x - x^) {ax^ + hxj^ q- g) -f- (?/ - t/i) + by^ +/) = 0 
as the equation of the chord. 

This can be written 
axx^ -f h {xy, + x^y) + 6?yy, -f gx ^-fy 

=r ax^ + + hy;^ -h gx^ +/yi. 

Adding gx^ -I- fxj^ q- c to both sides we get 

Cor. The locus of the middle points of a series of parallel 
chords is a line through the centre. 

For if the chords be parallel to the line Ax -h By = 0 we 
have, if {x^, yf) be the middle point of one of the chords 

ax^ q- hip g _ hxi -f- bip + f 

Thus the locus of (x^, y^) is the line 

ax q- //y q- gr _ hx + by q-/ 

B ^ 


which is satisfied by ax q- Ay q- ^ = 0| 

Jix -{-by -h f= 


that is by the centra 


9—2 



132 


THE CONIC SECTIONS — 


142. Equation of pair of tangents from a point. 

The equation of the pair oftanc/ents to the conic 
S=ax‘-h 2hxij + ‘l(jx -f 2/^ -f c = 0 
froni the jioint {x^ is SSi = T'^. 

For the equation of a line througli (^i, ?/i) is 



L in 

To find where this meets the conic we have the quadratic 
in r 

(al^ 4* 2hl77i + bni^) + 2r {(a ^4 + hy^ 4- ^ -f {hi7\ 4- hy^ -\-f) m] 

4-6\ = 0. 

Now if (1) be a tangent the roots of this equation in r must 
be equal, that is 

Si {al^ 4- 2hlm 4- hiii^) = [{aXi 4- hiji {hx\ 4- hy^ 4-/) 

Thus eliminating the ratio of Z : m between this and (1) we 
see that any point on a tangent from iji) to the conic must 
satisfy the equation 

Si [a {x - x^)-+ 2h (x - ir,) (y -‘>ji) + h(i/- yi)’} 

= {(aiTi + hyi +g)(x — a;,) + {hxi + bi/i +/) (y - yO]** 

It will be found that this can be written 
Si{S^Si-2T\^{T^Si)\ 

which gives SSi = T\ 

This then being satisfied by all points on either tangent 
from (xif yi) must be the equation of the pair of tangents. 

Another method of getting this same result will be given 
in a later chapter. 

143. Retrospect. On looking back over this chapter the 
student will see how extremely easy the results that we have 
obtained are to remember. It will be necessary to remember 
the standard forms of the equations of the y)arabola, ellipse and 
hyperbola, and to know the meaning of the constants involved 
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THE HYPERBOLA. 

181. The equ.ation of the hyperbola referred to its 
‘ principal axes ’ has been obtained in § 124, viz.. 

We have then the following equations: 

Equation of the tangent, at (®i, y^) is 

^ _ p, _ 

a? 

Equation of chord of contact of tangents from (or^, jr,) and of 
polar of («,, yt) is 

ypi 1 

~ ¥ ~ 

Equation of chord whose middle point is (a’j, y^) is 

_ yy^ Vl 
a- a- 6^ ‘ 

Equation of pair of tangents from (^i, i/i) is 

W ) \ / ’ 

Exactly as in the case of the ellipse we get the condition 
that y = mx + c should touch the hyperbola, viz., 

— 6®, 

and the locus of the points of intersection of tangents at right 
angles is the circle 

^ 6 *, 

known as the ' director ckcle.* 
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182. Coordinates expressed in terms of a singl<> 
parameter. 

To correspond with the representation of a point o^x 
ellipse by means of the eccentric angle, the coordinates i 
a point (iv, y) on the hy 2 )erbola 

^ 

may be expressed 

= a sec 0, y — h tan 0. 

By giving 0 different values all possible positions of {x, y) 
on the curve will be allowed for. 

Or instead of using sec 0 and tan 0, we may use ' hyperbolic 
sines and cosines * and write 

X = a cosh Uy y — b sinh 

, 4 - 6 “^^ 

cosh u = , 

sirih u = — ' , 

2 

cosh° u — sinh- n = 1. 

Taking (a sec 9, b tun 9) as the coordinates of a point P on 
the hyperbola we see that the equation of the tangent at P is 

- sec 9 — tan ^ = 1, 
a b 

for this comes at once by writing 

Xi = a sec 9, yi = b tan 9 
in the equation of the tangent at (xx, yi). 

The equation of the normal at P is 

a cos 9 .x-\-b cot 9 .y — a cos 9 (a sec 6) -h b cot 9 (b tan 9") 

= a^ + b\ 

from which it can be shewn that four normals can be drawn to 
a hyperbola from a point in its plane. 


where 

and 
so that 
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183. The Asymptotes. 

The asymptotes of a hyperbola are the pair of tangents 
drawn from its centre. 


trom tae centre oi tne 


The equation of the pair of tangents 
hyperbola 

if _ - 
a? 

is at once obtained by wi-iting — 0, iji =0, in the equation of 
the pair of tangents from viz., 

(ar 7 /^ ^ yy^ _ 

W Ir )w j 

We thus find that tlie asymptotes are given by 


x^ 




a" 0- 

We must now set forth some particulars concerning them. 


184. 

are 


The equations of the asymptotes separately considered 


X 


a 


y = 0 and 
b 


X y 
“ "h y 

a b 


= 0 . 


If now we take either of these equations and eliminate 
y between it and the equation of the curve we get 1=0, which 
can never hold. 


Thus it appears that the asymptotes do not meet the curve 
at all, and yet from § 181 it would seem that each of these lines 
should meet the curve in two coincident points. 

We will endeavour now to give some explanation of this 
apparent inconsistency. 


If we consider the line 



where e is very small, so that this line is inclined at a very 
small angle to the asymptote y = - ^, we find that the x-eo- 
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ordinates of the intersection of the line with the curve are 
given by the quadratic in x. 



that is 



ah 6’ 


Now as € is very small the values of x furnished by this 
equation are very large, so that we can say that the line 

meets the curve in two points equidistant from the origin and 
at a very great distance from it. The smaller e is, the greater 
does this distance become. 

The same thing is true of the line 



These two lines then tend as e becomes smaller and smaller 
to become tangents to the hyperbola, for the points in which 
either of them meets the liypcrbola are at a very great distance 
and they are on opposite sides of the centre. And it is one of 
the paradoxes of geometry with which the student is probably 
already acquainted that the points on a line in two opposite 
directions and at a very great distance tend to become the same 
point. 

This is sometimes expressed by saying that the point at 
infinity in the one direction is the same as the point at infinity 
in the other. 

Hence the lines 

when 6 is infinitely small, are tangents to the hyperbola. 
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The lines then that we found to be the tangents from the 
centre in § 183, viz., 

^ ^ & 

7/ = — 'c and ?/=: X 

^ a ^ a 

are seen to be the ‘ limiting case ’ of these two lines 



when e is infinitely diminished. 

The tangents from the centre of a hyperbola have their 
points of contact at an infinite distance, and it is to tangents 
with their points of contact ‘at infinity’ that the name 
‘asymptotes’ is <ipplicd. 

The lines called the asymptotes do not as we have s^en 
meet the hyperbola at all, but the further on we go in 
imagination along them the nearer does the hyperbola approach 
them, and indeed the hypeihola tends to become these lines. 
We say ‘ tends to become,’ for it never actually does so, and it 
is only loose speaking to say, as is sometimes done, that a curve 
becomes its as^mpLotes ao inlinity. 


185. Asyniplotes of an ellipse. 

The equation of the pair of tangents from the centre of 
Lhe ellipse 


IS found exactly as in § 1 83, viz., 


'If 

o? 


These lines arc imaginary having no I’eal point upon them 
except the origin. They possess however the same algebraical 
properties as the asvmptotes of the hyperbola, and they are 
called the asymptotes of the ellipse. It is only because they 
are imaginaiy and not real that they have not the same 
geometrical importance. 
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186 . To find the equation of the asymptotes of a central 
conic given by the general equation, 

am? + 2hxy + by* + 2gx + 2fy + c = 0. 

We have seen in §§ 183, 185 that the equation of the 
asymptotes only differs from that of the curve in the constant 
term. Thus the equation of the asymptotes will be 

aa? + 2hxy + + 2gx + 2fy + c — 7 = 0, 


where 7 is so chosen that either (1) this represents two straight 
lines, or (2) it passes through the centre of the conic. Both of 
these will give the same result. 


Expressing the condition for two straight lines, we find 
that 7 is given by 


a, h, g 
h, b, f 

9 , f. C-y 


= 0 . 


that is 


a, 

h, 

9 

-7 

a, 

h, 

0 

h, 

h, 

f 


h, 

b, 

0 

9> 


c 


9> 

f, 

1 


A 


where A stands for the determinant. 


a, h, g . 
h, b, f 
9> f 0 

Thus the asymptotes are 

A 

aay‘ + 2/Mjy + + 2gx + 2/y + c = • 


Cob. The asymptotes of 

(lx + my + n) (I'x + mfy •\-n') = k 
(i® + j»y + «) (L'a + my + «') = 0. 


are 



THE HYPERBOLA 


191 


187. Had we in the preceding article expressed the 
condition that ( 1 ) should go through the centre of the conic 
we should have obtained 


7 = ax^ + 'ihxiyi + hy^ + 'igxi + 2fyi + c, 


where («i, yi) the centre is given by 

axi+hyi + g = 0 ( 1 ), 

hxi + byi +y = 0 (2). 

Now 


y = x, (axi + hyi + g) + yi (hx, + by,+f) + (gx, +fy, + c), 

.’• 9^1 +fyi + c- 7 = 0 (3). 

Eliminating (x^, y^ from (1), (2), (3) we get 


a, h, g 

h, b, f 

g, f, c - 7 


= 0. 


which is the same equation for 7 as in the last article. 


188. We might have obtained the asymptotes of the conic 
given by the general equation by writing the equation of the 
pairs of tangents from the centre (a?i, y^. This is 

(cub* + 2hxy + by^ + 2gx + 2fy + c) 

X (ax^ + ^hxiyi + byi + 2gxi + 2/y, + c) 

= {(cuTi + hyi + g)x+ Qix^ + by^ +/) y + {gah +fyi + c)}*, 


where aa!i + %i + 5 f = 0 

( 1 ). 

h^ + byi+f=0 

( 2 ). 

If then we write 

(3). 

+ c = X 


(l)xxi + (2)xy, + (S) gives 

a®!* + 2ha>^i + by^ + 2gxi + 2fyx + c = A., 

and the equation of the asymptotes is then 

cue* + 2hxy + 6 y* + 2gx + 2fy + c = X, 
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where X is found by eliminating (tCi, from (1), (2) and (3). 
That is 

a, h, g = 0, 
h. h, f 
g, f, c-\ 

which gives the same value for X that we found for y in 
§ 186 . 

We have given these alternative methods that the student 
may see the matter from different points of view. 

189. The equation of a pair of lines through the origin 
parallel to the asymptotes of the conic given by the general 
equation is (§ 58), 

aa? + 2hxy + by'^ = 0, 

and these lines are real if h^>ah, that is if the conic be a 
hyperbola, and they are imaginary if A* < ab, that is if the conic 
be an ellipse. 

It will be found that this is a very simple way of remem- 
bering the criteria of discrimination of the ellipse and hyperbola. 
The conic is an ellipse or a hyperbola according as the lines 

aa? + 2hxy + = 0 

are imaginary or real. 

190. The conjugate h 3 rperbola. 

If we have a hyperbola then the hyperbola, having for its 
transverse and conjugate axes the conjugate and transverse 
axes of the original hyperbola, is called the ‘conjugate 
hyperbola.’ 

The equation of the h 3 q)erbola conjugate to 

a* ’ 

y^ a? 


is then 


1 . 
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Both of these hyperbolas have the same asymptotes, viz., 


a* 



191. To find the equation of the hyperbola conjugate with 
the hyperbola given by the general equation 

aa? + 'ihxy + by^ + 2gx + %fy + c = 0. 

We have seen in § 190 that when the equation of the 
hyperbola is 


its conjugate is 






a' 


and its asymptotes are 


a? 




CC^ 1/^ • *11 

Thus as the terms —, — r. common to these equations will 

a, 0 “ 

for any change of origin and axes change into terms which will 
be the same for all three, if 


if = 0, A = 0, H' = 0, 

be the equations of a hyperbola, its asymptotes and its 
coniusfate, then 

That is, the equation of the ;onjugate will be 
2il-ff = 0. 

Now in our case 

H = oa;’ + 2ha)y + ty* + 2gx + 2fy + o, 

A 

and A = aa^ + 2hxy + bf + 2gx + 2fy + c--^j^-^^. 


The equation of the conjugate hyperbola is 

2A 

+ 2hxy + by* + 2gx + 2fy + e- = 0, 


13 
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Examples. 1« Find the asymptotes of the hyperbola 
- 7.ry - =0. 

2. Find the asymptotes and the conjugate hyperbola of 

2a:;y4-7^— 6y-18=:0. 

3. Find the equation of the hyperbola conjugate with 

{lx my + n) {Vx + m!y + /i' ) = k\ 


192. Conjugate diameters. 

(X^ 

If through the centre G of the hyperbola i — n = 1, 

a 0 

a line he drawn parallel to the tangent at P (a sec 6, b tan 6), 
this line will meet the hyperbola in two imaginary points 

(± ia tan 6, ± ib sec 6) 

and the conjugate hyperbola in two real points 
(± a tan 6, ±6 sec 6). 

The equation of the tangent at P is 


so sec 6 y tan 6 

- 1 


a 


.( 1 ). 


IS 


The equation of the line through the centre parallel to this 

( 2 ). 


so sec d y tan 0 

6 


a 


Find where this meets the hyperbola 


X 


y' 


^ - 1 




6V 


We have 


y ^ 

h asin^’ 


^ “ cosec* 0^ = 1. 

X* 

- cot* 0 = - 1, 
a* 

a* = — a* tan* 0^ 
» = ± ia tan 

y ^ ± ib sec 0, 
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Now find where (2) meets the conjugate hyperbola 
¥ a» “ 

We get at once a;® = a* tan* 0, 

0 ! = ±a tan 6, 
and y = ±b sec 0. 

Thus the proposition is proved. 


193. Let Di, Di' be the points in which (2) meets the 
original hyperbola, and let D and I/ be the points in which it 
meets the conjugate hyperbola, 

OD^ = -GD,\ 

Now the equation of the tangent at Dx{iat&ii0, ibBeo0) 
to the original hyperbola is 

X . i tan 0 y .i sec 0 

The equation of a line through the centre parallel to this is 
K tan 0 y sec 0 ^ 

and this is satisfied by coordinates of P (a sec 0, h tan 0), 

.*. CP is parallel to the tangents at Pj, P,' to the original 
hyperbola. 

Again the tangent at P (o tan 0, b sec 0) to the conjugate 
hyperbola is 

y sec 0 X tan 0 


The line through the centre parallel to this is 

y sec 0 X tan 0 ^ 

__ _ 


which is satisfied by the point P. 

Hence the tangents at P smd P' on the conjugate hyperbola 
are parallel to OP, 


13—2 
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We might then speak of GP, CDi as conjugate semidiameters 
or of GP, CD as conjugate semidiameters. 

Because D is real it is more usual to take GP, GD as the 
conjugate semidiameters. But it must be remembered when 
this is done that the extremities of one of two conjugate 
diameters lie on the original hyperbola and those of the other 
on the conjugate hyperbola. 

If PGP', DGD' be conjugate diameters, 

CP^ - GD^ = (a* sec* 6 + b* tan* 6) - (a* tan* ^ + 6* sec* 6) 

Whereas OP* + OPi* = a* — 6*. 

This last result we could have surmised from the fact that 
in the ellipse the sum of the squares of two conjugate diameters 
— a* + b*. The corresponding property of the hyperbola is 
obtained by writing —6* for 6*. 

194. The vertices of the parallelogram formed by dravnng 
tangents at the extremities of two conjugate diameters lie on the 
asymptotes, and the area of this parallelogram is constant 
= 4a6. 



Let PGP', DGD' be the conjugate diameters. 

Let P be (o sec 0, b tan 6), P' (— a sec 6, —b tan 6). 
Then P is (a tan 6, b sec 6), D' (— a tan d, —b sec d). 
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The tangent at P is 

- sec ^ — f tan ^ = 1. 

a D 

The tangent at P is 

— - tan 6 + H sec ^ = 1. 

a 0 

Where these meet 


(o ~ f) ^ ^ 


Thus the intersection of tangents at P and D lies on one 
asymptote. 

Similarly the intersections of tangents at P' and D' lie on 
the same asymptote, and the intersections of tangents at P' and 
D, and of tangents at P and B' lie on the other asymptote. 

Let tangents at P and D meet in L. 


Then area of parallelogram formed by the tangents at 
P,P',P, P'=4area DCPL 
■B 4CZ) X perpendicular from G on PL 


SB 4 V a* tan’ 0 + i>* sec* 6 x 
ass 4a?>, 

which is constant. 


1 



sec ’ d 
a’ 


+ 


tan’^ 

~w 


Cor. The portion of a tangent to a hyperbola intercepted 
between the asymptotes is bisected at the point of contact, and the 
area of the triangle formed by this tangent and the two asymptotes 
is constant (= cd>). 
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196. The student will see that § 174 is applicable to the 
hyperbola by merely writing — 6* for 6*. 

The conditions that y = m®, y = m'x should be conjugate 
diameters of 

y* 1 . , h' 

- — r. = 1 IS mm = — . 
a* 6* a' 


Also each of two conjugate diameters bisects all chords 
parallel to the other. 

We can at once obtain the equation of the hyperbola 
referred to a pair of conjugate diameters of lengths 2a', 26' as 

a'* 6'“ 


For the equation is of the form 

Ax'* + 2Hx'y + By* = 1. 

But to every point (of, y') there corresponds a point 


(«', -yO. 


and when 

II 

P 

II 

and when 

II 

0 

II 

1 

whence we get 

■^-a'*' b'*' 


196. Equation of hyperbola referred to its asymptotes 
as axes. 

A^hyperbola which has the axes of coordinates for asymptotes 
has its equation of the form 

xy — B, constant. (§ 186 CoR.) 

To find the value of the constant when the axes are of 
lengths 2a, 26 we consider the coordinates of the vertex A of 
the hyperbola. 
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Draw AF parallel to the y-axis to meet the iv-axis in F, and 
draw FK perpendicular to GA, 

a 


CK = 


2 ’ 


and 


= OZ sec «=! sec a. 


where « is the angle the asymptotes make with the transverse 


axis so that tan a = - . 

a 



Thus 


, o* , aV- , 
aiAVA = - sec* a = - (^1 + - j = 


tt* + 6* 


Hence the equation of the hyperbola referred to its 
asymptotes is 

a* + &* 

«y=_^. 

The equation of the conjugate hjrperbola is easily seen to be 

a* + 6» 

^ 4-* 

197. The equation of a hyperbola referred to its asymptotes 
being xy = k^ the tangent at (a?i, y^) is 

i(a:yi + aj,y) = A:», 

that is ^ + ^ = — “I* 

2®! 2y, 

Thus the intercepts on the axes are 2ii^, 2yi. 
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This proves again that the part of the tangent intercepted 
between the asymptotes is bisected at the point of contact. 

198, Again, the equation of the chord of my = 1^ whose 
middle point is (a^, y,) is (§ 141) 

fljy, + x^y = 


that is 


-+^ = 1 
2«i 2yi 



The intercepts on the axes are then 2a?i, 2yj. 

This shews that the middle point of the chord is also the 
middle part of that portion of the chord which is intercepted 
between the asymptotes. 

Thus if the chord PP' meets the asymptotes in Q and Q', 

QP^P'Q'. 

This is a well known property of the hyperbola. 

EXAMPLES. 

1. Hyperbolas are drawn through the origin 0 with one focus 
at a fixed point (A, k) and one asymptote parallel to OX, prove that 
the locus of their centres is 

{h(x-h)-hy{y- A)}’ = {x- hy {A“ + k*). 

2. The four normals are drawn from any point to the rect- 

angular hyperbola my = <?. If the tangents at the feet of two of the 
normals meet in ((r, Vr) 1 1> 2. ..6, shew that 

r“l r=l 


and 
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8. Shew that the distance between the points of contact of a 
common tangent to two rectangular hyperbolas the axes of one of 
which coincide with the asymptotes of the other is 

aa ^ ' 

where 2a and 2a' are the transverse axes. 


4. Any tangent to the hyperbola ixy = ah meets the ellipse 
^ + ^3 = 1 in points P and Q ; shew that the normals to the ellipse 
at P and Q meet on a fixed diameter of the ellipse. 

6. Chords of a rectangular hyperbola at right angles to one 
another subtend a right angle at a fixed point 0, shew that they 
intersect on the polar of 0. 


6. Shew how to find the coordinates of the vertices of a 
triangle inscribed in the hyperbola xy = the sides of the triangle 
being parallel to the lines t/ + Za; = 0, y + mx =0, y + nx—0. Shew 
that it If rriyn vary the area of the triangle is always proportional to 

(m —n){n- 1) hnn. 

7. Interpret the equation 

{Ax^By + C) {Bx^Ay + P) = il* + B\ 

8. Shew that the locus of the intersection of tangents to a 
hyperbola inclined to one another at the same angle as the 
asymptotes is the inverse of an ellipse with regard to its centre. 


9. At the point of intersection of the rectangular hyperbola 
xy = and of the parabola = 4aa::, the tangents to the hyperbola 
and parabola make angles 6 and ^ respectively with the axis of x. 
Prove 

tan 0 = — 2 tan 

10. A rectangular hyperbola is cut by any circle in four points. 
Prove that the sum of the squares of the distances of these four 
points from the centre of the hyperbola is equal to the square on 
the diameter of the circle. 

11. Through any point on the polar of P with respect to a 
rectangular hyperbola, two chords are drawn each subtending a 
right angle at P. Prove that the chords are at right angles. 
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12. A normal to a hyperbola meets the conjngate axis in P and 
the transverse axis in Q. Shew that if tangents be drawn from P 
to the hyperbola meeting the circle described on PQ as diameter in 
T and T\ TT' will touch the hyperbola. 

13. Shew that the circles whose diameters are chords of a 
rectangular hyperbola drawn parallel to a given direction constitute 
a coaxial system; and that the systems corresponding to two 
directions at right angles are orthogonal to one another. 

14. The four normals at the points of a rectangular hyperbola 
= c* in which it is met by the chords 

aj cos a + y sin a = 0, (as sin a - y cos a) - c® cos 2a = 0 
are concurrent. 

16. Shew that the part of a common tangent of the conics 

a® 6®"’ a® 6® a®-6®"'^ 

intercepted between the points of contact subtends a right angle at 
the centre. 

16. A rectangular hyperbola passes through two fixed points 
and its asymptotes are in given directions. Prove that its vertices 
lie on an ellipse and on a hyperbola which intersect orthogonally. 

17. Prove that the polar of any point on an asymptote of a 
hyperbola with respect to the hyperbola is parallel to that asymptote. 

18. Prove that any tangent to either of the conics 

J_and J_ 

meets the conic ^ = 1 in two points the normals at which are 

a* 6® 

equidistant from the centre. 

19. The normal at to the rectangular hyperbola xy = <? meets 
the curve again at Pj, the normal at Pj meets the curve again in P, 
and so on. Prove that if yij/jys... are the ordinates of these points 
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199. The polar equation of a conic can always be found from 
the corresponding Cartesian equation referred to rectangular 
coordinates by writing a; = r cos 3 / = r sin 6. Thus, for example, 
the polar equation of an ellipse of axes 2a, 26, the centre being 
the pole and the major axis the initial line, is 

r* cos’ 0 r* sin’ ^ ^ 

^ 


this equation being obtained by the above substitution from 
the standard equation 


_o ^ 


a' 


6 ’ 


If, however, the major axis make an angle a with the initial 
line the polar equation will be 

r*cos ’(0 — a) r’ sin’ (^ — a) _ - 

p 1. 

In the same way from the equation y’ = 4aa! of the parabola 
we can obtain the corresponding polar equation 

r sin’ ^ = 4a cos 0 (2). 


As the line y = tjwc + ^ is a tangent to the parabola y’ = 4aa;, 
it follows that the line 

- = OT sin 0 — OT* cos 0 
r 

is a tangent to (2) whatever constant value m may have. 
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As a matter of fact the polar equations of conics are not 
much used except in the case where the pole is at a focus of the 
conic. In this case the polar equation assumes a very simple 
form which is frequently of use. This equation we shall now 
proceed to fin d independently of any Cartesian equation. 

200. Polar Equation with focui as pole. 

To find the polar equation of a conic when the focus S is 
taken jbr pole, and the line SA joining S to the corresponding 
vertex A is the initial line. 

Let P be any point on the conic. Draw PM perpendicular 
to the directrix and PN perpendicular to 'SA. Let r and 6 be 
the polar coordinates of P. Let I = semi-latus rectum. 



Then r=SP = e.PM 

^e.XN 

^e{X8 + SN) 

*=l + e .r cos (tt — 9) = l — er cos 9 j 
r (1 + e cos 0) = Z, 

I 

that is - = 1 + e cos 9. 

r 

If instead of SA for initial line we take the line opposite to 
8 A the equation becomes ^ = 1 — « cos 
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If however the line SA make an angle a with the iTiit.i‘fl.1 
line the equation of the conic takes the form 

- = 1 + e cos (0 — a), 

for the angle is now 6 —a. 



201. It must he observed that if the conic be a h 3 q)erbola 

the equation ^ = 1 + e cos 6 is only satisfied by points on the 

further branch of the curve if the radius vector is negative. 
That is if P be a point on the further branch the vectorial 
angle of P is not ASF but ASF* where F' is on FS produced. 



The vectorial angle of the points at infinity on the curve 
are given by cos 0 i , in other words the two lines drawn 
through the focus and whose vectorial angles satisfy this relation 
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are parallel to the asymptotes. Denoting these angles by 
and 6a we see that when 6 lies between 6^ and r is negative 
if the equation is to be satisfied. 

The student will do well to revert to what was said in § 6 
on the sign of the radius vector. By the admission of negative 

radii vectores the equation ^ = 1 + e cos ^ represents both 
branches of the hyperbola. 

202. Equation of Chord. 

To find the equation of the line cutting the conic 

- = 1 + e cos 6 
r 

in points whose vectorial angles are a — and a + 

The general equation of a line not through the pole can be 
written 

- = .4 cos 6 + B8md. 

r 

If this passes through the points on the conic whose vectorial 
angles are a — /8, a + /S, 

1 + e cos (a — = A cos (a — /9) + -B sin (a — /8). 

1 + e cos (a + /3) = il cos (a + /8) + B sin (a + 0). 

These equations determine A and B. 

We can write them 

(A — e) cos (a — 0) + B sin (a — 0) = I) 

{A - e) cos (a + ^) + B sin (o + /8) = 1 j * 

Whence we have 

( - e) sin (a + /3 - o - /3) = sin (a + ;3) - sin (a - /8), 

,*. 2(A—e) sin 0 cos 0 = 2 cos o sin 
.•. J.=e + co8asec/8 

and .Bsin2/3 = cos(a — /8)-cos(o + /3), 

B=»sinascc^, 
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Hence the equation required is 

- s= (e + cos « sec /3) cos d + sin a sec sin Q, 


;hat is 


- = e cos 6 + sec cos (d — a). 

T 


203. Tangent and Normal. 

The equation of the tangent at the point whose vectorial 
mgle is o is at once obtained by putting yS = 0, viz. 

- = e cos d + cos {Q — a), 
r 

for this line meets the conic in two coincident points whose 
vectorial angle is a. 

The equation of the normal will be of the form 

^ = e cos + cos ^ ~ (§ 

= — e sin 0 — sin (0 — a) 

and k must be so chosen that this shall pass through the point 
given by 

6 = a and - = 1 + e cos a, 
r 

that is k(l +e cos a) = — e sin ct. 

Hence the equation of the normal is 

- = e sm p + sm (0 — a). 

1 + e cos « r 

204. Chord of Contact. 

To find the equation of the chord of contact of tangents from 
the 'point (r,, 6^. 

Let a — fi, a + be the vectorial angles of the points of 
contact. 

The equation of the chord is then 


- = e cos ^ + sec/S cos (6 — a) 
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Now the tangent at a — is 


- = e cos 6 + cos {6 — a — /8). 


This passes through (r^, 6i), 


- = ecos0i+cos(0i — a — /8). 


Similarly 


- = e cos di + cos ( 01 — a + 0), 

Ti 


whence we get cos (0i — a — ^) = cos (0i — a + ^) ; 


/. — (a — /3) = 2n7r ±{0i — a + /3}. 

The lower sign must be taken here, since the upper sign would 
give a special value of J3, 

/. 0,-(a-/9) = 2n7r - {0i-(a + y3)}, 

0i=n7r + a. 

This gives a and we have 


(1) becomes 
fl 


e cos 01 = cos (wTT + j8) 

I'l 

= (— l)”cos/3, 


g cos 0^ (J^ ~ 01 + wtt) 

= cos (0 — 0i). 


205. From the last article we can see that tangents from a 
point to a conic subtend at a focus angles which are equal or 
supplementary. 

For let TP and TQ be tangents from T. Let « — /3, a + ^ 
be the vectorial angles of P and Q, and let 0i bo that of T. 

By § 204 01 — « = rnr. 

Thus 0i — (a — j3) = mr + /3 

and (a + /3)- 0j = /8-mr, 

and these differ by a multiple of 27 r for 

riTT + /9 — 09 — twr) = 2ftir. 
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Thus the angle PST= angle TSQ, unless the curve be a 
hyperbola and the tangents be drawn to different branches, in 
which CEise if TQ be the tangent to the further branch and QS 
be produced to Q', ASQ' is the vectorial angle of Q (§ 201). 

So that ZPST==zTSq. 

Therefore the angles subtended by TP and TQ at /S are 
supplementary. 

If both the tangents TP, TQ touch the nearer or both the 
further branch TP and TQ subtend equal angles at 8. 


206. Prop. TAe semi-latus rectum of any conic is a har- 
monic mean between the segments of any focal chord. 


Let PSQ be a focal chord. 

Let 6 be the vectorial angle of P. 

TT + 0 is the vectorial angle of Q, 


^ = 1+0COS0, 


^ = 1 + e cos (tt + 0) = 1 — e cos 


that is 


V ^ n 

8P'''8Q r 


that is I, the semi-latus rectum, is a harmonic mean between 
SP and 8Q. 


Should it happen that the curve is a hyperbola and that P 
is on the nearer branch while Q is on the further one, then if 6 
is the vectorial angle of P, tt -f 0 is still the vectorial angle of Q 
(§ 201), but the radius vector of Q is the negative of the 
numerical value of SQ, so that we now have 

^ = 1 + e cos 0, — ^ = 1 — e cos 0, 

J_ 1 2 

•• 8P SQ'" 1‘ 


14 
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A more comprehensive statement of the proposition then 
would be : 

The semi-latus rectum of any conic is a harmonic mean 
between the algebraical focal distances of the extremities of a 
focal chord, it being understood that a focal distance is negative 
if the point be on the further branch, otherwise it is positive. 

EXAMPLES. 

1. PQ is a variable chord of a conic having a focns at S and 
the angle PSQ is constant; prove that the locus of the intersection of 
the tangents at P and Q is a conic having S for a focus, and the 
corresponding directrix in common with the given conic. 

2. The general equation of (i) the chord, (ii) the tangent, 
(iii) the normal of the circle r = 2a cos 6 are given by 

(i) r cos (a + ^ — 6) = 2a cos a cos j8, 

(ii) r cos (2a — 6) = 2a cos* a, 

(iii) r sin (2a - ^) = 2a sin a cos a 

respectively. 

8 . A series of rectangular hyperbolas have a given focus and 
pass through a given point ; prove that the locus of the other focus 
when referred to the given focus as origin can be expressed by an 
equation of the form r = a cos 6 + b where a and b are constant. 

4. The eccentric angle of any point P on an ellipse is a, 
measured from the semi-major axis CA, S is the focus nearest to A 
and the angle ASF = 6 ; prove 

^ 0 /l+«. a 

*“2 = v rr-6*^“2* 

[This relation is of importance in the theory of elliptic orbits in 
dynamics.] 

6. P, Qf R are three points on the conic ^ = 1 + s cos the 

focus S being the pole; 8P and SR meet the tangent at Q in if and 
N so that SM^SN = I Prove that PR touches the conic 

- ss 1 -f 26 cos Q. 

r 
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6. Two parabolas have a common focus and axes inclined at an 
an^Ie a. Prove that the locus of the intersection of two perpen- 
dicular tangents one to each of the parabolas is a conic. 

7. Chords of a conic which subtend a constant angle at a focus 
touch a fixed conic. 


8. The equation of the circle circumscribing the triangle 
formed by the tangents at the three points on the parabola 

- = 1 + cos 6 whose vectorial angles are a, /?, y is 


o ^ P y 1 

2r cos - cos - cos I cos 
2 2 2 




9 . Shew that the sum of the reciprocals of the areas of the 
rectangles formed by the segments of any two perpendicular focal 
chords of a conic is constant. 


10. The equation of the director circle of the conio 

- = 1 + e cos 0 
r 

is (1 - e^) + 2elr cos 0 — 2il® = 0. 

11. A circle is drawn through a focus of a conic whose latus 

rectum is 21; shew that the sum of the reciprocals of the focal 

distances of the four points in which the circle cuts the conic 

. 2 
is 

12. Find the condition that the line ~ == -4 cos 9 + S sin 6 may 
be a tangent to the conic ^ = 1 + e cos {6 - y). 

13. Conics with latus rectum of given length are described 
with a fixed point as focus and touching a fixed straight line. Prove 
that the locus of their centres is a conic. 


14. Points P and Q are taken on a conic in such a manner that 

the vectorial angle of the point of intersection of the circles on the 

focal radii aS'P, SQ as diameter.s has a constant value x. fcShew that 

the locus of the pole of PQ is the line 

I . sin (6 - k) 

- =«cosd + — 
r e sin X 


14—2 
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16. The equation of the tangent at (r^, 6i) to a circle whose 
centre is (c, a) is 

== r^c cos {9i ~ a) — cr cos (a - 0) + rr^ cos {$ ~ 0i) = 0, 

16. If 6, & are the vectorial angles of any point on a given 
conic referred to the two foci, the initial line in both cases being 

9 & 

the axis in the same sense, then the ratio tan ^ : tan ^ is constant. 

2 2 


17. Prove that the equations of the asymptotes of the hyperbola 
- = 1 + e cos 9 are 

T 


I 

r 



Find too the asymptotes of ~ = 1 4- c cos (0-y). 


18. If the focus of a conic be given and if the asymptotes pass 
each through a fixed point on a straight line through the focus, the 
locus of the centre will be a circle. 


19. An ellipse and a parabola have a common focus S and 
intersect in two real points F and Q, of which P is the vertex of the 
parabola. If « be the eccentricity of the ellipse and a the angle 
which SF makes with the major axis, prove that 

SQ _ - 4c* sin* a 

(l-ecosa)*' 

20. A family of conics have a common focus, axes in the same 
direction and equal latera recta. Shew that the locus of the foot of 
the perpendicular from the focus on a common tangent to any pair 
whose eccentricities are connected by the homographic relation 

aee' + 6 (c + e') + c = 0 


is a circle 



CHAPTER XII. 

CONICS IN GENERAL. 

207. Proposition. Two real conics will in general cat 
in four and only four points, an even number of which may 
be imaginary. 

For we may take as the equations of our conics 


aa? + 2hxy + + 2gx + 2/y 4-c = 0 (1), 

aV + ‘Ih'xy + + 2/a; + 2/'y + c' = 0 (2). 


To find where these conics meet, we treat the equations as 
simultaneous. 

We may write the equations 

^0^’ + ^!^ + A,= 0, 

B^y^ + B^y + £3 = 0 , 

where the coefficients are functions of x of degrees indicated by 
their suffixes. 

From these we have 


t ^ z.y = ^ 


II 

iloj -^2 


Aq, Ai 

1 -Bj i 

B„ B, 


Bo, Bx 

ill, 

Aj, A-i 

=s 

Ac, A, » 

Bi, B% 

B„ B, 




whence 
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which is a biquadratic in x, having four roots, and to each 
value of X corresponds one value of y given by 



Aq, A2 


A-o, Ai 

y = - 

Bq, I 

* 



Thus the conics will in general cut in four points some of 
which may be coincident. Two of the points or all four of 
them may be imaginary, for imaginary roots of an algebraical 
equation with real coefficients occur in pairs. 

208. Should it happen that each of the conics (1) and (2) 
is a pair of straight lines, and that one line of each pair is the 
same, then clearly there would be an infinite number of points 
common to the two conics, namely all points on the line 
common to them. 

For the equations (1) and (2) now take the form 
(lx + my + n) (I'x + m'y + n') = 0, 

(lx + my + n) (l"x + m"y + n”) = 0 , 
and these are satisfied by all points satisfying 

lx + my + n = 0, 

as well as by the point determined by 

I'x + iri'y + n' =0) 

ra; + m"y + »" = 0r 

Again in the special case where (1) and (2) both represent 
two straight lines, and the point of intersection of the first pair 
is the same as that of the second pair, namely (xi, yi), the 
equations can be written in the form 

(x-x^) + m (y-yx)][l' (aj-icO + w' (y- 3 /i)} = 0, 

[ I " (x-x^-\- m" (y - yx)] [V" (x - x^ + m'" (y - 3/1)} = 0, 
which are satisfied simultaneously only hy x = Xx,y = yx. 

209. Contact of Conici. 

We will denote the four common points of two conics 
8 and 8' by Q, R, T, U. Now it may happen that two or 
more of these points coincide. Suppose that Q and R coincide 
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while T and U are separate points. The conics are then said 
to touch at the point Q, or to have ‘ single contact.’ 

Suppose now that Q and M coincide, as also T and U, but 
Q and T do not coincide. The conics then touch at two points 
Q and T and are said therefore to have ‘ double contact.’ 

Suppose next that Q, R and T coincide but 17 is a separate 
point. The conics are then said to have ‘ three point contact ’ 
at Q. 

‘Three point contact’ is sometimes called ‘contact of the 
second order’ but it must be most carefully discriminated 
from ‘double contact.’ 

Lastly suppose that Q, R, T and U all coincide, the conics 
are then said to have ‘ four point contact,’ or as it is sometimes 
called ‘ contact of the third order.’ 

When two conics have contact of any order at a point they 
will have a common tangent line at that point. 

Conics which have single contact may be looked upon as 
the limiting case of two conics which cut in four points, two 
of which are very near together. Such conics are sometimes 
said to have two ‘ consecutive points ’ common. So conics having 
three point contact may be regarded as the limiting case of 
two conics which cut in four points, three of which are very 
near together. Such conics are sometimes said to have three 
‘ consecutive points ’ common. 

And in the same way conics with four point contact may 
be said to have four ‘ consecutive points ’ common. 

We shall return to the subject of the contact of conics later. 

210. Propoiltlon. One conic, and in general only one, 
can be dravm through five given points. 

For, as the general equation of a conic is 

aaf+ 2hcoy + by* + 2gx + 2/y + c = 0, 
if we express the condition that this shall pass through the five 
points whose coordinates are supposed given, we shall have five 
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simple equations in a, b, c, f, g, h which will in general de- 
termine uniquely the ratios of these six constants to one 
another. 

The five equations may however be not all independent. 
This case will clearly arise when as many as four of the five 
given points are collinear. For suppose we have four of the 
points in a line. Take the axis of x to be this line. Then we 
may take the points to be (0, 0), (x^, 0), («j, 0), (a?,, 0). 

The conic will now be 

aa? + ^hxy + Jy* + 2yj; + 2/y = 0, 


and we must have 

ax^ + = 0 ( 1 ), 

ax^ + 2gXi = 0 (2), 

ax^ 4- = 0 (3). 


Since Xi is not equal to «a Ror is either of these zero, (1) 
and (2) give a — 0 = g. 

Thus the conic is 

ihxy + -I- 2/y = 0, 

and (3) is satisfied of itself. 

We now express the condition that the remaining point, 
{x^, y^, should lie on the conic, and we have 
2 hx ^^ + + 2/2/4 = 0, 

which is not sufficient to determine the ratio b:f:h. 

Thus there will be an infinite number of conics through the 
five points, viz. the line through the four collinear points, 
together with any line through the remaining fifth point. 

If only three of the points are collinear, there will be only 
one conic through the five points, viz. the line containing these 
three collinear points together with the line containing the 
other two. 

Our proposition then is proved that one conic can always 
be found to pass through five points and in general only one 
such conic can be found, the exceptional case being when as 
many as four of the points are collinear. 
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211. Conics through the points common to two 
conics. 

If /S = a®* + 2h!cy + hy' + ^gx + 2/3/ + c = 0 (1), 

S' = aV + h'xy + Vy"^ + 'ig'x + %f'y + c' = 0 (2) 

be two conics, then 

S-kS' = 0, (3) 


where k is any constant, will be a conic, and it will pass through 
the points common to (1) and (2), since (3) is satisfied by 
8 — 0 and 8' — 0 simultaneously. 

We see then that (3), for different values of k, gives all the 
conics passing through the four points common to (1) and (2). 
For any conic through these four points is (by § 210) completely 
determined when a fifth point on the conic is known. And 
the constant k can be so determined that the conic shall pass 
through this fifth point. 

In the special case where (1) and (2) are both of them 
pairs of lines with a line in common, (3) will be a pair of lines 
one of which is this common line. 

212. From the preceding paragraph we see that if )S = 0 
be a conic, then 

8 - k {lx + my + n) {I'x 4- m'y + »') = 0 (1) 

for any constant value of k will be a conic through the four 
points in which the lines 

lx + my + n = 0, 

Vx + m'y + »' = 0 

meet the conic. 

And in particular 

8 — k{lx-k- my + n)* >= 0 (2) 

will be a conic touching the conic /S = 0 at each of the points in 
which the line + wy + n = 0 meets it. This is so for 

{lx + my + n)* = 0 

is a conic meeting 5 = 0 in four points, which are two pairs 
of coincident pointa 
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Thus (2) will meet S = 0 in two pairs of coincident points, 
that is to say (2) will have double contact with the conic S = 0 
at the two points where the line lx + my + n = 0 meets it. 

In the special case where the line lx + my + n =» 0 is a 
tangent to 5 = 0, the conic (2) will have four point contact 
with S = 0. 

213. Proposition. The common chords of a conic and 
circle taken in pairs are equally inclined to the axes of the conic. 

We shall take the axes of coordinates to be parallel to the 
axes of the conic so that the term in xy will disappear and the 
equation of the conic will be of the form 

aai* + by^ + 2gx + 2fy + c = 0 .,...(1), 

a or 6 being zero in the special case where the conic is a 

parabola. 

Now let a circle cut the conic in four points P, Q, R, S 
and let the equations of a pair of the common chords, say PQ 
and RS, be 

lx + my + n = 0 (2), 

Vx + m'y + «' = 0 (3). 

Then 

a** + hy’ + 2gx + 2/y + c 

— k{lx-\- my + n) (I'x + m'y + to') = 0. . .(4) 

is the general equation of conics through the points of inter- 
section of (2) and (3) with (1). 

Therefore by properly choosing k, (4) will represent the 
circle. For this the coefficient of iry in (4) must be zero, 
that is 

Im! + I'm = 0, 

V I 

• wmmm 

t • / “ • 

m m 

Thus the ‘ m ’ of PQ is the negative of the ‘ ’ of R8, that 
is the chords PQ and RS are equally inclined, but in opposite 
directions, to the os-axis. 
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That is, PQ, RS are equally inclined to the axes of the 
conic. Similarly the other pairs of chords, viz. PR, Q 8 and 
PS, QR are equally inclined to the axes. 

Cor. 1/ a, 0, 7 , 8 be the eccentric angles of the four points 
in which a circle cuts an ellipse 

a+^+7+S = an even multiple of nr. 

For if we refer the ellipse to its principal axes the chords 
through a, 0 , and 7, 8 are respectively 

a a + y8 . y ■ a -^0 a -0 . 

- cos —3— + 1 sm —3^ - cos —3- = 0, 


m 

- cos 
a 


2 

7 + 8 


y . 7 + S 

+ ~ sm -^-3 cos 

0 2 


2 

7 — 8 


0 . 


2 ' h 2 2 

Therefore, by properly choosing the constant h, the equation 




(- 

\a 


cos 


, y ■ a + )8 


(- 

\a 


7+8.7. 7+8 7— 

cos -^ + 1 sm cos— ^ 


->0 


can be made to represent the circle through the four points 
a, 0, 7, 8. For this the coefficient of xy must be zero, 

+ 0 . 7 + 8 7 + 8 . a + 0 f. 

cos — 2^ sm + cos sm = 0, 


that is 


sm 


a + )S + 7 + 8_^ 

_ \j. 


® + ^ + 7 "b 8 ... , f 

' ' = a multiple of nr. 

Is 

a + )Q + 7 + 8 = an even multiple of nr. 


Examples. 1. Every conic through the four points in which a circle 
cuts an ellipse will have its axes parallel to the axes of the ellipse. 

2. A circle cuts the parabola y*s=4a» in the points 2a/ri), 

2a/ij), (a/i,*, 2o/ig), Zufn), prove that 

Pl + /ij + M* + M4 = 0. 
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3. Three normals are drawn to a parabola from a point. Prove that 
the circle through the feet of these normals passes through the vertex of 
the parabola. 

4. Two points, of eccentric angles y and on an ellipse, are such 
that there exist a pair of points on the ellipse which are concyclic with 
them and are also concyclic with the pair of points a and which again 
are concyclic with y and S. Prove that y, d, y\ d' are concyclic. 

6 . Prove that the conics 

7^^-4^4-4a:+2y ~ 17 = 0, 

touch each other at two distinct points, and find the coordinates of the 
intersection of the tangents at those points. 

6. Shew that it is possible to describe a circle touching the two 
lines 

~ m^) + 2 (a - 6) Imxy = 0, 

where they are met by the line = l and find its equation. 


7# The conics whose equations referred to rectangular axes are 
+ 2Ar y + 6^2 4. 2^^ 4- 2/^ -f c = 0, 
a! -f 2h'xy + b'y^ + 2g'x 4- 2/'y -f c' = 0, 


intersect in four concyclic points ; prove that 
coordinates of the centre of the circle are 


a' -6' 
h' 


and that the 


hf-hr \ 

^ah' ~ a'h ’ ah' - a'h ) ’ 


214. Equation of pair of tangents from a point. 

We may make use of articles 211, 212 to find the equation 
of the pair of tangents from (^ 1 , y^) to the conic 

ao)^ + 2hxy + by^ + 2gx + 2fy + c = 0 (1), 

which is supposed not to be two lines. 

The chord of contact of the tangents from {x^, y^ is 
cucfl?! + h {xy^ + x^y) + hyy^ + (« + x^ +/(y + yj) + c = 0. . .(2). 

Now the pair of tangents from {x^, y-^ to (1) is one of the 
conics having double contact with (1) at the points where 
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it is met by (2), and the general equation of such conics is 
(§ 212 ) 

aa? + Ihxy + by* + 2 gx 4- 2 fy + c — k [axx-i + h {xy^ + x^y) + hyy-i 
+ g{x + «i) +/(y + yi) + c}* = 0 (3). 

If now we choose k so that (3) will pass through the point 
(«?!, 3/1) we shall have the equation of the pair of tangents. 

We find that 

]c — ?: 

ax^ + ^hx^yi + 6t/,* + 2 gx^ + 2/3/1 + 0 ' 

Thus the pair of tangents has for its equation 

(aa^ + 2 hxy + by* + 2 gx + 2 fy + c) 

X (cuci* + 2 hx^y^ + 63/1* + 2 gxi + 2/3/1 + c) 

= {oaiiri + h {xyi + x^y) + 63/3/1 + (« + x^) +/(3/ + 3/1) + c}», 

which is what we obtained long ago in § 142 and which we 
have been writing 

5-Si = TK 


Fool of Conics. 

215. We have seen that the equations of the central conics 
refen'ed to their principal axes are 


^+l?=i 

If* i 


a* 6» 

6 * being negative if the conic be a hyperbola. 
Now the conic (1) has two foci 

(Va’ — 6*, 0) and (- Va* — 6*, 0), 
and two corresponding directrices 


.( 1 ), 


a; = 


o* 


Va»-6* 


and X 


a* 


The symmetry of the equation (1) shews that there are yet 
two other foci whose coordinates are 


(0, V6* — a’) and (0, — \/6* — a*), 
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and two corresponding directrices, viz. 

V = , .::■■■ and V = — . 


and clearly the conic might be regarded as the locus of points 
whose distance from either of the points 

(0, ± V6*-a*) 

is a constant times their distance from the corresponding one 
of the two lines 

the constant, or eccentricity will now be /^' — — , just as 

before it was a / - „ - . 

V a’ 

Now we see that the two new foci and directrices are 
imaginary whether the conic be an ellipse or hyperbola. The 
new eccentricity is also imaginary if the conic be an ellipse but 
it is real if the conic be a hyperbola. 

Central conics then have four foci, two real and lying on one 
axis, the other two imaginary and lying on the other axis. Of the 
corresponding eccentricities one is real and one imaginary in the 
case of an ellipse, and both are real if the conic be a hyperbola. 

A parabola being the limiting case of an ellipse, we may 
say of it too that it has four foci but three of them are now 
‘at infinity.’ 

Example. Each directrix of a conic is the polar of the corresponding 
focus. 

216. Equation of pair of tangents from a focus. 

The equation of the pair of tangents from {x^, is 
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Therefore the equation of the pair of tangents from the 
focus (V a* — b*, 0) is 

+ Si IJ’ 

that is 


a*U’ 6* / a* 


- 6 > , . , 2x>Ja?-h* - 

— - a* + 1 — - = 0, 

a* a* ’ 


that is 


»* — 2i» Vtt* — 6’ + a* — 6* + 1 /* = 0, 
which can be written 


(®- Va»-6>*)» + y» = 0. 

Similarly the pair of tangents from the focus (— Va’ — h*, 0) 


(® + Va’-6’)* + y* = 0, 


and the pair of tangents from the two imaginary foci can be 
written 

®* + (y-V6*-a*)* = 0 

and ®* + (y + V'6* — a*)* = 0. 

Thus the equation of the pair of tangents from a focus is 
that of a ‘point circle’ at the focus. 

Hence we get the following result : 

If (®i, t/i) be a focus of a conic whose Cartesian equation is 
given, referred to rectangular axes, then the equation of the 
pair of tangents from (®i, y^) to the conic is 

(®-®i)* + (y-yi)’ = 0. 

If the axes be oblique the pair of tangents will be 
(® - ®i)’ + {y - yif + 2 (® - ®i) (y - y,) cos o) = 0. 


217. To find the foci of the conic 

aa? + 2A®y + 6y” + 2y® + 2/y + c = 0, 
the axes being rectangular. 

(^1 J/i) be a focus. 
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The equation of the pair of tangents from (a;,, is 

(oiTi* + 2hx^yi + byi* + 2gxi + 2fyi + c) 

X ((Jic* + 2hxy + by^ + 2gx + 2fy + c) 

- {(oa:i +hyi + g)x-\- {hx^ + byi+f)y + {gx^ +fy, + c)}* = 0. 
This then must reduce to a ‘ point circle ’ at (x^, y,), 
coefficient of «;* = coefficient of y^, 
and coefficient of xy = 0. 

{ax^* + 2JiXiyi + by^* + 2gxi + 2/t/, + c) (a - b) 

- (axi + hyi + gf + (hx^ + byi +/)* = 0 , 

and 

h (axi* + 2hxiyi + byi* + 2gxi + 2fy^ 4- c) 

- (axi + + g) {hxi + byj, +/) = 0. 

Thus the coordinates of the foci are given by the equations 
(gx + hy + gf — (hx +by+ fy _ (ax + hy+g) {hx + by+f) 
a — b ~ h 

= aa? + 2hxy + by* + 2ya; + 2fy + c. 

Another method for finding the foci of conics will be given 
in a later chapter when we come to deal with ‘tangential 
equations.’ 


218. Equation of the axes. 

It follows from the preceding paragraph that the equation 
of the axes of the conic 


is 


aa;’ + 2hxy + by* + 2gx + 2fy + c = 0 
a — b h 


in 


where ^ = ax + hy-\-g, 7) = hx + by+/. 

For (1) is a conic, and the foci lie upon it (| 217). Moreover 
it is satisfied by f = 0, = 0, that is by the centre of the conic. 

Hence (1) is a conic through the four foci and the centre of 
the conic; but the axes of the conic pass through these five 
points, and there can be only one conic through five points of 
which not more than three are collinear (§ 210). 
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Thus (1) represents the axes of the conic. 

This equation of the axes is extremely easy to remember on 
account of its resemblance to the equation of the bisectors of 
the angles between two lines (§ 61). 

Examples. 1. Find equations to give the foci of the conic given by 
the general equation when the axes are inclined at an angle a> and shew 
that the equation of the axes is 

a, 1, 1=0. 

b, 1, ij* 

h, cos <Oy 

S. Obtain the coordinates of the foci of the ellipse 
8^-4.^+6y* — 16.»- 14y 4-17=0, 
and shew that the equations of its axes are 

2a;— y — 1=0 and 2a;-|-4y— 11=0. 

219. We may also obtain the equation of the axes of the 
conic from the fact that the axes are the bisectors of the angles 
between the asymptotes. 

Now the asymptotes are parallel to the lines (§ 189) 
ax* + 2hxy + by* — 0 . 

Thus the axes must be the lines through the centre of the 
conic parallel to the lines 

x* — y*_ xy 

'a^ “X* 

That is, the equation of the axes is 

ix - x^)* -{y- yO* _ (® - an) (y - yd 
a-b ~ h 

where (a?i, yd are the coordinates of the centre, that is to say 
Xi and yi are given by 

axi + hy, + g’= 0 , 

hxi + by- +/= 0 . 

A. 15 
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220. Lengths and position of the axes. 

If it be required to find the lengths as well as the positions 
of the axes of the conic given by the general equation we begin 
by transferring the origin to the centre. 

If (a?„ yi) be the centre 

axi + hy-i + g = 0 ( 1 ), 

hx-i + hyi +/= 0 ( 2 ). 

On transferring the origin to y^ the equation of the 
conic becomes 

aa? + Ihxy + fey* + c' = 0, 

where ax^ + 2Aa:,yi + feyi* + 2ya;, + 2/yi + c = c' (3). 

Now (3) - (1) X - (2) x gives 

+/ 2/1 + c - c' = 0 (4)). 

Eliminating and y^ from (1), (2) and (4) we get 




a, 

h, 

9 


= 0. 



h, 

h, 

f 





9> 

/. 

c — 

c' 


0 , 

h, 

9 

+ 

a, 

h, 

, 0 

K 

b, 

/ 


h. 

b, 

0 

9> 

/. 

c 


9> 

/> 

— c' 


= 0 , 


that is A — (fC?*® 0 where G=ab 


■h>, 

A 


c - 


The equation of the conic is now 


.(5). 


CMC* + 2hxy + fey* + = 0 

It becomes now a matter of finding the lengths of the axes 
of a conic whose equation is of the form 

aa? + 2Aa:y + fey* = 1 (6), 

since our equation (6) reduces to this form when we divide by 
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221. To find the lengths and 'position of the axes of the 
conic “whose equation is 

aa? + 2hx'y + = 1 (1). 

The procedure is very much the same whether the axes of 
coordinates be rectangular or oblique ; but it may seem easier 
to the student to take the case where the axes are rectangular 
first. 

Consider the circle of radius r with its centre at the centre 
of the conic, Its equation is 



Subtracting (2) from (1) we have an equation 

+ 2hxy + ^6 - = 0 (3). 

which represents a pair of lines through the origin and the 
intersection of (1) and (2). 

These straight lines will become coincident when and only 
when they lie along the axes of the conic. 

The condition that the lines should be coincident is 

w- 

This is a quadratic equation in r*. If the conic be an ellipse 
both the values of will be positive ; but if it be a hyperbola 
one will be positive (giving the transverse axis) and the other 
negative (giving the conjugate axis). If r^, be the roots and 
both be positive the conic is an ellipse with 2ri, 2ra for its axes. 
But if ri* be positive and rg’ negative the conic is a hyperbola 
the length of whose transverse axis is 2ri and the length of the 
conjugate axis 2V — r** or 2iVa, where i is V — 1. 

The actual positions of the two axes are easily found. 

16—3 
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For ri* being one of the values of r* given by (4) the lines 
(3) are 

=0, 

that is the pair of coincident lines 

(a-i)® + /ty = 0. 

This then is the equation of the axis corresponding to r,, 
and the equation of the other axis will be 

(a-^^x + hy = 0. 


222. If the axes of coordinates be oblique, the equation of 
the circle of radius r having its centre at the centre of the 
conic will be 


ai* + 2xy cos <» + y* 
r* 


= 1 , 


so that the equation of the pair of lines through the centre 
of the conic and the points of intersection of these lines with 
the conic will be 

(® - p) + 2 xy + (b- = 0. 

The equation giving the lengths of the semi-axes will now be 

which can be written 


1 /a + b — 2h cos wN 1 ah — h* 
r* V sin^ (o J sin® o> 


ing 


If Ti* and ra* be the roots the equations of the correspond- 
axes will be 


(a-^^x + (k- 


cos 

~rr) 

cos t«)\ 

r,® J 


y = o, 
y = 0. 
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223. The advantage of the method adopted in the pre' 
ceding articles is that the equation of each axis is given 
separately and associated with the length of that particular 
axis, so that we are able to say which is the major axis and 
which the minor, or which is the transverse and which the 
conjugate axis. 

Except for this, however, it is much simpler to get the 
equation of the axes as we have done in § 218 and to find the 
lengths by means of invariants. 

Thus if aa? + ‘ihxy + 63 /* = 1 

become on transformation to principal axes 

Vi * 

wo have that 

F* 

aa? + 2hxy ■\-hy^ = — + 

Thus by invariants 

1 1 

a+b — 2h cos a ^ ^ — 

sin’ <0 • „ TT ~ r,* r.* 

sin’ 2 


and 


ab — h^_ 1 
sin’ o) ri’r,* * 


Hence and ^ are the roots of the equation in , viz. 

V\ 7*0 


l^/a + 6— 2/i cos 1 a6 — h} 
\ sin® (o / r® sin® to 


Examples. 1. Find the positions and lengths of the axes of the 
conic 

4- 5^/® + 22a; — 26y + 29 = 0, 

the axes being rectangular. 

[The centre is given by 

6a?~3y*f 11=0, 

— So.’+Sy — 13=0| 
from which we find - 1, y ««2, 
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On transferring the origin to this point we find that the equation of 
the conic becomes 

5^2 — 6 ^ - 4 - — 8 = 0 , 


that is 


so that 


a=|, A=-|, 


The lengths of the semi-axes are then given by 
Vs ry \8 ry 64’ 


X 


l._5±3 

r2 8 ’ 


r*=4 or 1. 


The major axis is then 4 and the minor axis 2. 
The equation of the line of the major axis is 


jj*- 


' 8 ij 
ie. x—y=0. 

The equation of the line of the minor axis is 




i.e. 

These are of course the equations of the axes of the ellipse referred 
to the new axes of coordinates. The equation of the major axis referred 
to the original axes will be 

(^+1) — (y“2)=0, that is a?~y + 3=0, 


and of the minor axis 


(a?+l) + (y-2)=0, that is a 7 +y~l= 0 .] 

2. Find the positions and lengths of the axes of the conics 

(i) 9;r2-f 4^+6y2-22^- 16y+9=0, 

(ii) 7a?24.12^y~2y2-26a7~8y+7=0, 

the axes being rectangular, and represent the same in a figure 


224. Eccentricity of Central Conic. 

Let e be an eccentricity of the conic 

aa^ + 2hxy + = 1 

referred to rectangular axes. 



CONICS IN GENERAL 


231 


Let this become on transformation to principal axes 

aV« + 6y* = 1, 

that is o' = 6' (1 — e®). 

^Iso o' -f" 6 —0 + 6, 

o'6' = ah — h\ 


Eliminating o' and 6' we get the equation 

= 0 . 




ah — h* 


In the case where the conic is an ellipse, i.e. ah —6-* > 0, the 
two values of e* given by this have opposite sign. The positive 
value of e* then gives the real eccentricity. 

But if the conic be a hyperbola, i.e. ah — h?< 0, both the 
values of e* given by this equation are positive and the question 
arises which belongs to a real focus and directrix and which to 
an imaginary one. We shall investigate this point further in 
the next article. 


225. Let the conic 


oa? + 2hxy + 6y* = 1 
on transformation to principal axes be 


^® 

a®'^/3> 


= 1 , 


and let /8* be negative if either o* or p* is negative, and let 
a* > /3* if both be positive. 

Let e be the eccentricity associated with a real focus and 
directrix. 


Then 


* — 5 ^- 



z&z 


VVJSHJH m UENEHAtj 


Using invariants we have 

"T^ = 
«*/3* 

Whence 


with a positive sign and 


(ab - h^y 


^-j5=TV(a + 6)*-4(a6-n 

according as the conic is an ellipse or a hyperbola. 

2 

Whence - = a + 6 T V(a + 6)*“ - 4 (ab - h% 
according as the conic is an ellipse or a hyperbola. 

. ^-x./~^±SEIMEE} 

•* {ab-hy 

X {(a + b)T ^(a + by-4,(ab-h^)] 

according as the conic is an ellipse or a hyperbola, where the 
positive sign is taken with the radical outside the bracket. 
That is, if the conic be an ellipse, 

- ficA-lT + ^’1- 

But if the conic be a hyperbola 

1(» + i) + V(»-6)- + 44-l 

_(a- by + + (a + b) \/(a-6)» + 4A» 

2{h»-ab) 

This gives the eccentricity of the hyperbola associated with 
a real focus and directrix. 


{(a + 6) + V(a — by + 4ih^\ 
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The eccentricity of the hyperbola associated with the imagi- 
nary focus and directrix will be given by the other root of the 
quadratic equation in e® found in the last article, and this will 
be got by simply changing the signs of the radical, that ia, 

(a — 6)® + 4fe® — (a + b)^/{a — 6)® + 4/t® 

2 (/t® — ab) 

It may here be remarked that the eccentricity of a hyper- 
bola associated with an imaginary focus and directrix is the 
same as the eccentricity of the conjugate hyperbola associated 
with a real focus and directrix. 


So that the second value of e® just found gives the eccen- 
tricity of the conjugate hyperbola. 

We may observe that if a + 6 = 0, that is if the conic be a 


4 _ ab) 

rectangular hyperbola, both of the values of e® become ^ , 

that is e = V2, which is correct for a rectangular h 3 q)erbola. 


Example. If the axes of coordinates be not rectangular the eccen- 
tricity e of the conic 

ax^+2hxv+bv^=l 


is given by 


(2— e®)® (a-h6 — 2A cos 0 ))* 

1— e® (o6 — A®jsin*<» 


226. Director circle. 

To find the director circle of the central conic whose equation is 
aa? -1- 2hxy + by^ -b 2gx -b 2/y -b o = 0, 
the axes being rectangular. 

The director circle is the locus of the points of intersection 
of pairs of tangents at right angles. Now the equation of the 
pair of tangents from (x^, yi) is 
(a«® -b 2/ucy + by^ + 2gx + 2fy + c) 

(oa?!® -b 2hxiyi -b byi* -b 2gxi + 2/yi -b c) 

- {(aa!i -b hyi+g) x +(hxi + +/) y +(gxi +/yi -b c)}*=0. 
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These tangents will be at right angles if 

Coefficient of a? + Coefficient of y* — 0, 

that is, if 

(a + 6) {ax^ + + hy^ + 2gx^ + 2/^i + c) 

- {axy + hyi + + hy^ +/)* = Q, 

that is if 

(ab - h?) {x^ + y^) -2(hf- bg) 

- 2 {gh-af) t/i + (a + b)c-g»-f = 0. 
Thus the locus of (xi, yi') which is the director circle of the 
conic is 

(ab - h^) {a? ■\-y^)-2 Qif- bg) x 

-'2{gh-af)y + hc-f»+ca-g*=‘ 0 , 

which may be written 

0 («* + y’) — 2Gx — 2Fy + A + B = 0, 

where the capital letters are, as in § 133, the minors taken 
with their proper signs of the corresponding small letters in the 
determinant 

b>, g f 
h, b, f 

, . 9> f> c 

that 18 to say, 

A= h, f =bc-f*, B= a, g =ac-^, 
f> 0 9, c 

G= a, h \ = cib — h'‘, 
h, h 

F—— a, h =gh — qf, G= h, h =hf—b9, 

9> f g> f 

S = - h. f =fg-ch. 

9, c 

Cob. The equation of the directrix of the parabola repre- 
sented by the general equation is 

20x + 2Fy-{A+B) = 0, 
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For the directrix of the parabola is the locus of the points 
of intersection of pairs of tangents at right angles, and 
G = ah — h ?=-0 when the conic is a parabola. 

We can at once find the coordinates of the focus of this 
parabola. For if (ajj, y-^ be the focus, the equation of the 
directrix, which is the polar of the focus, must be 

(axi + %i + <7) a; + Qixi + hyi +/) y + (gx^ +fy^ + c) = 0. 

This then must be identical with the equation for the 
directrix given above, 

. ax^-^-hy^ + g _hXi + hyi+f gx^-^fy^ + o 
*• 2G 2F ~ -(A+B)* 

These two equations determine x^ and y^. 

Example. Find the equation of the directrix and the coordinates of 
the focus of the parabola 

X® + - 3^! + 6y - 4 = 0. 


227. Proposition. The four directrices of a central conic 
pass through the points common to the conic and its director 
circle. 


For if the conic be 

the director circle is 




.( 1 ), 


.( 2 ). 


«!® + y»=a* + 6» 

The general equation of conics through the points of inter- 
section of these two is 


|+|'-l + ^(a^ + y®-a® + 6®) = 0. 
Choose k so that the term in disappeara 
This requires that & = — ^ . 
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We thus get as one of the conics through the points of 
intersection of (1) and (2) 


or 


that is 


that is 


«•* 


a* 


i = 0. 


which is the two directrices 

x= + 


a‘ 


Similarly the other two directrices, viz. 


w»- 




■0, 


are a conic through the points of intersection of (1) and (2). 
Thus the proposition is proved. 


Example, 
is of the form 


Shew that the equation of a pair of directrices of the conic 
/Ss oa;* + 2^ + c = 0 

{flx + Ky +5r)2 ^{hx^by +ff + ^-S = 0. 


228. A theorem of Newton’s. 

The following proposition due to Newton which is usually 
proved in works on Pure Geometry is extremely easy to establish 
by Analytical methods. 

If 0 he a variable point in the plane of a conic and lines 
OPQ, ORS be drawn through 0 in fixed directions to cat the 
conic in P, Q, R, S, then the ratio OP . OQ : OR . OS is constant. 

Refer the conic to the lines OPQ and ORS as axes. Its 
equation will be of the form 

aa? + 2hxy + by* + 2gx + %fy + c = 0. 

Putting y = 0 we get 

aa? + Igx + c = 0. 
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Thus OP . OQ = product of the roots of this equation = ^, 

Similarly OR . OS = | , 

OP.OQ: OP.OS = -:r = 6:a. 

a 0 

Now if we transfer the origin to any other point O', keeping 
the directions of the axes unchanged, the coefficients of the terms 
of the highest order in the equation are unchanged. Thus the 
new equation will be of the form 

ax^ + 2hxy + by^ + 2g'x + 2f'y + c' = 0, 
and if the new axes cut the conic in P', Q and R', S' respectively, 
O'r.O'Q' : O' R' .0'8'=b: a. 

Thus OP . OQ : OP . OS = O F . O'Q' ; O'R' . O'S'. 

And the proposition is proved. 

229. It must be understood that the distances OP, OQ, &c. 
in the preceding paragraph are algebraical. That is to say, if 
OP and OQ are in opposite directions they have opposite sign, 
or in other words OP . OQ is a negative quantity. 

The well known property of the ellipse that, if QF be an 
ordinate of a diameter POP' and DCF be the diameter conju- 
gate to OP, 

QV^:PV.VF = CF:CF 

is a special case of the theorem just proved. 

For if QF meet the ellipse again in Q' we have 
VQ . VQ' : VP. VP' = CD. GF : CP . CF, 
that is -QV^:-PV.VF = -GD^:-CF, 
or QV ^ : PF. FP' = OP* : OP*. 

The same property is true for the hyperbola, but it must be 
understood that D and F are the points where the conjugate 
diameter meets the hyperbola itself, and not where it meets 
the conjugate hyperbola. 
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But if it meets the conjugate hyperbola in d and d', then 

So that we have 

QP : PF. VP' ==-Cd^: CP*, 
that is QV*:Pr.P’V=Gcl;‘ : CP\ 

which is the geometrical property with which the student is 
familiar. 

Example. If lines OPQ, ORS be drawn through a point 0 in the 
plane of a conic, prove that the ratio OP. OQ : OR. OS is equal to the 
ratio of the squares of the diameters parallel to OPQ and O.SjS' respectively. 

230. Contact of conics. 

We have already in § 209 said something of the different 
degrees of the contact of conics, so that it is already understood 
what is meant by simple or two point contact, three point 
contact, and four point contact. 

Suppose that {xi, be a point on the conic 

S^aa? + '2}ixy ^hy*-^ 2gx + 2fy + c = 0 (1), 

then 

T = axx^ + h (icyi + x^y) + hyy^ + g{x + x^) -^/{y + yj) + c = 0 
is the tangent at (a;,, y^. 

The general equation of conics having simple contact with 
(1) at («!, yi) will be 

8 T (lx + my + n) — 0 (2), 

for this is a conic which has as common chords with the given 
conic the tangent 2’= 0 and a line 

lx + my + TO = 0. 

If the line lx + my + to = 0 passes through {x^, y() the conics 
will have three point contact at (xi, y(). The general equation 
of conics having three point contact with (1) at (a?,, y() is then 

8+T[l{x-x() + m{y-yi)] = 0 (3). 

And in the special case where the line lx + my + » = 0 
becomes the tangent, the conics will have four points common 
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at («i, yi), in other words they will have four point contact. 
Thus the general equation of conics having four point contact 
at (xi, yi) with the given conic is 


8 + kT^=^0. 


Examples. 1. Shew that the equation of the parabola having four 
point contact with the ellipse I at the point P {acoad, 

&sind) is 


y y 

■ T COS 6 
o t 


2a; cos ^ . 2y sin 6 


- 2 = 0 , 


and prove that its latus rectum is 


GP^ • 


2. Find the equation of the rectangular hyperbola having four point 
contact with the ellipse x^ja^+y^jh^ — X at the point (acosd, fesind). 

231. Circles of curvature. 


If two curves have three point contact at a point, they are 
said to have the same curvature here. By the curvature of a 
curve is meant the rate at which the tangent is deflecting. 
Now when two curves have three point contact they may be 
regarded as the limiting case of two curves having three very 
near points in common. But two curves with three consecutive 
points in common will have two consecutive tangents in com- 
mon. And thus they will have the same curvature, as the 
tangent is deflecting at the same rate for them both. 

The circle which has three point contact with a curve at a 
point is called the ‘circle of curvature’ at that point. It is 
also called the ‘ osculating circle ’ at that point. 

The measure of the curvature of a circle at any point of it 

is - where r is the radius. For if P be a point on the circle and 

if the tangent at any other point Q meet that at P in P, the 
deflection of the tangent between P and Q, that is to say the 
angle between the tangents at P and Q, is equal to the angle 
between the radii OP and OQ. 

The rate of deflection per unit length of arc is of course 
constant for a circle so that it will be 


Z.P0Q _ arc PQ 
arc PQ ~ r 
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Thus if 0 be the radius of the circle of curvature at a point 

1 

P of a curve, we say that its curvature there is - , 

P 

It is important to distinguish the ‘curvature at a point,’ 
and what is called the ‘ radius of curvature at a point.’ By the 
radius of curvature at a point is meant the radius of the circle 
of curvature at the point. By the curvature is meant the 
reciprocal of the radius of this circle. 

The ‘ centre of curvature ’ at a point of a curve means the 
centre of the circle of curvature at that point. 

232. Equation of circle of curvature. 

The equation of the circle of curvature at a point (a?,, y,) 
of the conic 

S=aiJiP + 2hxy + + 2gx + 2fy + c~0 (1) 

is very easily obtained. 

For the circle of curvature is one of the conics having three 
point contact with (1) at (a;i, yO, these having their equations 
included in 

S + T {lix-xi) + m(i/-yi)] = 0 (2), 

as in § 280. 

We have then only to choose I and m so that (2) shall be a 
circle and it will then be the circle of curvature required. 

233. To find the circle of curvature of the parabola y® = iax 
at the point P {ay?, 2ay). 

cs 

The tangent at P is y — — — a/x. = 0. 

Therefore the equation of the common chord PQ of the 
parabola and its circle of curvature at P will be (§ 213) 

X _ . ay? „ 

y — 0(lfL, 

Thus the circle of curvature will be obtained from 
— 4}ax — /fe ^ — af^ ^ ~ 8ci/i^=s 0 
by making the coefficient oi a? ^ that of y\ 
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h IJ? 

This will give — .‘.k = | . 

The equation of the circle of curvature is then 
(/i® + 1) ( 2 /® — 4afl;) — (y^ ~ + 2aa! + Sa^fJ^ — 0, 

which is 

a® + 2 /* — 2ai» (2 + 3 /a®) + 4a/t*y = 3a.®/A®, 

that is 

{x- a (2 + 3/a®)]* + (y + 2aiM'>y = a® {(2 + 3/a®)® + 4/a® + 3/a®} 

= a® (4 + 12 /a® + 12/a® + 4/a*) 

= 4a®(H-/A®)». 

From which we see that the coordinates of the centre of 
curvature are 

(a (2 + 3/a®), -2a/A»}, 

and the radius of curvature is 2a (1 + /a®)^ = 2a cosec® where 6 
is the angle which the tangent at P makes with the axis of the 
parabola. 

234. To find the circle of curvature at the point P (a cos $, 
b sin 6) of the ellipse — » + ^3 = 1. 

The tangent at P is ^ cos ^ ^ 9 = 1. 

Thus the common chord of the ellipse and the circle of 
curvature will be 

- cos 0 — T sin ^ = cos® 0 — sin® 6 = cos 29. 
a 0 

The circle of curvature will then be 

^ + 1* - 1 — A: (- cos 0 f sin 0 - 1^ 
a® 6® \a b I 

^?cos0--|sin 0-cos 2^) = 0, 
h being so chosen that the coefficient of a?* = that of y* 


A. 


16 
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We have then 


1 k cos* d 1 k sin* 0 ^ , v 

— r.+— 6T-=>.(s»y), 


a 


so that 


k cos* ^ = 1 — a*\, 
k sin* ^ = — 1 + 6*X,, 

, A: =s — (a* — 6’)\ and a*A, = 1 + (a* — 6*) X cos* 6, 

■ ^ 

a* sin* 6 + ¥ cos* 0 

The equation of the circle of curvature is 

X (ic* + y*) + ^ cos 0 (1 + cos 20) — ^ sin ^ (1 — cos 20) 

= 1 + A: cos 20, 

that is 

, , 2(a? — b^)x * rt , 2 (a* — 6*) 2/ . , 

+ i L- cos* 0 + — r — — sin* 0 

^ a 0 

= a* sin* 0 + &* cos* 0-{a?- ¥) cos 20, 


which reduces to 
a* -6* 


(a; — — - — cos* 0^ + ^ 


a? — h^ . , (a* sin* 0 + 6* cos’ 0)* 

j " a*6* 


so that the centre of curvature is 

(^_cos-«. — sm*«) 

j 1 j* j* X • (a* sin* 0 + 6* cos* 0)^ , . , . 

and the radius of curvature is , which equals 

(7D® 

where GD is the semi-diameter conjugate to GP, 


235. Simplification by Differential method. The 

method of finding the centre and radius of curvature at a 
point of a parabola or of an ellipse is greatly simplified if we 
use the methods of the differential calculus. 

The centre of curvature at a point is the intersection of the 
normal at the point with the normal at a consecutive point, 
for the normals at two points of a circle meet in the centre 
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of the circle, and the curve has two consecutive normals in 
common with the circle. 

Thus to find the centre of curvature at the point {ajj?, 2afi) 
of the parabola = 4tax we proceed thus : 

The normal is y + fix = 2aii + afi*. 

Where this meets the consecutive normal 


x—2a + 3a/i*, 

this being obtained by differentiating with respect to fi. 

We thus find as the coordinates of the centre of curvature 
(2a + Sct/i.*, — 2afi*). 

So for the ellipse, the normal at 0 is 



cos 0 sin 0 ’ 

or ax sec 0 — by cosec ^ — &*. 

To find where this meets the consecutive normal we dif- 
ferentiate with respect to 0 and obtain 

ax sec 0 tan 0 by cosec 0 cot ^ = 0. 

On solving for x and y we get 

(a? — b^) 3 ^ (a‘ —b^) . ^ 

a '^0 

The radius of curvature can be obtained by finding the 
distance between the centre of curvature and the point 
(a cos 0, b sin 0), Thus if p be the radius of curvature, 


'-(■ 


a cos d — — — cos^ d 


a 


' j + (b si 


. - a^ + b^ . .. 

sm 0 -I T — sm 0 


')■ 


(a® sin® 0 cos® 0y 
a®6® ‘ 


Or we may use the formula of the differential calculus 


p= 


wW j _ (g® si 


dx d^y dy d?x 
d0 ■ dff^ d0 ■ dd* 
foT x = a cos 0, y=b s,xa0. 


sin® ^ + 6® cos® 0^ 
ab ' 


16—2 
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236. Intersection of ellipse and circle of cunrature. 

If the circle of curvature of an ellipse at a point P whose 
eccentric angle is 6 cut the ellipse in Q, whose eccentric angle 
is then the circle and ellipse meet in the four points whose 
eccentric angles are 

e, e, e, <j>. 

Therefore by § 213 

3^ + ^ = an even multiple of tt. 

Thus the coordinates of Q will be (a cos 3d, — h sin 3d) and 
the eccentric angle of Q may be taken as — 3d. 


As the chord through d and <}> of the ellipse ^ 1 ^ 


6 S y . 6 d> d — A 

"2 2 ~2 ‘ 


we get at once that the equation of PQ is 

- cos 0 — f sin 0 = cos 20, 
a 0 

which agrees with what we obtained before. 


We may observe that from the above equation 
3^ + <^ = 2ri7r, 
which gives 0 = ^ (2n7r ~ (f>), 

it follows that the circles of curvature at the points whose 
eccentric angles are ^ (27r — <f)), ^ (47r — (f)), J (Gtt — (f>) will all 
cut the ellipse at the same point 

Examples. 1. The circle of curvature of the parabola a; 

the point 2a/A) will meet the curve again in the point (Qa/x^, ~ 6a/i). 
[See Ex. 2, § 213.] 

2. The locus of the middle point of the common chord of a parabola 
and its circle of curvature at any point is a parabola whose latus rectum 
is one-fifth that of the given parabola. 

3. The circles of curvature at three points P, R of an ellipse all 
cut the ellipse again in the same point, prove that the centre of the ellipse 
is the centre of mean position of P, R, 

4. Prove that the circles of curvature at the vertices of a conic have 
four point contact with the conia 
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237. Conic referred to tangent and normal at 
a point. 

It is sometimes convenient to take as the axes of coordinates 
the tangent and normal at a point of a conic. Let us take the 
axis of X to he the tangent at a point P of the conic, and let the 
normal be the axis of y. 

As the origin is on the curve, the constant term in the 
equation disappears and the equation of the conic is of the form 
aa? + Ihxy + hy"^ + Igx + Ify = 0 

To find where the axis of x meets the conic put y = 0. 
We get then ax^ + lyx — 0. 

Both the roots of this equation have to be zero, therefore g = 0. 

Thus the equation of the conic is of the form 
4- 2hxy + by'‘ + 2fy = 0. 

This is still the form of the equation of the conic when we 
take a tangent to the curve to be the axis of x and any line 
through its point of contact to be the axis of y. 

Examples. 1. All chords of a conic which subtend a right angle at 
a fixed point 0 on the conic cut the normal at G in a fixed point. 

2. If aa:*+2A.^ + 6i/^4.2^=0 be the equation of a conic referred to 
the tangent and normal at a point of it, the radius of curvature at the 

• • • / 
origin IS 

238. Conic referred to two tangents as axes. 

The equation of a conic referred to two tangents as axes of 
coordinates is frequently of use. It is very easily obtained. 
For if the conic touch the tangents at distances h and k from 
the origin, it will be a conic having double contact with the 
axes, which form the conic xy = 0, at the points where they are 

00 'll 

met by the line ^ 1 — 1 = 0. 

Thus the equation of the conic will be of the form 
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or changing the constant A we may write this 

h^k hk 

which is also of the form 

| + 2/i«y+|-^-|' + l = 0 (2). 

Either of these equations (1) and (2) represents for various 
values of \ and fi a system of conics touching the axes of 
a> and y at distances h and k respectively from the origin. 

In the particular case where the conic (2) is a parabola 

‘’''““'‘“is- 

If we take ^ equation becomes 


(1 + 1 “^)=^’ 

which represents two coincident straight lines. 

If we take /a = — ^ we get a non-degenerate parabola whose 
equation is 

h? hk^k? h 

which can be expressed in the irrational form 

<3)- 

or, if we write « and ^ for ^ and ^ , 

Voa? — 1= 0. 


Ezamplea 1. Shew that the tangent to the parabola 

•Jhxi tJkyi 


at the point («i, yj) ia 
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S. The line ?4;+my-l*0 will touch the parabola if 


r+-^l. 
I m 


239. Cartesian representation of a system of conics 
through four points. 

In general it is best to represent conics through four given 
points by means of ‘ homogeneous coordinates,’ which are to be 
considered in later chapters. If at any time a representation 
of such conics in Cartesian coordinates is wanted, it can be 
obtained by taking the axes of coordinates to pass each through 
two of the given points. We may thus take the coordinates of 
the given points A, B, G, D to be 

(A,o), (o,k), (h',0), (o,ky 


The equation oi A B will be ^ ^ — 1 = 0, and that of CD 


will be ^;+ ,^ 7-1 = 0. 
h k 


The general equation of conics cutting the axes of coordinates 
where these lines meet them is 


which is of the form 


Examples. 1. The polar of a given point with respect to a system 
of conics passing through four given points will pass through a fixed 
point. 

2. The locus of the centres of conics through four given points is a 
conic whose asymptotes are parallel to the axes of the two parabolas 
through the four given pointa 
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EXAMPLES. 

1. Shew that the foci of the conic 

ase‘ + 2hxy + by* + 2gx + 2/y + e = 0 

are given by 

Fx+ Gy -11= Cxy, 

20x-2Fy-A + J3=C {a?~y*), 

the axes being rectangular. 

[We have seen that the tangents from a focus (xi, y^) are 
[{x -x^) + i(y- Vi)] [(a? - aJi) - i (2/ - Vi)] = 0- 

Now the condition that the line lx + my + n = 0 should be a 
tangent to the conic is (§ 133) 

AP + BnP + CrP + 2Fmn + 2Gnl + 2Hlm = 0. 

Thus the condition that a; + ii/ — (a^i + iyi) = 0 should be a tangent 
is got by writing Z = 1, m = i and n = — (ajj + iy^), that is 

-4 - jB + (7 (a^ + iyiY - 2iF{oCi + iyi) - 2G (x^ + iyi) + 2iH = 0. 

That is 

-4 - jB + (7 (a^i* - 2/i*) + 2Fyi - 2Gxi + 2i {Cx^yi - Fx^ - Gy^ + F} = 0. 

Similarly the condition that a; — ty — (a^ - iyi) = 0 should be a 
tangent is 

A^B^C{x,^^yi^)-^2Fyi--2Gxi--2i{Cx,yi^Fxi^Gyi-^E}^0. 

Adding and subtracting these, we see that the foci satisfy the 
equations 

2Gx + 2Fy (pP-y'^)- 0, 

n^Fx^Gy^Cxy=^0.] 

2. The equation of the director circle of the conic given by the 
general equation = 0 when the axes of coordinates are inclined at 
an angle a> is 

(a + 6 - 2A cos co) + > 7 ®- 2^ri cos <i> 
where ^=^ax^hy -k-g and 'q^hx + hy -{-fy 

and the equation of a pair of directrices is of the form 
^aS + + > 7 * — 2^77 cos <0 = 0. 

3. Four points -4, By Cy D on an ellipse are con cyclic. The 
circle which passes through A and touches the curve in B cuts it 
again in B\ Similarly circles through A which touch the ellipse in 
C and D cut it in (7' and D\ Shew that Ay B\ G\ U are concyclio. 
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4 . Find the equation of the parabola which touches the conic 
aoi? + + hy^ + "igx + %fy + c = 0 

at the points where it is cut by the line lx + my -f = 0. 

6. A family of conics have double contact with a given conic 
at the extremities of a given chord. Prove that the locus of the 
centres of conics of the family is the diameter of the given conic 
conjugate to the given chord. 


6. Prove that the locus of a point, the sum or difference of the 
tangents from which to two given circles is constant is a conic having 
double contact with each of the two circles. 


7. At the point {a cos 5 sin on the ellipse ^ ^ 

parabola of four point contact is drawn. Shew the equation of its 
axis is 


X 

a 


sm cos ^ = 


{o? — IF) sin cos (jS 
cos^ + 6“ sin^^ 


8. Prove that if two conics have double contact the polar of 
the centre of either with respect to the other is parallel to the 
chord of contact. 


9. Two tangents are drawn from a variable point P to a conic 
to meet the tangent at a fixed point Q in T and T\ Shew that if 
QT.QT' is constant the locus of is a straight line parallel to 
the tangent at 

10. A circle touches a hyperbola at two points, the chord of 
contact being parallel to the transverse axis. Prove that the ratio 
of the length of the tangent to the circle from any point of the 
conic to the distance of the point from the chord of contact is the 
eccentricity of the conjugate hyperbola. 

11. Tangents are drawn from a point 0 to an ellipse so as to 
intercept a fixed length on the tangent at a fixed point F ; prove 
that the locus of 0 is a conic which has four point contact with the 
ellipse at the other extremity P' of the diameter through P. 

[Take as coordinate axes the tangent at P and the diameter 
through P.j 
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12. Prove that the locus of the centres of non-degenerate 


conics having four point contact with the ellipse ;;a + ^ 


j y . X . 1 . asm a vcosa ^ 

{a cos a, 0 sin a) is the line — = U. 


a 


13, If a system of conics be drawn having four point contact 
with the conic + 2hxy + by^ + 2/y = 0 at the origin, prove that the 
director circles of these conics form a coaxial system whose limiting 

A ¥ \ 


points are the origin and the point ^ - 


+ a“+/i,V 


14. A conic is drawn to have double contact with each of two 
given circles. Shew that the two chords of contact are either 
parallel to each other and to the radical axis and equidistant from 
it ; or are perpendicular to each other and intersect in a limiting 
point of the two circles. 


16. The foot A of the ordinate of a point P on a parabola is 
the centre of the circle of curvature at its vertex. Prove that the 
centre of curvature at P lies on the parabola. 

16. Four common tangents are drawn to an ellipse and a 
parabola having its focus at the centre of the ellipse. Prove that 
the sum of the eccentric angles of the points of contact of the 
tangents with the ellipse is an even multiple of tt. 


17. Two chords AB, CD of a rectangular hyperbola make 
angles a and ^ with the transverse axis. Prove that the angle between 
the axes of the parabolas through A, By Cy D is 

cos“^ {sin (a + /8) sec (a - (3)]. 

18. From any point P of an ellipse perpendiculars PM, PN are 
let fall on the axes and MN meets the ellipse in Q and Q' ; prove 
that the rectangular hyperbola which touches the ellipse at P and 
meets it in $ and Q' has its asymptotes parallel to the axes of the 
ellipse and that its curvature at P is double that of the ellipse. 


19. If a parabola touch a fixed circle and pass through the 
extremities of a fixed diameter ; prove that its axis will pass 
through one or other of two fixed points. 
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20. Three points (cci, j/j), (x,, y^), on the parabola 

y* = 4aa! are such that their centres of curvature are collinear ; prove 

that i + i+ i = 0. 

Vi S/2 Vt 

21. Prove that the product of the radii of curvature at the 
feet of the normals drawn from any point to a parabola is eight 
times the cube of the distance of that point from the focus. 

22. Prove that if the circles of curvature at the extremities of 
the major axis of an ellipse pass through the centre, then no other 
circles of curvature at real points of the ellipse pass through the 
centre. 


23. Normals are drawn from any point (^, r)) to the parabola 
?/= 4aaj. Prove that pg, pg the radii of curvature at the feet of 
the normals satisfy 

Pi + P^ + ps^ = 4:^a~^ ( 2 ^- a). 

24. Parabolas are drawn with their vertices at the origin and 
their axes along the axis of x ; tangents are drawn to them from a 
fixed point (/, 0). Shew that the locus of their centres of curvature 
at the points of contact is the curve 

(a?+3/)^2 + 8/^ = 0. 


25. Prove that the locus of the pole of the axis of x with 
respect to the circle of curvature at any point of the parabola 

= 4aic is 

(x — 2a)^ 2 /^ = 1 2a - ax + a^y. 

26. Three points on an ellipse (semi-axes a and b) are situated 
so that the circles of curvature at those points all cut the ellipse 
again at the same point. If their radii are pi, pa, pj, then 


Pl^ + P2* + 


Pi 


3(a " + 6») 
2a’ 6* 


27. Prove that there are four points on the ellipse ^ « 1 

(other than the point P) such that the centre of curvature at each 
of them lies on the normal at P. 


Further prove that the normals at these four points meet in a 
point on the ellipse 
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28. Prove that the locus of the centres of the rectangular 
hyperbolas which have contact of the third order with a given 
parabola is an equal parabola having the same axis and directrix. 

29. The equation of the latus rectum of the parabola 

(aa; + ^yY + 2gx + ^y + c = 0 

is 2 {pg - of) {fix - ay) + (a* + ^) c +/* + <;»- 2 = 0. 

30. Two families of parallel straight lines are given and also a 
conic in the same plane. Prove that the locus of points such that 
the lines through them are conjugate with respect to the conic is a 
hyperbola whose asymptotes are the lines through the centre of the 
conic. 

31. Shew that if a parabola be referred to a tangent and 

normal as axes of x and its equation may be put in the form 

{(ix + ayf = ipy {a? + ^), 

and the equation of its directrix in the form aa; — jSy = a® 4- where 

a and /3 are the coordinates of its focus. 

32. An ellipse whose semi-axes are a and 6 touches the axis of 
X at the origin ; prove that the locus of its centre is 

+ (2/* - (y® - 6^) = 0. 

33. Lines OP, OQ at right angles are drawn through a fixed 
point 0 to meet a conic in P and Q. Shew that the locus of the 
foot of the perpendicular from 0 on the chord FQ is a circle. 

34. Three lines 0PP\ OQQ', ORR' through a point 0 meet a 
conic in P and P\ Q and Q\ R and R* respectively. Prove that 
with a suitable convention as to signs 

35. POP' is a chord of a conic which is bisected in 0. If 
Q0Q\ ROR' are chords making equal angles with P0P\ shew that 

1111 



CONICS IN GENERAL 


263 


36. A family of conics have double contact with a given conic 
at the extremities of any chord. Prove that the locus of the 
centres of conics of the family is the diameter of the given conic 
conjugate to the chord. 

37. Prove that if the bisectors of the internal and external 
angles between two tangents to a conic be parallel to two given 
diameters of the conic, the point of intersection of the tangents lies 
on a conic. 


38. Shew that if 2 / = is a normal to the general conic given 
by the general equation, then ^ is a root of the equation 

{gG -f hll) + {aH + {{a - 6) (4 - B) 

+/F+gG-- 2hIJ} + 2t {hH + hB) +/i^ + = 0. 


89. The focus of the parabola \/ h'^ referred to 

two tangents inclined at an angle <*) is given by the equations 
Kx-hy ^01? \ 2 xy cos cd + y^. 


40. The directrix of the parabola Jax-^' \fby = 1 is 
(b-\- a cos (o) a; 4- (a + 6 cos (0)2/ = cos o) 
and the length of the latus rectum is 

iab sin^ <0 

(a^ + 6^ + 2ab cos a>) ^ 


41. An ellipse of semi-axes a and b slides between two lines 
inclined to each other at an angle 2a; shew that the locus of its 
centre referred to the bisectors of the angles between the lines as 
axes is 

cos^ a + y^ sin^ a) -f ?/’) ~ (a® 4- b^) {x^ cos’* a 4- 3/^ sin^ a) 

4- (a^ cos’* a 4- b‘^ sin’* a) (a^ sin^ a 4- 6’* cos’* a) = 0. 

42. The equation of the equiconjugate diameters of the conic 
whose equation referred to rectangular axes is 

ax^ 4- 2hxy 4* by^ = 1 

is {a? 2A’*) x^ 4- 2A (a 4- b) xy 4- (6^* - a6 4- 2A’*) ^ = 0. 
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43. Prove that if the conics S=0,S^ — 0 have a pair of common 
chords a = 0, /3 = 0 such that aS — aS" = a/?, the equation 

represents a conic having double contact with each of the conics S 
and S\ 

A conic has finite double contact with each of the conics 

+ 2/^ - + cy = 0, cc® + ~ e'^ (x + cY = 0. 

Write down its general equation and prove that the chords of 
contact are perpendicular chords through the origin; also that if 
g -2 ^ _ j 0^11 such conics are rectangular hyperbolas. 

44. At the point P (eccentric angle <i>) of the ellipse ^ = 1 

a o 

the parabola having contact of the third order is drawn ; shew that 
the equation of its directrix is 

2ax cos (f} + 2by sin <^ = (1 + cos^ </)) + 6^ (1 + sin® (^), 

45. A series of circles with a given centre 0 are drawn. Shew 
that the middle point of their chords of intersection with a given 
conic lie on a rectangular hyperbola whose asymptotes are parallel 
to the axes of the conic and which passes through 0 and the centre 
of the conic. 


46. Points P, Q, B are taken on an ellipse in such a manner 
that the tangent at each point is parallel to the line joining the 
other two. Shew that the locus of the centre of mean position of 
the centres of curvature at P, B is 

16(aV + 6®i/®) = (a®-6®)®. 

47. Shew that through any point {/, g) in the plane of the 
o? 'iP 

ellipse ^+^=1 there pass six of the circles of curvature, and 

verify that the six centres of curvature lie on the conic 

{2 (Z*® + — 2fx - 2gy) - a® ~ 6 ®}® =12 + 6 ® 2 /®) - 3 (a® — 6®)®, 

48. Shew that the conic which is coaxial with 

acc® + 2hxy + 6y® + 2gx + 2fy = 0 
and passes through the foci is 

(a-6) [C{Qi?^y^)-2Gx-^2Fy^A^B] + ih[Gxy-^Fx^Gy-\‘H]^0. 
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49. Find the locus of the foot of the perpendicular drawn 
from a point situated on a given straight line, to its polar with 
regard to a central conic ; and shew that it passes through the foci 
of the conic. 

50. Shew that the equations of the two pairs of conjugate 
diameters of the conic given by the general equation, which include 
an angle 0 between them, are 

(bX^ - 2hXr+ a Y^) cos 6 + {h (X^ ~ 7*) - (a - 6) XY] sin 0 = 0, 
where X ~ ax + hy + g, Y=hx + by 

the axes of coordinates being rectangular. 



CHAPTER XIII. 

SIMILAR CONICS AND CONFOCAL SYSTEMS. 

240. Definition. 

If 8 be a plane figure and P any point of it, and 0 a fixed 
point in its plane, and if on OP a point P' be taken such that 
OP' : OP — k& positive constant, the locus of the point P' 
thus determined will be a new figure S' which is said to be 
similar and similarly situated to S ; two such figures 8 and 8' 
are conveniently called homoilistic figures and the point 0 is the 
homothetic centre. 

Suppose now that in the above construction for the figure 
8' from the figure 8, k instead of being a positive constant is a 
negative constant, the figure 8' which is the locus of P' is then 
said to be antihomothetic to 8. 

Next suppose that k is imaginary, then the figure S' majr 
be said to be imaginarily homothetic with 8. 

241. Proposition. If 8 and S' be two coplanar homo- 
thetic figures, G and G' fixed corresponding points of them, P and 
P' any other pair of corresponding points, not in the line of G and 
G', then GP and G'P' will be parallel and the ratio G'P ' : CP 
will be constant (= k) for the various positions of P and P\ 

For let 0 be the homothetic centre. Then 
OC' iOG^k= OP' : OP, 

G'P' and CP are parallel, and G'P ' : C7P» OP' ’.OP = k. 
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Cor. This proposition holds equally well if 8 and 8' he 
imaginarily honiothetic, or if they be antihomothetio. 



242. Proposition. If She a plane figure, G and O' two 
points in its plane and if 0 be joined to any point P on S and 
G'P' be drawn parallel to GP and such that G'P ' : CP = k, a 
positive constant, then the figure S' which is the locus of P' will 
be homothetic with & 


A 


17 
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For (see figure of previous article) let GG' and PP' meet in 
0, then since GP and G'P' are parallel we have 

OG' :0G=G'P' :GP = k 

Thus 0 is a fixed point. 

Also OP' : OP = G'P' :GP^ k 

Therefore the locus of P' is a figure homothetic with 8, the 
locus of P, and 0 is the homothetic centre. 

Cor. If k he a negative constant the figure S' is antihomo- 
thetic with 8, and if k he imaginary S' is imaginarily homothetic 
with 8. 


243. Proposition. If 8 he a central conic and S' he 
constructed really homothetic with 8, or antihomothetic, or 
imaginarily homothetic with it, then 8' will he a conic having its 
asymptotes parallel to those of 8. 

For let the equation of 8 referred to Cartesian axes at 0, the 
homothetic centre, be 

a®* + 2hxy + hy* + 2gx + 2fy + c = 0 (1). 

Let {X, Y) be the coordinates of the point P' on 8' 
corresponding to P (x, y) on 8. 

Then clearly X = kx, F= ky, 
where k is the constant ratio OP' ; OP. 


Therefore 

aX* + 2hX Y + hY* + k (2gX + 2fY) + k^c — 0. 

That is to say, the locus of P' is the conic 

aa? + 2hxy + + A: {2gx + 2fy) + = 0 (2). 

Now both (1) and (2) have their asymptotes parallel to the 


lines 


aa? + 2hxy + hy' = 0. 


of S. 


Thus /S' is a conic having its asymptotes parallel to those 
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Cor. 1. The axes of S' will he parallel to those of S. 

For the axes bisect the angles between the asymptotes. 
But it must not be assumed that corresponding axes of the two 
conics are parallel. 

Cor. 2. The centres of the two conics S and S' are corre- 
sponding points. 

For the centre of (1) is given by 

ax + hy + g — 0 ] 
hx+hy + /= 0 J * 
and the centre of (2) is given by 

ax + hy + kg —Q ) 
hx-{-hy kf= 0 j * 

From these we see that if (xg, y,) (x,', y^) be the centres of /S 
and S' respectively, 

Xf = kx, and y^ = ky,. 

Therefore the centres are corresponding points. 

Cor. 3. If S, instead of being a central conic, be a parabola, 
then S' will be a parabola having its axis parallel to that of S. 

For the equation of S will now be of the form 
{ax + Syy + 2ya3 + 2/y + c = 0, 
while that of S' will be 

{ax + Sy)' + h {2gx + 2/y) + k^c = 0. 

This is also a parabola, and both S and S' have their axes 
parallel to the line 

ax + Sy — 0. 

Examples. 1. Shew that the pair of tangents frono 0, the homothetic 
centre to each of the two conics S and S', which are really homothetic, 
antihomothetic or imaginarily homothetic are the same lines. 

2. Prove that the tangents to the homothetic conics S and S 
at corresponding points of them are paraUeL 

244. We have seen that if two central conics are homothetic 
they have their asymptotes parallel We shall now go on to 
shew that if two central conics have their asymptotes parallel 
they are homothetic. 


17—2 
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For let the equations of the two conics 8 and 8' referred to 
any axes he 

aa? + "Ihxy + hy'^ + 25 ra; + 2 / 2 / + c = 0 (1), 

oV + Ih'xy + h'y* + “ig'x + 2f'y + c' = 0 (2). 

As the asymptotes are parallel we have 
a h \b . , ^ 

The axes of (1) are parallel to the axes of (2). Transforming 
(1) to principal axes, the equation of S becomes (| 220) 

+ + 

Now the equation (2) can be written 

CUB* + 2hxy + by* + 2\g'x + 2>/'y + Xc' = 0, 
which, when we refer the conic to its principal axes, will 
become 

„ . . L n. 




where 


Jjss a, h, \g' — \a' , XA , \(f — X*A , 


h, b, X/ 

xy, X/, Xc' 


XA', X6i, \f 


that is we have as the equation of 8' 

+ 

The axes of coordinates for equation (4) are parallel to those 
for equation (3) but not coincident with them. 

Take two parallel radii vectores making an angle 0with the 
X axis ; denoting them by r and r' we have 

A 


(o cos* 0 + /8 sin* r* + 

(a cos* 6 + 8 sin* 

r® : A : X*A'. 
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Thus the two conics will be homothetic or antihomothetic, 
and if the former they will be really homothetic if A ; X*A' be 
positive, that is if A : A' have the same sign as X. They will 
be xmaginarily homothetic if the ratio A : A' have the opposite 
sign to that of X. 

We shall shew presently that if two central conics are 
antihomothetic they are homothetic also. Assuming this for 
the present, we see that two central conics with their asymptotes 
parallel are homothetic ; whether they are really or imaginarily 
homothetic depends on the sameness or difference of sign of the 
ratio A : A' and the ratio a : a'. 

245. Proposition. Two parabolas will be really homo- 
thetic or antihomothetic if they have their axes parallel. 

First let the curvatures at the vertices A and A' be in the 
same directions. Take SP and 8'P\ two focal radii vectores 
making the same angle d with SA and 8' A' respectively, the 
lines joining the foci 8 and 8' to the vertices. 

Then if I and I' be the semi-latera recta, 

— 1 cos 0 — ^/pi t 
8P:8'P' = l:l\ 
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Thus the parabolas are homothetic, and clearly the foci and 
vertices are corresponding points in the two figures. 


A 

A' 

P' 

Next let the curvatures at A and A' be in opposite 
directions. 

Let SP and S'P'hQ two parallel focal radii vectores making 
the same angle 6 with SA and S' A' but measured in opposite 
directions. 

Then ^ = l + cos^=^^, 

.\SP:S'P'=l:l'. 

Thus as SP and S'P' are in opposite directions the two 
parabolas are antihomothetic. 

Figures directly similar but not similarly situated. 

246. Def. Two coplanar figures S and S' are said to be 
directly similar when one of them (S' say) can be rotated about 
a point (A' say) in the plane so as to become homothetic with 
the other (S). 

Let P' and Q' be two points of S'. Let these points when 
S' is rotated round A' through the proper angle (a say) come 
into the positions P", Q" so as to be homothetic with P and 
Q of the figure 8. 

Then P"Q" :PQ^k. 

But since A'P'^A'P" and A'Q' = A'Q^', 
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and Z r'A'Cr = ^ P'^A'Q" for Z P'AT" = z QfA'Q^, 
AP'A'Q = AP"A'Q'\ 
and P'Q’ = P"Q'', 

thus P'Q ' : PQ — k. 

Thus the line joining any two points of the figure S is in a 
constant ratio to the line joining the two corresponding points 
of S'. And therefore the triangle formed by joining any three 
points of S is similar to the triangle formed by joining the 
three corresponding points of S'. 

247. Proposition. If S and S' he two coplanar figures 
which are directly similar and a be the angle through which S' 
must be turned round the point A' to make it homothetic with S, 
then if S' be turned about any other point B' in the plane through 
the same angle a it will become homothetic with S. 

For let Si be the new figure when this rotation round B' 
takes place and let the point P' oi S' become Pi of Si. 

Now plainly if we rotate S' about any point through an 
angle a the line P'Q' joining two points of S' will come into a 
position which will be parallel to the line joining the points P 
and Q of iS which correspond with P' and Q'. Therefore PiQi 
is parallel to PQ. 

And PiQi = P'Q' = k.PQ. 

Thus the ratio of PiQi : PQ is constant. 

Hence the figure Si may be regarded as the locus of points 
Qi got by drawing lines PiQj through Pj parallel to PQ for 
various positions of Q in the figure S, and such that PiQi = PQ 
is constant (= k). 

Thus Si is homothetic with S. 

248. Proposition. If two central conics 8 and 8' are 
antihomothetic they are at the same time also homothetic. 

For two antihomothetic figures are such that if one of them 
be rotated through two right angles it will become homothetic 
with the other. 
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Hence if two central conics 8 and S', be antihomothetic, 
then S' by rotation round its centre through two right angles 
will become homothetic with S'. But when a central conic 
is rotated about its centre through two right angles the opposite 
ends of each diameter merely exchange places. 

So that if P'Q' be a diameter of S', and P be the point of S 
corresponding with P' when the conics are considered as anti- 
homothetic, then 8 and S' must also be homothetic, with P 
and Q' as corresponding points. 



249. To find the condition that the conics 

S = aa? + 2ha;y + by^ + 2gx + 2fy -f- c = 0, 

S' = aV -f 2h'xy + b'y* + 2g'x + 2f'y -f c' = 0 
may he similar hut not homothetic. 

If the conics are similar then S' by rotation about any point 
in its plane can be made homothetic with 8, and then the 
asymptotes of the two will be parallel. 

Hence in their original positions the angle between the 
asymptotes of the one must be equal to the angle between the 
asymptotes of the other. 


CONFOCAL CONICS 


266 


But the asymptotes of S and S' are parallel respectively to 
cue’ + 2/ue^ + by’ = 0, 
aV + 2h'xy + 6'y* = 0, 

Hence we must have (§ 110) 

2 Vafe — /t’ sin eo _ ^ 2 V a'h' — h'* sin (o 
a + h — 2h cos <o ~ a' + 6' — 2h! cos a> ’ 

where oa is the angle between the axes. 

ah-h' ^ a'b'-h'* 

(a + h — 2h cos ft))* (a' + b’ — 2h' cos <»)* ' 

This then is the necessary condition that the conics should 
be similar. It is also sufficient for, if it hold, the angle 
between the eisymptotes of the one will be equal to the angle 
between the asymptotes of the other. 

And thus by rotation of one of the conics it can be brought 
into a position such that its asymptotes will be parallel to 
those of the other, that is the two will be homothetic. 

The condition however does not discriminate between the 
two cases where S and S' are really similar and where they are 
only imaginarily similar. 

Examples. 1. Two conica whose eccentricities are equal are similar. 

2. A hyperbola and its conjugate are imaginarily homothetic, and a 
real focus of the one corresponds with an imaginary focus of the other. 

250. Confocal conics. 

A system of central conics having all four foci in common is 
called a confocal system. 

The general equation of conics confocal with the ellipse 

— + r, = 1 is at once seen to be (5 215) 
a* 6^ 

a* + \ l>‘ + \ 

Different confocals are obtained by taking different values 
of A, 
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251. Proposition. Through every point in the plane of 
the ellipse ^ cm focal conics can be drawn,, one an 

ellipse and the other a hyperbola. 

For the value of \ for a confocal through the point (a;,, 
is given by 

=1 

+ \ 6® + A. 

That is 

(\ + a?) (X + 60 - (X + 60 - yi (X + <*0 = 0 — (!)• 

Now when \=<x> the left-hand side of this is positive, 
when \ = -¥ the left-hand side is negative, 
when \ = — a’ the left-hand side is positive. 

Thus there is a value of X between oo and - 6* satisfying (1) 
and a value between — ¥ and — a\ 

That is one of the values of X satisfying (1) makes both 
a* -I- X and 6’ -f-X positive, and the other makes a* -b X positive 
and 6® -f- X negative. 

Hence there are two confocals through {x-^, to the given 
ellipse, the one an ellipse and the other a hyperbola 


252. Proposition. Confocal conics cut at right angles. 
Let 


, y' -1 

n\ 

0? -b Xj 6® -b Xi 

, y' 

(2) 

d" -4- X-a 6^ + X 2 



be the two conics through the point (»i, yt) confocal with 

^ + ^ = 1 
/7.» ^ 


a’ b- 

Therefore 

emd 




y' 


a*-bXi 6*-l-X, 




<1* -b X^ 6’ + Xg 


= 1 . 
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whence by subtraction 


y' 


: = 0 , 


(a> + \i) (a* + X,) (6* + Xi) (6* + X,) 

which is the condition that the tangents at («!, to (1) and 
(2), viz., 

_3_ , yVi 

ft* + Xj 6* + Xi 

, xx, yVi , 

and \ 

ft* + Xj o’ + X.J 

should be at right angles to one another. 

Hence the proposition is proved. 

253. To express the coordinates of any point in the plane of 

the ellipse ~ + ^ = 1 in terms of the axes of the conics through 
^ a? 0^ 

it confocal with the ellipse. 

Let {xi, yi) be the point and let the confocals through it be 
x' 


+ 




ft* + Xi 6* + Xi 

^ I y _ 1 

ft* + Xa 6* + Xj ’ 


IL.-! 


aw 


ft’ + « ^ 6* + 0) 

vanishes when o) = X, and when o) = Xa, 




, yi* T _ J.(Xi-a))(Xa-a)) 


(ft* + €0) (6* + w) 


’ * ft* + <B 6’ + ft) 

where A is independent of eo. 

Put 0 ) = 00 and we get A — -1, 

g?i* yi’’ _ 1 = _ (Xi - m) (Xa - ft)) 

' ‘ ft* + 0) 6* + o) ~ (ft* + w) (6* + w) ’ 


6* + ai 

In this put 0 ) = — ft*, 

(ft’ + X|) (ft* 4~ Xa) 

a^ — h^ a*—h*' 


Ohr 
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Similarly 

where 


+ + b,%* 

‘ (b^-a*) y^-a^’ 

a^ = a,* + \ a,* = a* + \a, 


The same result could have been obtained by solving the 
equations 


^1* 

1 ?A* 

a* + Xi 

6* + Xi 


1 3/1^ 

<F 4" \2 

6^ + X, 


254. Let Pi and p, be the perpendiculars from the centre 
on the tangents at P («i, yO to the two confocals through {oCi,y^, 
1 

~ (a^+Xi)> (> + Ai)“ 

a,V b^b} 
a?-b^ a^-y^ 

~ < b,* 

1 / bP\ 

^a^-b^' W 6iV 

1 (a»+A,)(6H\i)-(&*+\,)(a*+X,) 

“a‘-6*’ OiV 


Similarly 


X*! Xg *” ^3^ 

"^6,^ “ “oiV ’ 


Pi* 


ai*^i* 
Oi* — aa* * 


„ 

aa* - 


Example. If P be a point in the plane of a conic S, centre (7, and if 
bi and a^y be the semi-axes of the two confocals to JS through F and 
if conics be drawn having their centre at F and their semi-axes of lengths 
Oj, a, and 6j lying along the normals to the two confocals through P, 
these two conics thus drawn will be confocal with one another and will pass 
through (7 and have for their tangents at C the axes of S. [The coordinates 
of C with reference to the axes of the new cooid-inates will be and pa 
(§ 254).] 
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256. Confocal parabolas. Two parabolas may be 
regarded as confocal if they have a common focus and their 
axes in the same line. Two confocal parabolas may be looked 
upon as the limiting case of two confocal ellipses, three of 
whose foci are at infinity. 

A system of confocal parabolas is best represented by taking 
their common non-vanishing focus for the origpn and their 
common axis for the axis of x. Then if 4i(i be the latus rectum 
of one of the parabolas its equation will be 

y* = 4ia(x + a). 

This equation then gives for different values of a a system 
of confocal parabolas. 


EXAMPLES. 

1. If the confocals through (xi, to the ellipse 


are 


o’* + Xi 6’ + A,i 
X- 


^=-.1 and 


x‘ 




a* + X, 6’+ A, 


= 1 , 


(i) 


then tv ~ ^ " a^6» ’ 

(ii) * 1 ’ + yi* — a® — 6* = Aj + A,. 

2. If </> be the angle between the tangents from yi) to 


a* ^ 


at* ’ 6* 

prove that tan — ^^2 ^ — a* — 6* " 

Hence shew that 


tan| = 


b 

A,’ 


where Aj and A, are the parameters of the confocals through P . 
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3. The equation of the pair of tangents from P to 

a* 6* 

referred to the normals to the confocals through P as axes is 

where Xj and X 2 are the parameters of the confocals through P, 

4 . Shew that if i/r be the angle which the tangents from P to 

the ellipse = 1 make with the tangent at P to the confocal 

ellipse through P, then 


sin i/f : 


/_A_ 

V K-K’ 


where X^ and X^ are the parameters of the confocal ellipse and 
hyperbola respectively. 

6. If from a point P tangents be drawn to each of two confocal 
ellipses and i/f and xj/' be the angles which these make with the 
tangent at P to the confocal ellipse through P, then the ratio 
sin i/r : sin \j/' will be constant for all positions of P on an ellipse 
confocal with the given ellipses. 

6. If two similar concentric ellipses touch one another, shew 
that the angle between their major axes is 

h{a'^-a?) 


tan“^ ; T— :::= , 

a Va'2-62) {a^-b'Y 

h and a\ V being the semi-axes. 

7. The locus of the pole of a given straight line with respect 
to a system of confocal conics is a straight line. 

8. The difference of the squares of the perpendiculars drawn 
from the centre on any two parallel tangents to two given confocals 
is constant. 

[Take acosa + y sin a = p and a; cos a + y sin a=p' 
as the tangents to 




1 and 


a? 






= 1.] 


9. The locus of points such that two tangents drawn from 
them, one to each of two confocals, are at right angles is a circle 
concentric with the two confocals. 
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10. Tangents are drawn through a fixed point (x\ i/) to b, series 
of conics confocal with — + ^ = 1 : shew that the locus of their 
points of contact is 

X y ^ 
y — yi x — x' x^y — xy ’ 

11. Shew that the locus of a point such that the tangents from 

it to the ellipse = 1 contain an angle 2a is given by 

Oi^ cos* a + aa* sin* a = a*, 

where a, and are the primary semi-axes of the confocals through 
the point. 

12. Shew that the tangents at (h, k) to the conics passing 

iC* '2/* 

through (A, k) confocal with *” 1 +^ = 1 are represented by the 

(t o* 

equation 

AA{(a;-A)*-(2/^*)*}-h(P-A* + a*~6*) {x--h){y--k)^0. 

13. From a fixed point P pairs of tangents PQ^ PQ' are drawn 
to each of a system of confocal conics. Prove that the circles PQQ' 
form a coaxal system. 

14. A straight line PQRS intersects two confocal ellipses at 
the points P, R, S in order. If the tangents at P and R are 
perpendicular, prove that the tangents at Q and S are also 
perpendicular. 

16. The polar of a fixed point (f, rj) with respect to one conic of 
a system confocal with a;*/a* + y*/6* = 1 touches another conic of 
the system at some point. Shew that the locus of such points 
is the curve 

(iy - Tjx) (aj* + j/* - _ rjy) = (a> - 6») (» rj), 

16. Prove that the two families of conics which have their 
centres at the point (a, fi) and touch the axes of x and y respectively 
at the origin are represented by the equations 

(ay-/3a;)* = A(2/*-2/J2/) 
and (ay — /3a?)* = P (a?* — 2ax) 

respectively, A and B having arbitrary values. Prove also that 
if -h P = 0 the pairs of conics are confocaL 
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17. From a point P on an ellipse of semi-axes a* and V tangents 
are drawn to an internal confocal ellipse, and these meet the first 
ellipse in points Q and R ; prove that the locus of the intersections 
of tangents at Q and R is another ellipse of semi-axes a and b 
such that 




* 2 /^ 

18. Tangents are drawn to the ellipse -g + ‘^ == 1 from any 

point P on a given hyperbola confocal with the ellipse ; if 20 be 
the angle between the tangents, prove that sin 6 varies inversely 
as CDy where CD is the semi-diameter conjugate to CT of the 
ellipse through T confocal with the given one. 


19. If two conics be drawn confocal with 


™ = 1 and Ta + ^ = 1 
a? 


respectively, then the eight points of contact of their common 
tangents will lie on a circle. 


20. If a triangle be inscribed in a conic and circumscribed to 
a confocal the normals at the points of contact meet in a point; 
and the normals to the conic at the vertices of the triangle meet 
in a point. 

21, Shew that 

{x - ay + (y ~ by _{x- ay + (y - by 

is the circle which has as diameter the line joining the centres 
of similitude of the circles 

(X - ay + (y - 6)2 - = 0, (a? - ay -»■ (y - by - r'* =: 0. 

Prove that if a circle cut two circles of radii r and r' at angles 
a and a respectively, it cuts the circle of similitude of the two 
circles at right angles if 


r* cos a = r cos a\ 



•CHAPTEE XIV. 

AREAL COORDINATES. 

266. Definition. Let ABC be a triangle, and P any 
point in its plane, then the areal coordinates of the point P 
with reference to the triangle ABG are defined as the three 
ratios 

APBO A PGA APAB 

A ABG’ ~ABGA’ AGAB ' 

It will be convenient to denote these by X, Y, Z respectively. 
It will be seen at once if the point P lie within the triangle 
ABG that 

X+Y+Z=l. 

But this identical relation holds wherever the point P may 
be in the plane of the triangle ABG, for it is be observed 
that the signs of the areas have to be taken into Account (§ 10). 
Thus if P and A be on the same side of the line BG, then the 
areas PBG and ABG will have the same sign and the ratio of 
these two areas will be positive ; but if P and A be on opposite 
sides of BG the ratio of the ateas will be negative. 

Thus X will be positive or negative according as P and A 
are on the same or opposite sides of BG. 

Thus F will be positive or negative according as P and B 
are on the same or opposite sides of GA. 

Thus Z will be positive or negative according as P and 0 
are on the same or opposite sides of AB. 


18 
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It will be seen that the three denominators we have given 
for X, Y, Z are the same both in magnitude and sign, for 

l\ABG= t^BGA = i\GAB, ' 

the cyclical order of the letters being the same in all. 

267. It is now clear that the relation X + F+ Z = 1 must 
hold wherever F be in the plane. 

For let FA meet BG in D. 

Thus on addition 

b.FGA^ t\FAB= APC'B+ 
that is APXB+ t:\FGA + AFBG= AABG, 

.\X+Y+Z=1. 

Examples. 1. The areal coordinates of the vertices of the triangle of 
reference ABC are (1, 0, 0), (0, 1, 0), (0, 0, 1) respectively. 

2. The areal coordinates of the middle points of the sides of the 

triangle of reference are (0, J), (^, 0, i), (i, 0). 

3. The areal coordinates of the centroid of the triangle ABC are ( i, | ). 

4 . The areal coordinates of the orthocentre of the triangle of reference 
are (cot B cot C, cot C cot A, cot A cot B). 

258. Formulae of transition from Cartesian to areal 
coordinates. 

The following relations are of great use and importance. 

(^> yd> (®»> ydi (® 3 > ys) Gartesian coordinates 

referred to any oases {rectangular or oblique) in its plane of the 
vertices of the triangle ABG, and {as, y) the Gartesian coordinates 
of F in the plane, then 

X = XiX + XiY+ x^Z, 

3/ = y,Z + 3/aF + ytZ, 

where X, Y, Z are the areal coordinates of P referred to the 
triangle ABG. 
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For I + » 

y, ya, 2/8 2/i» 2/a. 2/8 

1 . 1 , 1 1 , 1 , 1 

.*. w {y» ~ y^'^y (®8 ~ ®a) + (^22/8 ~ ^ 82 / 2 ) = 
where A = (Ci, <ra. ®8 • 

yi. ya, ys 

1. 1, 1 

Similarly 

® (ya ~ yO + y (®i ~ (^ayi ~ ^lys) = 

and « (yi — ya) + y (®a — ®i) + (^ly* ~ ^ayi) ~ 

Multiplying these by Xx, x^, a?, respectively we get by 
addition 

arA = A (.TiX + + X3Z), 

whence x = XiX ■\- x^Y -v x^Z. 

Similarly on multiplying by yi, ya, ys we get 

y = yi-S^ + ya ^ + ya'^* 

259. The following special case of the above will be found 
useful. 

Let the axes of the Cartesian coordinates be the sides CB, 
CA of the triangle ABG. 

A 


Then the coordinates of A, B,G are respectively 

(0,6), (a,0), (0,0), 

18—3 
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that is 

<r = aF, 



2/ = 6X, 


or 

n 

II 

X 

a’ 

and 


y 


a 

b‘ 

260. 

Area of triangle. 



From the relations of § 258 we can see that the area of the 
triangle the areal coordinates of whose vertices are (Xj, Fj, Z^, 
(X,, Fj, Fa), (X,, Fj, Fj) is 

I X„ F„ F, 1 X 



For («i, ^i), (aJa, yj), (ajj, yj) being the Cartesian coordinates 
of th#vertices A, B, 0 oi the triangle of reference and a> the 
angle between the axes, the area will be 

^sino) ajj’X'i a^sFj , a'iX^a"ba/aFa“f*a/3F3, , 

yi-2’i+y2Fi+yjFi, yiXa+yaFa+yjFa, yiXg+yaF.+ys-^a 
Xi+Fi+Fj, Xa+Fj + Fa, Xa+ F, + F, 
and this 


= Jsina) 


Xi, 

Xz 


Xi, 

Fx, 

z. 


yi> 

yi, 

y* 


Xa, 

Fa, 

Fa 


1. 

1. 

1 


Xz, 

Tz, 

Zz 


= Xj, Fj, Fi X A 4-6(7. 

Fa, Fa 

Fa, F. 


261. Distance between two points whose areal 
coordinates are known. 

The simpler relations of § 259 enable us to obtain an 
expression for the distance between two points P and Q whose 
areal coordinates are (Xj, Fj, Fj), (X*. F*, Fj). 
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For let (asi, J/i), (®». y^) l>e the Cartesian coordinates of P and 
Q referred to GB, GA as axes ; then 
pg» = (uc, - + (yx - y,y + 2 (a;, - x,) {y^ - y^ cos G 

= aH7i- Y^y + 6® (Xx - X,y+'2ab{Yi- Y,)(Xj - X,)cobG 

= a»(Fx-F,)‘^ + 6*(Xx-X,)* 

+ (a3 + 6»_c^)(Fx-F)(Xx-Xx) 

. =anF- F)(Fx-F + Xx-X,) 

+ (Xi - X,) (Xx - X, + Fx - F) - (Xx - X,) (Fx - F) 
= - a’ ( F - F) (F - F) - (F - F) (Xx - X,) 

-cHXx-XxXF-F.), 

by using the relations 

Xj+F + F = 1, X,+ F, + Fi = l. 


262. Areal coordinates of a point on a line Joining 
two given points. 

//(Xx, Fx, F), (X„ Fa,F) he the areal coordinates of P and 
Q, and E be a point in PQ such that PB: RQ = k lithe areal 
coordinates of R will be 

kX, + l^ kY, + lYi kZ.,+ lZ, 
k-\-l ' + Z ’ k-^-l 

For denoting by (a?x, 2 / 1 ), (®a, Vi) the Cartesian coordinates of 
P and Q referred to GB, GA as axes, the coordinates of B 
referred to these same axes will be (§ 9) 

kx^ + lxi ky^i-lyi 
k+l ’ k+l ’ 


that is 


a{kY,+ lYi) b{kX,+ lX^) 
k+l ’ k+l 

^ Vs, 


_ ajjj kYj ~h ZFx 

a ~ k + l * 
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and 

kX,-\-lX^ kY^-¥lT^ fc(l - Z, - Fa) + ? (1 - Zt - FQ 
■® k + l k + l k + l 

kZ^ + XZi 

“nfc+i'’ 

263. The homogeneity of the equations of loci In 
areal coordinates. 

By means of the relation X-k-7+Z=l the algebraical 
equation of any curve in areal coordinates can be made 
homogeneous in X, Y, Z. Thus the most general equation of 
the second order in X, Y, Z is of the form 

AX^ + + 2FYZ + 2 GZX + 2HX Y 

+ 2UX + 2VY+2WZ + D = 0, 

and this is the same as 

AX' + BY^ + CZ^ + 2FYZ + 20ZX + 2HXY 
+ (X+ Y + Z){2UX + 2VY-i-2WZ) + D(X+ Y+Z)*=^0, 
which is of the form 

A'X* + B’Y^ + G'Z^ + 2FYZ + 2Q'ZX + 2H’XY= 0, 
and this is homogeneous in X, Y, Z. 

Similarly equations in X, Y, Z of higher order can be made 
homogeneous. 

264. The linear equation. 

The general equation of a line in Cartesian coordinates is 
Aw + By + 0=^0. 

Using I 258 so as to transform this to areals we shall get 
A{xiX + XiY-\r ws^Z) + B {yiX + yj 7+ ytZ) + G {X +7+^ = 0, 
which is of the form 

XZ + ilf7+XX = 0. 

Conversely it is obvious that the equation of the first order 
iX + if7+XX = 0 
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must represent a line, for if (X„ Fi, Z^, (Xj, F,, Z^, (X,, F,, Z^ 
be three points on the locus represented by this equation, 

ZXi + JlfFi + XF,=0, 

Z/Xj •{- M Fj -f" NZ^ — 0, 

ZX, + i/F3 + XF3 = 0, 


m 

• • 

X, 

Yu 

F 

= 0, 


x„ 

F., 

F 



X„ 

F, 

F 



shewing that the area of the triangle formed by the three poiRts 
is zero. These points then must be collinear. 

265. The line at infinity. 

The equation 

X + F+ F= 6 (?X + wiF H" nZ') 
becomes on transforming to GB, GA as Cartesian axes 

0 a \ ah) 

(0 v 

that is e(m — n)-+€(l—n)^ = l — en, 

which is a line whose intercepts on the axes are 
o (1 — en) 6 (1 — m) 
e{m — n)’ e(l —n^ ’ 

both of which get larger and larger as e gets smaller and 
smaller. And in the limit when e approaches zero these become 
infinite. Thus . 

X + F+ Lt 6 (IX + mY + 7iF) 

.=0 

is a line with infinite intercepts on the axes. This line we call 
the line at infinity. Its equation is often written 

X+ F + ^=0, 

but it is misleading so to write it unless its use is properly 
understood, for while e is very small, 

€(IX + mF+ nZ) 
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is not so, being in fact equal to X + F+ ^ which is unity. The 
justification for writing the equation in the form 

X+ T+Z=0 

Mrill appear presently. (See §§ 266, 278, 286, 300 a.) 

266. Parallel lines. 

We may make use of the line at infinity to find the condition 
that the lines 

IX + mY +'nZ = 0, 
l'X + m'7+n'Z=0 

should be parallel. 

For we regard parallel lines as lines which intersect on the 
line at infinity, that is on 

X Y -jr Z = 6 (\X + /X F + vZ). 

These three equations then must hold simultaneously, 

I, m, n — 0, 

V, mf, n' 

1 — e\, 1 — e/i, 1 — 

that is when e approaches zero, 

I, m, n = 0. 

V, m', n' 

1 . 1 . 1 

We see now that this is the result we should have obtained 
had we made the equations 

IX + mY + nZ = 0, 

rX+m'F+n'X=0, 

X + F + ^ = 0, 

hold simultaneously, in other words if we had written the line 
at infinity 


X+F + .^ = 0. 
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Examples. 1. Obtain the equations of the lines joining the middle 
points of the sides of the triangle of reference in the form 

z+x- r«o, x-f r-z=o. 

Shew that these are parallel to the sides of the triangle. 

2. Find the equation of the line which passes through the vertex A 
of the triangle of reference and through the intersection of the lines 

3. Find the equation of the line through the intersection of 

lX’\-mY^nZ=^0 and ^'X4'm'F+n'Z=0 
and parallel to the side BC of the triangle of reference. 

s/ 4. Interpret in relation to the line nF=0 the equation 

wi F + TfiZ 5= 0. 

6. Prove that the condition that the lines 

ZX *4“ wi F“h fiZ *= 0| V X “I" ififi* F “h yi^Z s= 0 
should be at right angles is 

a^ZZ' + J^mm'+c^Tin' — (mii'+m'Ti) he cos^l -(nZ' + w'Z) cacoa B 

— (Zm'+Z'm) ah cos (7*s0. 

[Transform to Cartesians with CB and GA as axes.] 

6. The general equation of lines parallel to the side X=0 of the 
triangle of reference is X=:^(X4' F+Z). 


267. To find the length of the perpendicular from (Xi, Fj , Xi) 
on the line 

lX + mY+ nZ = 0. 

On transforming to Cartesian axes GB, GA the equation 
becomes 


The perpendicular distance of (a?i, on this is (§ 109) 


. V X 
It +m - + « 
0 a 


sin G 

|z^ + m— + n| 
( 0 a 

1 

©la? 

1 



a 

+ 1 


* 2 (m — n) (1 — n) 

; a ) 

1 h j 

' ab 
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a& sin (7 jz ^ + m — + «Yl — — — x) ' 
(6 a \ a 0 /] 

{m — ny + a^(l — ny — (a“ + 6* — c’) {m — n) {I - n) 

_ 2 A (IXi + 777 Fi + nZi) 

— n) — + 6'^ (m — n)(m — l) + {n — 1) (n — tn) 

2 A (IXi + mYi + nZi) 

' ~ Vu 

where 

n = Z’a* + 4- nV — 2mnbc cos A — 2nlca cos B — 2lmab cos C. 

268. We see then that the lengths of the perpendiculars 
from the vertices A, B, G of the triangle of reference on the 
line 

IX "I" wi F + fiZ = 0 

2AZ 2Am 2An 
are -jp- , 

where D stands for the denominator 

— — + b^ {m — n) (m — 1) + c*(n — l){n — m). 

Thus I, m, n are proportional to the perpendiculars from the 
vertices of the triangle of reference on the line. 

If p, q, r be the perpendiculars from the vertices then 
I : m :n =p : q : r. 

And the perpendicular from (X^, F,, F,) on the line becomes 


2 ^ (p X^ + qYi + rZ i) 
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269. These perpendiculars p, q, r from the vertices A, B, C 
on to the line are sometimes called the coordinates of the line, 
such coordinates satisfying this identical relation. ^ 

We may however for all practical purposes speak of I, m, n 
which are proportional to p,q,rBS the coordinates of the line, 
but there is no identical relation satisfied by I, m, n unless they 
are actually equal to p, q, r. 


270. Special form of the equation of a line. 

If (X, V, Z) he any point on a line passing through 
(X,, Fi, Z^ then 

X-Z, F-F, Z-Z^ 

^ _ ^ ^ 

I m n * 

where r is the algebraical distance of (X, F, Z) from (Xj, F„ Z^) 
and I, m, n are constants for the line which satisfy the relations 

I m n= i), 
d?mn + h^nl + cHm = — 1. 

For let D be the point (X,, F,, Zi) and let E (X„ F„ Z^) be 
some other definite point on the line. 

Then if P be the point (X, F, Z) on the line and if 

DP:PE==^k:E 

we know that 


kX, + k'X, y ^kY^ + k'Y^ ^_kZ^ + PZ^ 

k+k' • k + k' ' k-\-k' ' 


X 


^ _A:(X,-X0 

k + K 


etc.. 


X-X, F-F, k DP r 

• • X,-Xx“ F,-F, Z^-Z^ k + ¥ PX”n,’ 

where r is the distance DP, and r^ the distance DE reckoned 
algebraically. 

Now write 


X, 



^ 1 * 




z,-z, 

Tn 


=«» 
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and the equations of the line become 

Z-X, F-F, Z-Z^ 


I 


m 


n 


= r. 


, Z, + Fj + ^11 — (Zi + Fj + Fj) _ ^ 

where • I + m + n = 

'U 

and a*mn + b^nl + c^lm 


a\Y,-r,)(Z,^Z,)+b\Z,-Z,){X,-X,)+cH^i-X,)(7,-Y,) 


It is easy to see that if the line be parallel to the side BG 
of the triangle of reference 1 = 0 for X will be constant along 
the line, so that in this case 


m + w = 0, 
a^mn = — 1* 

So that Z:fu:» = 0:l: — 1. 

The student will of course understand that the I, m, n used 
in this form of the equation of a line are not the same as the 
I, m, n used when the equation of the line is written 

ZZ + wF+nF=0. 


271. General equation of the second degree. 

As the general equation of the second degree, which we will 
take to be 

AX* + BY* + GZ* + 2FYZ + 2GZX + 2HXY= 0, 
transforms to an equation of the second degree, in x, y the 
corresponding Cartesian coordinates by means of § 258 or § 259, 
it is clear that this equation must represent a conic 

272. Condition for a pair of straight Unes. 

If the equation represent a pair of straight lines then 
AX* + BY*+GZ*+ 2FYZ + 20ZX + 2HXY 
must be the product of two linear factors such as 
{LX + MY + NZ) {L'X + if'F+ N'Z), 
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that is to say 

AX* + 2HXY+ BY^ + 2GX + 2FY + G 

= (LX + MY+Jr} (L'X +M'Y+ K'), 
and the condition for this we have seen to be 


A, H, 0 
S, B, F 
0, F, G 


= 0. 


273. The nature of the conic represented by the general 
equation in the case where this is not two straight lines can be 
decided by transforming to Cartesians with GB, GA as axes. 


We write X = 


V-- 

“a’ 


Z- 


1 _ _ _ i 

a b’ 


and the equation becomes 
A 




a" 


a\ a bj 
6 V a bJ ab 


The terms of the highest degree, which determine the 
nature of the conic are 


B+G-2F , ^G+H-F-0 G + A-2Q 

- a ?-¥2 — 


a' 


ab 


xy + — 




r- 


274. Conditions for a circle. 

If the conic be a circle the terms of the highest degree 
must be of the form 

K{a? + 2xy cos G + y*). 

Therefore 

B + G-2F . G-\-A-2Q ^ G+H-F-0 

o* ' 6* ’ ab 


2a6 


That is 

B + G-2F G + A-2G_2{G+H-F- 
a? 6* a* + 6’ — c* 
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and each of these 

{B + G-2F) + {C + A-2Gf)-2{C+H-F-G) 
a» + 6'-(a* + 6'-c») 

A+S-2H 

c* 

Thus the conditions for a circle are 

B + G-2F _G + A-2G _A + B-2H 

c" ' 

276. Dliciiminatlon of ellipse, parabola and hyper* 
bola. 

Reverting to § 273 we see that the general conic will repre- 
sent an ellipse, parabola, or hyperbola according as 

(G+H-F-Qy = {B + G-2F){G+A-20), 

that is, according as 

F^+G‘ + H^-2FG- 2GH - 2HF+ 2AF 

A-2BO-{-2CH-BG-GA-AB = 0, 

that is, according as 

A, H, G, 1 =0. 

S, B, F, 1 
G, F, G, 1 
1 . 1 , 1 , 0 

This discrimination can be otherwise expressed : 

If we write B+G—2F=p, 

G+A-2G^q, 

A + B-2H=^r, 

weseethat 2(G + E - F— G) = p + q-r. 

Thus the conic is an ellipse, parabola, or hyperbola according as 
(p+q-ryi 4<pq, 

that is p* + + — 2pq — 2qr — 2rp f 0. 



AKBAL COORDINATES 


287 


276. Condition for rectangular hyperbola. 

Again we see that the conic will be a rectangular hyperbola if 


G + A-tG GatE-F-G ^ ^ 

+. — — 7^ 2 ; COS (7 = 0, 




that is 
that is 




6'“ ah 

q p + 9 — r a’ + 6’ — c’ 


¥ 


ah 


2ab 


0 . 


2p¥ + 2qa^ — (p + q — r)(a* + ¥ — c*) = 0, 
that is p (6* + c® — a'*) + g (c® + a® — 6®) + r (a® + 6® — c*) = 0, 
which we may write 

» cos A ^ q cos B _ r cos 0 _ ^ 

J — 


a 


6 


277. Summary. 

We may then sum up these results for referenca 
The conic will be a circle if 


P 

a® 


i . 
¥ 


7.!!* 


The conic will be an ellipse, parabola, or hyperbola according as 


G, 

F, 

G, 
1 , 


| 0 , 


A, H, 

H, B, 

G, F, 

I . 1 . 

or as this may be written ^ 

p* + g* + r* — 2pg — 2gr — 2rp = 0. 
The conic will be a rectangular hyperbola if 
p cos A q cos B _ r cos G 


= 0 . 


Should the conditions for two straight lines and for a rect- 
angular hyperbola be both satisfied, then of oburse the equation 
represents a pair of straight lines at right angles, these being a 
particular case of a rectangular hyperbola. 
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278. We can discriminate the ellipse, parabola and hyper- 
bola without any transformation to Cartesians by making use of 
the line at infinity. For eliminating Z between 

AX^ + £ P -1- ^QZX -i- 2iJZ F = 0. . .(1) 

and X Y Z = e(lX 'h^Y fiZ) (2), 

we obtain on making e very small 

AX' + BY' + G{X+ Yf-2{FY-\-OX){X+ Y) + <iEXY = 0, 
that is 

(A-k-G -2Q) X^ -\-2iG + H - F - Q) XY 

+ (5-1-C-2F)7’ = 0 (3). 

The left-hand side of this equation being the product of two 
linear factors of the form \X +/aF, X'X + fiY, (3) represents 
the pair of straight lines joining the vertex G of the triangle 
of reference to the points of intersection of (1) and (2), that is 
the points of intersection of the conic with the line at infinity. 
Now an ellipse meets the line at infinity in two imaginary 
points, a hyperbola meets it in two real points (§§ 183 — 185), 
and, as is known from Pure Geometry, a parabola touches it. 
Thus the conic will be an ellipse, parabola, or hyperbola 
according as 

{G + H~F-Gy = {A + G-2G){B-\-G-2F). 

It will be observed here again that as we make e very small 
after the elimination of Z the result is the same as if we had 
written X -f F+ 0 for the line at infinity. 

Examples. 1 . The condition that the conio 
AX^+BT^-\-CZ^=0 

should be a parabola is 

fiC'+C'A+J5=0. 

2. The condition that 

^ FYZ+GZX-trHXT^Q 
should be a parabola is 

±s/F±VG'±V5'=0. 
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5. Shew that the conic 

is an ellipse, parabola, or hyperbola according as the angle A of the triangle 
of reference is obtuse, right, or acute, a, 6, c being the lengths of the aides 
of the triangle. 

4. Rationalise the equation 

s/\X+s/]IT+'>/7z^ 

and shew that the conic represented by it will be a parabola if 

X + /H + V=0. 

6 . Shew that the equation 

a^YZ+b'‘ZX-^-c^jr^O 
represents a circle, as does also 

a* rz+ b'^ZX+ c‘XY+ (X+ T+ Z) (Lr+mF+ nF) =0. 

8 . Shew that the equation 

p {yy — wz^-\-q (wz — ux )* + r (tf.r - )* = 0 

represents a pair of straight lines meeting in the point whose coordinates 

are proportional to - , i . 

279. As throughout the rest of this chapter we shall not 
have occasion any more to transform our areal coordinates into 
Cartesian, it will be unnecessary to continue to use capital 
letters X, Y, Z for the areal coordinates of a point. We shall 
accordingly make use of x, y, z instead. We shall continue for 
the present to use capital letters A, B, G, etc., for the coefficients 
in the general equation of the conic so that there may be no 
fear of confusing these coefficients with the lengths of the sides 
of the triangle of refex'ence. 

280. Intersection of line and conic. 

Let us find where the line 


x-xi ^ y-yi ^ ^ ^ 


I m n 

meets the conic 

f{x, y, z) = Aa? + By' + Cz' + 2Fyz + 20zx + ^Hocy = 0. . .(2). 
From (1) we have 

» = + Lr, y=yi-¥ wtr, z=Zi,-\- nr. 

A. 19 
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Substituting in (2) we get 

A (ae, + Ir)* + £ ( 2/1 + mry + C(jS!i + nry + 2F (y^ + mr) (Zi + nr) 

+ 2G(zi + nr) (a?! + Ir) + 211 + Ir) {y-^ + nvr) = 0, 

that is 

f{l, m, n) r* + 2 + mrji + n?i) r y^, Zi) = Q.. .(3), 

where f 1 = Axi + Hyi + Gzi, 

t}i = Hxi + Byi + Fzi, 


^i = Gxi + Fyi + Gzi. 

This quadratic equation in r gives the algebraical distances 
from {xi, yi, Zi) of the points in which the line meets the conic. 


281. Equation of tangent at a given point. 

If (^i> 2 / 1 . ^ 1 ) be fbe given point, the line (1) of the preceding 
article will be a tangent to the conic if both of the roots of the 
quadratic equation (3) in r are zero. 

This requires (i) /(x^, ijy, z^) = 0, 
which is satisfied since the point is on the conic } 
and (ii) + mrji + nl^i = 0. 

Thus the equation of the tangent is 

(x - X,) ^i + (y- yO + (^ - ^ 1 ) = 0, 


that is x^i + 2/771 + =f{xi, T/i, Zi) = 0. 

Written at length the equation of the tangent is then 

{Ax^ + Hy^ + Gz^ X + {Hx^ + Byi + Fz^ y 

+ {Gx^ + Fyy + Gz^ A = 0. 

If the notation of the differential calculus be employed 
this is 


y . 9/ . 9/ n 


df . 

where ^ means the partial differential coeflScient of f («„ Aj) 

with respect to Xi, and so on. (j^(J 
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The quantities fi, are respectively 

iV i¥ 

*8y,’ ®8»,' 


282. Chord of Contact and Polar. 

It will be convenient to write T for the expression 
(Axi + Hyi + Ozj) X + (fTaJi + By^ + y + {Qx^ + Fy-^ + Gz^ z 

so that 2^= 0 is the equation of the tangent if {x^, y^, z^ be on 
the curve. 

If (flj], yi, z^ be not on the curve, it can be proved exactly 
as in § 135 that T = 0 represents the chord of contact of tangents 
from {xy, yi, Zi) and the polar of (a;i, yi, z,). 

It can also be proved as in § 141 that the equation of the 
chord whose middle point is (xi, yi, Zi) is T=Si. 

283. Condition for tangency. 

We can at once find the condition thht the line 

lx + my + nz—0 (1) 

should be a tangent to the conic given by the general equation. 
For suppose it is a tangent at {xi, y^, z^, then (1) must be 
identical with 

{Axi + Hyi + Oz^ X + {Hxi + %, + Fz^) y 

+ {Gxi + Fyi + « = 0 , 

• + Syi + _ Hxi + Byi + Fz i _ Gxi + Fyi + \ 

I m ~ n \ Jf’ 

Thus Axi + Hyi + Oz^ —l\ = 0, 

Hxi + By I + Fzi — m\ = 0, 

Oxi + Fyi + Czi — n\ = 0. 

Also since (®i, y„ Zi) satisfies (1) 

Ixi + my I + nzi = 0. 


19—2 
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Eliminating Xx, yi, Zi, X we get 

A, H, G, I =0, 

H, B, F, m 
0, F, G, n 

I, m, n, 0 

which when multiplied out gives 

All* + Bxin* +Cxn* + 2Fimn + 20inl + 2ITilm = 0 , 
where A^, Bx etc. are the minors with their proper signs of 
A, B, C etc. in the determinant 

A. H, Q . 

H, B, F 
G. F, G 

We see from (1) that the condition that the conic should 
touch the line at infinity a!+y + «=0is 

A, U, G, 1 =0. 

H, B, F, 1 
G, F, G, 1 

I , 1 , 1 , 0 

wh ich is a lso the cond ition that the c onic should be a- parabola. 
Thus all parabolas touch the line at infinity. 


284. Equation of pair of tangents. 

We can prove in exactly the same way as was done in the 
case of Cartesian coordinates (§ 214) that the equation of the 
pair of tangents from {xx, yx, ^i) to the conic is 
/(«. y> VuZx) = 

For we have the general equation of conics having double 
contact with the given conic where the chord of contact T = 0 
meets it, viz. 

fix,y,z) = 'KT\ 

We now choose X so that this passes through [cox, yx, «i) and 
thus have the equation of the pair of tangents. 
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285. The equation of the director circle. 

The pair of tangents from («,, t/i, Zi) to the conic 

/S' = .4a;* + By^ + Gz^ + 2Fyz + 20zx +2Hccy = 0, 
is 

(Acd^ + + Cz^ + 2Fyz + 2Gzx + 2Hxy) Si = (x^j + yiji + z^if. 

Expressing the condition that these should be at right 
angles (§ 277) we find at once 




+ {(C + ^-2(?)/Sf,-(S-^0’}^ 

+ + 5 - 2II) Si - {^i - Viy} ^ 

c 

Thus the equation of the director circle is 
/p cos J. O' cos B r cos ON ^ 

\ a b * c /* 


= 0 . 


cos4[^ , cosB^^ , cosO^f. 

where f, y, f are what ^i,yi, become when we suppress the 
suffixes of X, y, z, that is 

^ = Ax + Hy+Gz, r] = IIx + By + Fz, ^=Gx + Fy + Gz. 


286. The centre. 

Tangents at the extremities of any chord through the centre 
are parallel. 

Thus the polar of the centre must be the line at infinity. 
Hence if (a;,, yi, Zi) be the coordinates of the centre, the line 
(4.a;i + Hyi + Gzi) x + {Ilxi + Byi + Fzi) y 

+ {Gxi + Fyi + Gzi) z = 0 

must be the same as 

x + y + z = e(lx + my + nz), 
when e is very small. 

Axi + Hyi + Ozi = Hxi + Byi + Fzi 

= Gail + Fyi + Gzi = X (say). 
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We thus have 

Aa^ + Hyx + Gz^ — X = 0, 
IIxi ■}* -6^1 4“ Fzi — X — 0^ 
Gxx 4" ^yi H" Gzx — X = 0, 
and also a^i + 1 /, + - 1 = 0. 

Eliminating «i, y,, z^ we get 

A, H, 0, 


H, B, F, 
G, F G, 

I , 1 . 1 , 


X 

X 

X 

1 


= 0 , 


that is 


A, 

H, 

G, 

X 

4- 

A, 

H, 

G, 

0 

H, 

B, 

F 

X 


H, 

B, 

F 

0 

G, 

F 

G, 

X 


G, 

F, 

G, 

0 

1, 

1. 

1, 

0 


1. 

1, 

1. 

1 


0 , 


A, 

H, 

G, 

1 

4- 

A, 

E, 

G 

H, 

B, 

F, 

1 


H, 

B, 

F 

G, 

F 

G, 

1 


G, 

F 

G 

1, 

i, 

1. 

0 






0 . 


Thus the coordinates of the centre are given by 
Axi 4- Eyx + Gzi = Hxi + By^ + Fz^ = Oxi + Fyi + Czi 


A, 

E, 

G 


A, 

E, 

G, 

1 

E, 

B, 

F 


E, 

B, 

F 

1 

G, 

F 

G 


G, 

F, 

G, 

1 





1. 

1. 

1. 

0 


287. The coordinates of the centre can also be found very 
simply by using § 280. For as every line through the centre 
(®i> yi» ^i) meets the curve in two points equidistant from the 
centre the two roots of the quadratic equation (3) in T must be 
equal in magnitude and opposite in sign. 

. ■ . ifitji 4" nfi = 0, 

for all values of I, m, n. 

But l + m+n==0 (§ 270), 

••• = = 
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288. The Foci. 

If {oci, yi, Zj) be a focus of 

8^Ax‘ + By* + Gs^ + 'iFyz + ^Ozx + 2Hccy = 0, 
the pair of tangents from {xi, z^, viz. 

(Acc* + By* + Gz* + 2Fyz + 2Qzx + 2Hxy) 8i 

-«i+y% + ^?’i)* = 0, 

satisfy the conditions for a circle. 

These are (§ 277), 

(B+G-2F)8,-(n,-^,)* (G+A-20)8,-(^^-l,)* 

a* " b* 

_ (A + B-2H)S,-(^,-y,y 
c* 

The coordinates of the foci then are given by 

p8-(v- r)» _ qS-(^- ^) * _ r8-{^-r)y 
a* b* c* ‘ 



Eliminating 8 and \ we see that the foci lie on the conic 

p, (v-0\ o? =0 ( 1 ), 

q, (r-f)’. b* 

r, 


which is satisfied by ^ = f, that is (§ 286) by the centre of 

the given conia 
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Thus (1) is the equation of the axes, for only one conic cein 
be drawn through five points of which not more than three are 
collinear. 

I am not aware that the equation of the axes has ever been 
given in so simple a form before. 

290. The Asymptotes. 

The equation of the asymptotes Avill be 
Aa? + By"^ + Gz' + 2Fyz + ^Ozx + 'iHxy + A; (a; + y 4 i’)’ = 0, 
where A; is a constant (§ 186). 

But the asymptotes pass through the centre {x-i, y^, «,) 
given by 

Axx 4 Hyi 4 Ozi = Hxy 4 Byx 4 Fz^ = Ox^ 4 Fy^ 4 Cz^ = 
where \ has the value found in § 286. 

Thus 

A: = — {Ax^ 4 By^ 4 Gz-^ 4 ^Fy^z, 4 ^Oz^x^ 4 ^Ilx^yi) 

= -Xj {Axi 4 Eyi 4 Ozx) - y^ {Hxi 4 4 Fz^) 

— Zx {Oxx 4 Fyx 4 Gz^ 

^ (a?i 4 yx 4 ^i) “ 

Thus the asymptotes of f (x, y, z) = 0 are 


A., 

H, 

G, 

1 

+ (x + y + zy 

A, 

E, 

G 

H, 

B, 

F 

1 


H, 

B, 

F 

<?, 

■F, 

0 , 

1 


G, 

F 

G 

1. 

1, 

1. 

0 






291. The student can easily prove as in § 138 that the 
condition that the lines 

lx 4 my -\-nz = 0, 

Vx 4 m'y 4 n'z = 0, 
should be conjugate lines for the conic, 

Aa^ 4 By* 4 Gz* 4 2Fyz 4 20zx 4 2Hxy = 0, 
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is A, 

3, 

G, 

1 

= 0, 

3, 

B, 

F, 

m 


0, 

F, 

G, 

n 


1 l\ 

m!. 

n' 

0 



and that the condition that the pair of lines 

uo(^ + vy^ + wz^ + 2u'yz + 2vzx + ^v/xy = 0, 
should be conjugate is 

A^u + B{v + Cyw + 2F^u' + 2G^y + 2Ht,v/ == 0, 
where A^y etc., are the minors with their proper signs of 
Ay By etc., in the determinant 

Ay Hy G . 

Hy By F 

Oy Fy G 


Examples. 1. If the vertex A of the triangle of reference be a focus 
of the conic Ax^-\-By^+Cz^^0 then and Bb^=Cc^. 

2, Shew that the equation 

- 2yz -i- 2zx + 2xy = 0, 

represents a hyperbola touching the side of the triangle of reference 
at its middle point, and having for asymptotes the sides ^=0, 

3. The condition that 


lx-\-my-{-nz—0 and Z'.r+w'y-Pn'i;=0, 
should be conjugate linos for the conic 

ux^ + vy^ + wz^ = 0 , 


IV mw! nn' ^ 

— 4- 4- — = 0. 

u V w 


4 The coordinates of the centre of the conic 
s/XX’^-^J ^y^^Jvz^0 
are proportional to/Li4‘v, v4-X,X4-m* 


292. Conics circumscribing the triangle of refer- 
ence. 

The equation of a conic circumscribing the triangle of 
reference is of the form 

Fyz 4* Gzx + Hxy = 0. 
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For taking the conic 

Aa? + By* + € 2 ^ + 2Fyz + 'iQzx + 2IIxy = 0, 
and expressing the fact that this passes through (1, 0, 0) the 
vertex A of the triangle of reference we get = 0. 

Similarly B — O — G. 

293. Conic touching the sides of the triangle of 
reference. 

The general equation of such conics is of the form 

+ V/At/ + = 0- 

For taking the general conic and putting « = 0, which is the 
equation of the side AB oi the triangle of reference we obtain 
Ax* + By* + 2Hxy = 0. 

The left-hand side of this must be a perfect square in x and y, 
otherwise the conic would meet « = 0 in two different points. 

E*=^AB. 

Similarly F* — BG and G* — GA. 

Thus the equation of the conic becomes 
Aa? + By* + Gz* ± 2^^ BG yz ± 2^/ GA zx ± 2'^AB xy =* 0. 

Now put J. = \*, B = y?, G= V*. 

The equation becomes 

"K^x* 4- (Ay* 4- i^z* + 2iivyz + 2vKzx + 2\/j,xy = 0. 

But the left side is a perfect square if we take all the 
ambiguous signs positive or if we take two negative and one 
positive. 

We must then exclude these cases and we have left one of 
the two forms 

\*x* + fi*y* 4- v*z* — 2nvyz — 2v\zx — 2X/ixy = 0, 

4- /A'y’ 4- v*z* 4- 2/Mvyz 4- 2vXzx — 2Xfixy = 0. 

But if we write — v' for p in the second of these it becomes 
the same form as the first, which is then the most general 
form. 
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It can be written 

(V^ + \//Lty + V vz) (- v'\a? + V/Ltt/ + \fVz) {\/Xx -^/fiy + ^/vz) 

(Vx^ + V/Lty — = 

Thus i V fiy + = 0, 

which we may write 

^J\x + V fxy vz ~ Oj 

the ambiguous sign being understood before each of the 
radicals. 


294. The condition that 

lx + my + = 0 


should touch the conic 


IS 


^J\x + V/Iy + •^vz ^0 
I m n 

For if we eliminate z between the two equations we get 


(V^ + V/^y)* 


■V X 


Ix + my 


n 


that is 

that is 


o. r: —v(lx + my) 

"Kx + fj^y "I" Zy^i^xy — . 

a; + 2>\/\fixy + ^/x + — ^ y = 0. 


The left side must be a perfect square in •^x and >/y. 

lv\ 


which reduces to 


/ Ip\ f , vm\ 
Xmn + finl + vim — 0, 
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295. Conics for which the triangle of reference is 
self-polar. 

The general equation of conics for which the triangle of 
reference is self-polar, that is to say each vertex is the pole of 
the opposite side is 

-f- jBy’ -f Gz* = 0. 

For the polar of the vertex A (1, 0, 0) for 

Aa? Ar By'^ Cz* + 2Fyz -f 2Gzx 4- 2Hocy = 0, 
is Ax -f Hy + Qz = 0, 

and this has to reduce to a; = 0 ; 


G = 0andfr = 0. 

Similarly F=0. 


The condition that lx my -f = 0 should be a tangent is 


A 




For the tangent at (a?!, y^, z-^ is 

Axxi 4- Byy^ 4- Gzz^ = 0. 
Making the two lines identical we have 
Axt, _ Byx _ Czy 


But 


I m n ' 


Ax^ 4 - By^ + Gz^ = 0 , 


I' m? n _ 

a'^~b'^g^ 


296. Equation of the circumcircle of the triangle of 
reference. 

The general equation of conics circumscribing the triangle 
of reference is 

Fyz 4- Qzx -t- Hxy = 0. 

The conditions for a circle become in this case 
F G H 
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Thus the circumcircle has for equation 
a^yz + b^zx + (?xy = 0, 
or, as it may be written, 


a? 6 * 

y 



= 0 . 


297. Equations of incircle and eclrcles of the 
triangle of reference. 

The equation of a conic touching the sides of the triangle 
is given by 

W + p^y* + vV — 2fivyz — 2v\zx — 2\pxy = 0. 
Expressing the conditions for a circle we have 

fi?+ v^ + 2pv _ I/* + X’ + 2j'X _ X* + /i’ + 2X/i 
a? ^ 


that is cither 
which give 
or 


/X + j; _ V + X _ X + /A 
±0, ~ ±b ~ ±0 * 

/a + i'_i' + X_X + /A 

X _ p _ V 
h-^c — a c + a — b a + 6 — c' 

p + V _v + \ _'K + p 
a ~ b ~ — c * 


which give 
or 


X p _ u 

b — i3 — a~ — c+a — b~a + b + o‘ 

p + V _v + \ _'K + p 

~cr~~^ ~'~r* 


which give 
or 


X _ p _ V 
'-b + c — a c + a + 6 a — 6 — o‘ 

p -h V V+X X + ^ 

a ~ —b ~ —0 * 


which give 


X 

-b-c—a 


p V 

— c + a + b~ a — b + e‘ 
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Whence vre get as the equations of the four circles touching 
the sides of the triangle of reference 

V(s — a) a!+ V(s — b) ^ + ^/(s — c) z — 0, 


V (s - 6) « + '\/{s — a)y + V — = 0, 

V(s — c) a: + V — 53/ + V(s — a) 2; = 0 , 

•J — SX + '^{s — c)y + ‘^{s — b)z = 0. 

It is easy to see that the first of these gives the incirclej 
the second the ecircle opposite to G and so on, for the z 
coordinate of eveiy point on this ecircle is negative, whereas 
the X and y coordinates are positive. 

We observe that the equation of the ecircle opposite to A 
is got from that of the incircle by writing — a for a. 

\j^i. Equation of the nine points circle of the 
triangle of reference. 

This circle has to pass through the middle points of the 
sides and the coordinates of these points are (0, i), (i, 0, i), 

(i. i, 0). 

Taking the general equation 

Aa? + By^ + Gz^ + 2Fyz + 2Qzx + 2Hxy — 0 
we have the conditions 

B+ (7+2i?’=0, 

(7 + ^ +20^ = 0, 

A + B-¥2H=0. 

And the conditions for a circle are 

B^-G-2F G + A-2Q A + B-2E 


a* 


B+G 


a? 


b^ 

G+A 


which give r. — — 
6 6* + c* 


c» 

A + B 

i 

G 


b^ + c^-a’‘ c* + a*-fe* o* + 6‘-c» ^ 

2F=-iB + G) = -k(2a’‘)i F^-ka\ 
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Hence the equation of the nine points circle is 
(ftj + c* - a’ ) «=“ + (c* + a* - 6") 3/* + (a’ + 6» - c*) 

— 2a*yz — 2b^zx — 2<?xy = 0 , 


that is 


a* [{y — zy — a;*} + 6* — «)* — y^] + c’ {(a; — yy — a®} = 0, 

or {y — z — x){y — z + x) + (z — X — y) (z — X + y) 

+ c* {x — y — z) {x — y + z) = 0 , 

which can be written 

y+z—x z+x—y x+y-z 


299. On the form of the equation of the nine points 
circle. 

It may have already occurred to the reader that, as the 
equation of the circumcircle of the triangle of reference is 

a® 6® c® „ 

- + - +- = 0 , 

X y z 

and that of the nine points circle is 

a* 6® c» 

+ h — 0, 

y+z—x z+x—y x+y—z 

there is some connection between the two. Such indeed is the 
case. 

Let A', B', O' be the middle points of the sides of the 
triangle of reference. A' being opposite to A, B' io B and 
O' to 0. 

Let {x, y, z) be the areal coordinates of a point P referred 
to the triangle ABC. And let {x', y', z') be the areal coordinates 
of the same point referred to A'B'U. 

™ , APP'O' 4 APP' 0 ' 

Then ®"AA'P' 0 '“ AAPO ’ 

But the coordinates of P, P,, C referred to ABO being 
respectively 

(iiO), 
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APRCr 
AABG '' 


we have i =Hy + ^-«). 

y, 0 , ^ 

I A, i 0 

.*. x' = y +Z — X. 

Similarly y* = z + x — y and / — x+y — ». 

Now the nine points circle of the original triangle ABC is 
the circumcircle of the triangle A'B'G'. 

If then the point P be on the nine points circle of ABG, it 
is on the circumcircle of A'B'G', 


that IS + 1 ; = 0. 

y+z—x z+x—y x+y—z 

Again the equation of the incircle of A'B'G' referred to 
A'B'G' would be 

V(s' — a') af + V(s' — 6') y' + —c')z' =0, 

where a', h', d refer to A'B'G'. And a' : 6' : c' = a : 6 : oi 

Therefore the incircle of A'B'C has for its equation referred 
to ABO 

•>J{s — a)(;y + z — x) -k- — h){z + X- y)-¥^l{s - c){x + y — z) = Q. 

We see then how when we know the equation of some locus 
connected with the triangle ABG we can find the equation of 
the corresponding locus connected with A'B'G'. 

300. The Circular Points at Infinity. . 

We have seen that the equation 

Ax^ + By* + Gz^ + 2Fyz + 2Gzx + 2B[xy *=0 (1) 

represents a circle if 

B + 0-2P_0+A-2G _ A+B-2£f 
a* 6* c* * 
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Suppose these conditions fulfilled and equate each of these 
fractions to X, 

2F==B + G-\a\ 

'iQ = G A. — \Z>*, 

2H=A+B-Xc\ 

Thus the equation of the circle becomes 
Aa?-k-By^ + G^ + {B-vG-Xa^)yz-\-{G + A- \6*) zx 

+ (^A + B — \c*) xy = 0, 

that is 

{Ax + By Gz) {x + y z) — X {(Fyz + V^zx + c^xy) = 0. . .(2). 

Thus points common to this circle and the circumcircle of 
the triangle of reference satisfy 

{Ax + By -\r Gz) {x + y z) — Q. 

We see then that Ax + By + Gz = 0 is the radical axis of (1) 
and the circumcircle; and further that (1) meets the line at 
infinity, x-\-y + z = (i, in the same points in which the circum- 
circle meets it. 

Thus all circles in a plane go through the same two points 
on the line at infinity, viz. the two points in which the line at 
infinity cuts the circumcircle of the triangle of reference. 

These points are called ‘ the circular points at infinity.’ For 
their use see my Gourse of Pure Geometry, Chapter xviil. 


300 a. It seems desirable here again to justity our taking 
the equation of the line at infinity as 

a? 4* y -f ^ = 0, 

instead of using its more accurate expression 

a?4y-h^ = Lt€ {lx 4 my -f nz) (3), 

This line meets the circle (2) in points determined by 
€ (te 4 my 4 nz) {Ax 4 -Sy 4 Cz) — X {a^yz 4 h^zx 4 c^xy) = 0, 


that is by 


€ {lx 4 my 4 nz) - 


\ {o}yz 4 h^zx 4 c^xy) 
Ax 4 4 


A. 


20 
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Now the points satisfying this and (3) are at infinity, and so 
the numerator of the right-hand side unless it be zero will be 
large compared with the denominator, whereas the left-hand 
side is finite. Hence we must have 

a^yz -f h^zx -4- &xy — 0. 

Thus the circle meets the line at infinity in the same points 
in which the circumcircle meets it. 

Another way of regarding the matter is this. We see that 
x + y z always finite, being in fact equal to unity, and the 
equation (2) can be written 

Ax + By + Gz — \ {a‘‘yz + h^zx -f c^xy) = 0, 
so that at infinity the terms of the higher order in x, y, z, 
namely 

\ ia?yz -i- h^zx -t- c^xy), 

must overwhelm those of the lower order, namely 

Ax By + Cz, 

unless indeed a^yz -t- h^zx + (?xy = 0. 

This is just what we get when in (2) we put x-]r y A z = 
Thus when we write x + y -V z =■ 0 'VfQ are really expressing 
the fact that even when x, y and z have infinite values they 
assume these values consistently with x + y + z being finite ; 
and if « -h y + « be finite it is the same as if we write 

X y + z = 0, 

for finite quantities are negligible in comparison with infinite 
ones. 

301. Radical axis of two circles. 

If 8 = Ax^ -f By^ -f Cz"^ + 2Fyz -t- 2Qzx -f 2H!Jcy = 0 . . .(1), 

S’ = A V -t- OV -I- 2F'yz -h 2G'zx -f- 2H'xy = 0. . .(2), 

be two circles, and if 

B + C-2F _G + A-2G _A+B-2E 

a? " 6* ■" c» 

, _ B' + G-2F’ G + A'-20' A' + B'-2H' 

and = = , 

tt* 6* c* 
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the equations can be written (§ 300) 

{Ax + By + Gz) {x y + z) — \ {cfiyz + h^zx -\-'e'ocy') = 0, 

{A' X + B'y + Cz} {x + y + z) — X {a^yz 4- h^zx + c^xy) = 0. 
Thus points common to the two circles satisfy 

4- By 4- Gz) {x -\-y + z) _ {A'x 4- J^y 4- G'z) {x+y -{■ z) 

. 

Thus the radical axis of the two circles is 

Ax 4- By + Gz _ A'x 4- B'y 4- G'z 
_ _ , 

The student will have no diflficulty in proving for himself 
that the square of the tangent from {x, y, z) to the circle (1) 
. -S 

Example. If r be the lengths of the tangents from the vertices 
Ay By C of the triangle of I'oference to a circle the equation of that circle is 

q^y + rh) {x 4-^+^) - {a^yz + hhx + c^xy ) = 0 [ Wolstenholme], 

302, Peuerbach^s theorem. 

Let us find the radical axis of the nine points circle of the 
triangle of reference, viz, 

(6a + c* ~ 0 ?) + (c^ + a* ~ 6^) + {a? + 6^ - c*) 

— — 2lhsx - 2(?xy = 0 

and the incircle, viz. 

(5 — ay + (5 — 6)^ 2/’ + (5 — c)® — 2 (5 - 6) (5 — c) yz 

— 2 (5 — c) (5 — a) — 2 (5 - a) {s — b)xy — 0. 

Here X - t - g. - t fa’ + . 4. 

a* 

and ~ 4 - (a - c)° 4- 2 (g - b) (s - c) _ (2g- b-c)* _ 

a* a* 

Thus the radical axis of these circles is 

(6* 4- c* — a^) « 4- (c* 4- a® — 6’) y 4- (a* 4- 6“ — c’) z 
4 

•= (« — a)“ a; 4- (s — 6)® y 4- (s — c)® z, 

20—2 
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that is [(6® + o’ — a*) — (6 + c — a)“] x + etc. = 0, 
which reduces to 

(a - h){G - a) X + Q) - c) (a - h) y (c - a) Q) - c) z = 0, 
® , S' . ^ 


that is 


h-c 


a a — h 


0 . 


Now this line touches the incircle; for the condition for 
this is (§ 294) 


h —c c — a a — h 

I hat is {s — a) (6 — c) + (s — h) (c — a) + (s — c) (a — b)== 0 , 
ifhich is satisfied. 


Hence the nine points circle touches the incircle. 

As the equation of the ecircle opposite to A can be derived 
from that of the incircle by writing — a for a, and the equation 
of the nine points circle is unaltered by this, it is clear that 
this ecircle must also touch the nine points circle, and similarly 
the other ecircles touch it too. 

This is Feuerbach’s well known theorem. - 


303. The condition that the circle 

Aa^ + By* + Gz* + 2Fyz + 20zx + 2Hxy = 0 (1) 

khotdd cut orthogonally the circumcircle of the triangle of 
reference is 

Aa cos a + Bb cos ^ + Gc cos 7 — \abc = 0 , 
where a, 7 are the angles of the triangle amd 


\ = 


B^-G-2F 

a* 


■etc. 


' For if the circles cut orthogonally the pole, with respect to 
ei^er circle, of their radical axis must be at the centre of the 
other circle. 

Now the radical axis of the two circles is (§ 300) 

Ax + By + Cz = 0 


( 2 ). 
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(®i. Vu ■2’i) the pole of this with regard to (1), 

Acc^ + Hyi + Qzi __ Hsci + Byi + Fzi _ Oxy + Fy^ + Gz^ 

... _ _ _ 


And if the circles cut orthogonally (a?,, yi, z^ must be the 
centr^of the^cifcumcircle. ~ — - — - — — — 

®i : yi : = a cos a : J cos : c cos 7. 

Aa cos a + Hh cos + Gc cos 7 ffa cos a + £6 cos £ + Fc cos 7 

_ Qa cos a + F6 cos ^ + Gc cos 7 

= -Q ...{6). 


Taking the first of these equalities we get 
Aacos a(£ — H) + Bb cos /8 (H— A) + c cosy(BQ — AF) = 0. 
We now make use of the relations 
B + G-\a^=^2F, G+A-X6* = 2G, A+£-\c» = 2£r, 
and so obtain on elimination of F, 0 , H 

Aa cos a (£ — A + Xc®) + Bb cos /3 (£ — A — \c*) 

+ c cos 7 {B (G + A — X6’) — A (£ + G — Xa*)} = 0, 

that is 

Aa cos a (£ — A) + £& cos /8 (£ — A) + Gc cos 7 (£ — A) 

+ XAac (c cos a + a cos 7) - X£6c (c cos ^ + 6 cos 7) = 0, 
which gives either £ — A = 0 or 

Aa cos a + £6 cos yS + Gc cos 7 - Xa6c = 0 (4). 

Had we taken the second of the two equalities (3) we should 
have obtained either (4) or B — G. 

Thus either (4) holds or A = £ = G. But in this latter case 
the radical axis becomes x + y + z = 0 , that is the line at infinity. 
In other words the two circles would be concentric. 

We see then that (4) is the condition that the circles should 
cut orthogonally. 
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EXAMPLES. 


1. Shew that every conic circumscribing the triangle of 
reference and passing through the orthocentre must be a rect- 
angular hyperbola. 


2. If a rectangular hyperbola circumscribe a triangle it passes 
through the orthocentre. 


3. The circle for which the triangle of reference is self-polar is 
coaxial with the circum circle and the nine points circle. 

4. The centre of a rectangular hyperbola circumscribing a 
triangle lies on the nine points circle. 


6, The areal coordinates of the points of contact of the conic 

sl\x ■¥ s! iiy n/i/ 2 j = 0 
with the sides of the triangle of reference are 

(®’ (zTi’ 

which become 



where the conic is a parabola. 

The area of the triangle formed by three tangents to a parabola 
is half that of the triangle formed by their points of contact. 


6. The condition that the line lx + my should touch 

the conic Fyz + Gzx + Hxy = 0 is 

7. If the conic Aa? + + Cs? = 0 be a parabola, the co- 

ordinates of its focus are proportional to 

Cc* + Aa\ Ac? -f Bh\ 
and the equation of its axis is 


y, 

BV + (7c*, (7c* + Act?, 

1 1 

3 ' 5 ’ 


z 


= 0 . 


Aa'+Bh'^ 

1 
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[As in § 288 the coordinates of the foci are given by 
^ ^-^2 — ^ = two Similar expressions. 

Using the fact that BO + GA + ^ = 0 in our case we have 

BO ( 2 / + » - £c) (a3 + 2/ + «) _ GA ( 2 ; + aJ - y) (aj + 2 / + «) 

_ ^ _ 

_ AB {x y — z) {x •{• y -k- z) 

= _ . 

Dividing out by a; + 2 / + « we get 

y-\-z-x z-^’X’-y a: + y — » 

Aa? ^ G(^ ^ 

. X y % 

Bh^ + 6V "" 6'c- + Ja" "" + m ‘ 

If fe + mt/ + = 0 be the axis, since this passes through the 

focus we have 

(i)'6 + C<?) I + ((7c" + ^a") m + (il a" + m") n = 0. 

Also the axis goes through the centre the coordinates of which 
(oji, 2 / 1 , are infinite but are in a finite ratio to one another given 
by (§ 286) 

Axi^ By^=^Cz^, 

r«, I m n ^ 

Thus _ + _+_=0. 

On eliminating I, m, w we have the equation of the axis.] 

8. Obtain the equation of the director circle of the conic 

Fyz + Gzx + Hxy = 0, 

and deduce that the equation of the directrix in the case where the 
conic is a parabola is 

2 {(G! + H-F)x + F{y + 2 )} = 0. 

€b 

9. The centre of the circle circumscribing a triangle which is 
self-conjugate with regard to a parabola lies on the directrix of the 
parabola. 

10. Prove Gaskin’s theorem, of which Ex. 9 is a special case ; 
The circle circumscribing a triangle which is self-conjugate for a 
conic is orthogonal to the director circle of the conic. [Use § 303.] 
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11. Obtain the equation of the parabola touching the three 
sides of the triangle of reference, the point of contact with a? = 0 
being the middle point of that side. 

[4£c® -h 2 /® + + ixy - 0.] 

12. If in the last Example i>, F be the points of contact 
with the sides, prove that jE'i^is parallel to BC, and that AD passes 
through the middle point of EF, Prove further that the middle 
point of all chords parallel to BC lie on the line AD, 

13. Shew that the equation x^^2kyz represents a conic 
touching the sides AB, AC oi the triangle of reference in B and G, 
Prove that the straight line joining A to the middle point of BC 
cuts the conic in a point the tangent at which is parallel to BC. 
Further shew that this line passes through the centre of the conic. 

1 4. Prove that if the conic + Vvi = 0 be a parabola, 
the equation of its directrix is 

X (6^ + - 0 -*) a? + /A (c^ + a* - 6*) y + V (a* 6* ~ c*) « = 0. 

Shew also that the coordinates of the focus are proportional to 

U’ v)^ 

that the focus lies on the circumcircle of the triangle of reference, 
and that the directrix passes through the orthocentre of the 
triangle. 

16. Shew that the equation of the axis of the parabola in the 
previous question is 



16. The necessary and sufficient condition that the triangle 

whose vertices are (cTj, yi, (x^y ya, ys> should 

be in perspective with the triangle of reference ABC (A' corre- 
sponding with A and so on) is 

17. If two triangles ABC, A'B'C' be reciprocal for a conic 
(that is A the pole of B'C', B of C A! ^ 0 of A'B') they will be 
in perspectiva 
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18. Shew that if the sides of the pedal triangle of the triangle 

ABC be produced to meet the opposite sides in B, the 

straight line DEF is the radical axis of the circumcircle of ABC 
and the circle with respect to which the triangle ABC is self- 
conjugate. 

19. The locus of the centre of a conic which touches the 
sides of a given triangle and passes through a given point is a conic 
inscribed in the triangle formed by the lines joining the middle 
points of the sides of the given triangle. 

20. A conic passes through the vertices of the triangle of 
reference and their centre of mean position. One of its axes is 
parallel to fic = 0, the coordinates being areal. Shew that its 
equation is 

a c cos B b cos G 

_ — ^ ^ 

X y z 

21. Shew that the locus of the centres of conics which circum- 
scribe a given triangle ABC and have a common tangent at A 
is a conic. 

22. 0 is a point whose areal coordinates are (a?, y, %) with 
reference to the triangle ABG^ whose sides are of lengths a, 6, Cvj 
if F be any other point prove 

X . PA^ + y . PB!^ •+• % . PC^ = PO^ + ()?y% + hHx + c^xy 

and deduce the equation of a circle whose centre and radius are 
given. 

23. The general equation of conics passing through the middle 
points of the sides of the triangle of reference is 

+ iT (y + 2; - a;) (2 + a? - y) = 0 . 

24. The angular points A, jB, C of a triangle are joined to any 
point 0, and OA, 05, OG meet the opposite sides in a, j8, y. Shew 
that if the conic through a, j8, y and the middle points of the sides 
be a rectangular hyperbola, then 0 lies on the circle round ABG. 
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25. A triangle circumscribes a conic and a, y are the points 
of contact. Shew that the intersections of the lines BC^ py; CA^ ya; 
AB, a/i are collinear and that if the conic touches a fourth fixed 
line, this line of collinearity passes through a fixed point. 

^ 26. The locus of the pole of the line Aa? + /xy + v 2 j = 0 with 

respect to the system of parabolas which pass through the vertices 
of the triangle of reference is the curve 

\/x {^y + — kx) + Jy (vz ■i'kx — fiy) Jz (kx + fiy — vz) = 0 . 

27. Conics touch the sides of a triangle ABC ) and the point 
of contact with the side BC is a fixed point. From another fixed 
point in BC tangents are drawn to the conics. Shew that their 
points of contact lie on a fixed line through A. 

28. The equation of the line containing the centroid, the 
opthocentre, the circumcentre and the nine points centre of the 
triangle of reference ABC is 

cos il . 0 ? + — z — cos ^ . V + cos C7 . « = 0. 

a 0 ^ c 

Shew that this line contains the four corresponding points for 

the triangle joining the middle points of the sides. 

29. The areal coordinates of the centre of the conic 

\/kx+ Jfjiy + Jvz = 0 

inscribed in the triangle of reference ABC with respect to the 
triangle joining the middle points of the sides are in the ratio 

kl fX IV. 

30. Shew that the common chord of the conic yz + zx4-xy-0 
and its circle of curvature at the vertex A of the triangle of 
reference is 

a, by c being the lengths of the sides. 

^ 31. The locus of the centre of the conic lyz + mzx^nocy — Oy 
which passes through (x*y*z') is a conic whose centre is at the 
point 

/I 4- a?' 1 + y' 1 + z\ 

\ 4 ^ 
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32. The axis of a parabola is Xa; + /ay + v« = 0, and the tangent 
at the vertex is X'a; + /ay + v% — 0, shew that its equation is of 
the form 

(Xaj + /ay + ^ (a; + y + «) (X'a? + /a'y ’+ vz). 

33. A conic circumscribes a triangle and its centre moves along 
a median, prove that the asymptotes touch a conic which touches 
two of the sides of the triangle at the extremities of the remaining 
side. 

34. A conic is inscribed in a triangle ABC and one of its 
asymptotes passes through a fixed point. Find the locus of the 
centre, and prove that if the point coincides with A the locus 
becomes the sides AB^ AC and the straight line joining the middle 
points of these sides. 

35. Prove that if a parabola touch the sides of the triangle 
ABCy the polar with respect to the parabola of the centroid 0 of 
the triangle will touch the conic which passes through 4, jB, C and 
has its centre at (?. 

36. Prove that if 

aoi? 4- 6y^ + cz^ + %fyz + 2gzx 4* 2hxy = 0 
represent a circle in areal coordinates its radius is 

2/2Ai/ {(2/- b-c)(2g-c-a){2h-a- 
where A is the discriminant, and R the radius of the circumcircle of 
the triangle of reference. 

37. Shew that one asymptote of the conic asc* 4 - 4 - = 0 

will be parallel to one asymptote of the conic a'cc® 4- ft'y^ 4- c V = 0, if 

X^ 4* /a* 4- — 2/u.v — 2i'X ~ 2X/a = 0, 

where X = 6c' — 6'c, /a = ca' — c'a, v = a6' ~ abj 

the coordinates being areal. 

38. Shew that if 

$ = vy — wz, rj^wz^ ua?, ^ = tea? ~ t?y, 
the asymptotes of the conic tear* 4* vy^ 4- wz^ = 0 are 

4- vrf 4- = 0, 

and that qrj^ + r^-0 represents a pair of conjugate diameters 
provided that 

(v + u^) + j + w) 4- r (w 4- v) w 0. 
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39. Shew that the equation of a pair of conjugate diameters of 

the conic + ojy = 0, may be written 

(? -p) («“»)* + (?- q) (a? ~y)* = 0. 

40. Shew that the locus of the centres of all conics of given 
eccentricity which circumscribe a triangle is in general a curve 
of the fourth degree passing through the middle points of the sides 
of the triangle. 

41. The area of the ellipse whose areal equation is 

\yz + yizx + vQcy = 0, 

bears to the area of the triangle of reference the ratio 
4irX^v : (2/xv + 2vX + 2X/ji — X* — jut* — f*)^. 

42. The areal coordinates of the point of contact of the incircle 
and nine-points circle of the triangle of reference are in the ratio 

(6 - c)* (fi ~ a) : (c - a)* (« — 6) : (a - hf (s ~ c). 
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HOMOGENEOUS COORDINATES IN GENERAL. 

304. Areal coordinates, which we have treated in the last 
chapter, are only a particular case of a general system of homo- 
geneous coordinates which we now proceed to explain. We 
transform the Cartesian coordinates (sc, y) referred to any axes, 
rectangular or oblique, in the plane to new coordinates (X, Y, Z) 


by the relations 

X = \iX + /u.iF+ viZ (1), 

y = \^X -f- /taP-P P'iZ (2), 

where X, Y, Z are connected by a linear relation 

l=aZ + ^F+7^ (3). 


As yet no geometrical meaning is given to the new 
coordinates X, Y, Z. 

We can solve the above equations and express X, Y, Z ia 
terms of x and y, provided the determinant 

^ 1 . ^1 be not zero. 

a. 7 

We will write these results 

X — AiX q- Siy q- 
F = q- B^y + Gi, 

Z = A^ q- B^y q- Cj. 

It is clear that the equation IX mY nZ = 0, being 
equivalent to 

I (AiX -h Biy q- Oi) q- m (A^ q- B^ q- (7*) + n (A^ q- Bsy + Cj) =» 0 
represents a straight lina 
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And in particular ^ = 0, F=0, Z=0 represent straight 
lines. 

These last three lines form a triangle AB G which we sha ll 
speak of as the tria ngle o f referenc e^' 

The vertex A of the triangle being given by Y=0, Z=0, 
we have from (3) X = 1/a. 

Thus the coordinates of A are (1/a, 0, 0). Similarly, those 
of B and G are (0, 1/yQ , 0) and (0, 0, I/7) respectively. 

The Cartesian coordinates of A are thus (Xj/a, Xj/a), of B 
{/Mi/B, fii/B), and of G (vjy. v^ji). 

All Cartesian equations of algebraical curves transform into 
homogeneous equations in X, Y, Z by reason of the relation (3). 
The general equation of the second degree may thus be written 
+ BY<‘+ GZ^ + 2FYZ + 2GZX + 2HXY= 0, 
and this of course represents a conic. We shall later on 
discriminate the nature of the conic thus represented. 


305. Area of triangle. 

We proceed now to find an expression for the area of a 
triangle PQR the coordinates of whose vertices are (XiY^Z^), 
(X^YfZa), (XtYtZa) respectively. 

Let (* 1 ^ 1 ), be the Cartesian coordinates of the 

vertices P, Q, R. 

The algebraical area of the triangle is then 






Vi , y %, y » 

1, 1, 1 

where <0 is the angle between the axes 


sin o), 


And this 




XiZi+/*iFi+i/iZi, \iXfl- fiiYf\-vxZi, XiZj+/*iFj+i'iZ3 

aXi + ^Fi + yZi, aZa + /3Fa + yFj, aZa+ySFa + yZ, 

sina>. 


sina> 



^1, 

Za, 

z, 



th., 

Vi 


F>, 

Fa, 

Fa 


Xa, 

/*2, 



F,. 

Fa, 

Fa 1 


a. 

B, 

7 
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And in particular the algebraical area of the triangle of 
reference ABG is 


1 

a 


0. 0 


0, 3. 0 


1 

7 



Aq, 



sin ft) 


A 2 , 


V 2 



a, 

/3. 

y 


\l, 


Vi 

sin ft). 


/^2, 

Vi 



a. 


7 




0 . 0 , 

2 ‘ a/37 


Denoting this by A we have that the algebraical area of the 
triangle PQR is 

a^yA j Xi, Xj, X, 

F„ F. Fa 
Zi, Z.i, Z3 

306 Geometrical interpretation of the new co- 
ordinates. 

The expression thus obtained for the area of a triangle gives 
us a geometrical meaning for our new coordinates. 

For if (X, F, Z) be the coordinates of any point P, the area 
of the triangle PBC is 

OySyA I X, F Z \ = aAX. 

0, 0 

0 , 0 , - 

7 

„ APBG Q. APGA , _ APAB 

Tta8 aX. Similarly « 7= and yZ - . 

Thus we learn that 

X is 1/a times the ratio of the area of APBG to that of A ABG. 
Fisl//3 „ „ „ APGA „ „ „ 

Z isl/y „ „ „ APAB „ „ „ 
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We see then that areal coordinates are the special case 
where o = /S = 7 = 1. 


307. Traniformatlon to Cartesians. 

Now let (xiy-i), («*ya)> be the Cartesian coordinates 

of the vertices A, B,G oi the triangle of reference. We there- 
fore have from the relations 


® = -{■ fi\Y -\- ViZ y = -f- -f- 


that 








Therefore the general relations connecting together the 
Cartesian and the other coordinates can be written 


X = ax^X + fix, Y + yXsZ, y = ay^X -f fiy^ Y + yy^Z. 

By means of these relations we can pass from our new 
coordinates to Cartesian coordinates with any axes if the 
vertices of the triangle of reference be known in relation to the 
Cartesian axes. 

In particular if we take as our Cartesian axes the sides GB, 
GA of the triangle of reference, the coordinates of the vertices 
of the triangle are (0, b), (a, 0), (0, 0). 


A 



We thus get x = ^aY, y — ahX, 

whence X=^-.\, Z = -i\ 

06 pa 7 \ 


a bj' 



HOMOGENEOUS COOEDINATES IN GENEEAL 


m 


308. By transformation to Cartesian axes GB, GA we can 
shew in exactly the same way as for areal coordinates 261, 
262, 270) that 

(i) The coordinates of a point dividing the line joining 

), (Xj, F„ Z^) in the ratio k ; I are 
kX^ + IX ^ kY^ + I Fi kZ, + IZ^ 
k+l • k + l ' k + l 

(ii) The square of the line joining (Xi, F,, F) and 
(X„ Y„Z,)iB 

- - F,) (F - Z,) - b*ya (Z, - Z,) (X, - X,) 

c*ctB (X I Xa) ( Fj Fj). 

(iii) The equations of a line through (Xj, F„ Fj) can be 
expressed in the form 

X-Xi F-F Z-Z, 

7 

L mn 

where r is the algebraical distance of (X, F, Z) from (Xi, Fj, Xj), 
and I, m, n are constants for the line such that 

al + /Sm + <yn = 0, 

£i(*/9'y77in + b^'ya.nl + d^aBlm = — 1. 

The student is recommended to work out these results for 
himself. He will observe too that the equation of the line at 
infinity is now 

aX + /SF + yZ = Lt e (IX + mF + nZ), 

•=o 

which we may write aX + BY + yZ = 0, 
this being interpreted to mean that oX + ySF + yX is finite 
even when X, F, X are some or all of them infinite (see §§ 265, 
266, 278, 286, 300 a). 

309. General equation of the second degree. 

We come now to the general equation of the second degree, viz. 
/(X, F, X) = AX' + BY' + GZ' + 2XFX + 20ZX + 2HXY= 0. 

We shall have exactly as before that the tangent at 
(X\, Y 1 , Xi) is 

T = (AX, + HY, + QZ,) X + (EX, + BF, + FZ,) F 

+ (G'X.+XF + CF)X=0, 

21 


A 
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the form for the chord of contact and the polar of (Zi, F„ ^i)» 
when it is not on the curve, being the same as this. 

The condition that the line lX + mY+nZ = 0 should touch 
the conic will be as before 

A, H, 0, I =0. 

H, B, F, m 
0, F, C, n 

I, m, n, 0 

The equation of the pair of tangents from (Xj, Fi, will be 
/(X, Y,Z)f{X„ Y,,Z0=T\ 

310. The centre and the asymptotes. 

The centre being the pole of the line at infinity we have 
if (Xi, Fi, Zi) be its coordinates, 

AX^ + HF + QZ, HX, + BY^ + FZ , 

_^ 4 ±^. = X(say). 

7 

whence AX^ + fl’F, + GZi — a\ = 0, 

HX^ + BY, + FZ^-B^ = 0, 

GXi + FYi + CZi — — 0 , 

and aXi + /3 Fj + f^Z^ — 1 = 0, 

firom which we get on eliminating X„ Fi, Z^, 





A, 

H, 

<?, 

aX 

= 0, 





H, 

B, 

F, 

;SX 






0, 

F, 

0, 

lyX 






a, 

B. 

7. 

1 



from which ^ 

we find t 

hat 






X 

A, 

H, 

, (?. 

a 

+ 

A. 

H, 

0 


s, 

B, 

F, 

B 


H, 

B, 

F 


0, 

F, 

G, 

7 


G, 

F, 

0 


a. 



0 
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The equation of the asymptotes can be shewn as in § 290 to be 


A, H, Q. a 

4" (a^ + ^ IT + yZy 

A, H, Q 

H, B, F, /3 


H. B, F 

G, F, 0, 7 
a, /3, 7 , 0 


G, F, G 


311. Discrimination of the nature of the conic. 

If we transform to Cartesian axes (7-B, GA the terms of the 
highest order are easily seen to be 


7* ^yJ ab\y^ a/8 ^y 


6“ W* a* <y(i) “ 


From these we can at once obtain as in § 274 the conditions 
for a circle, viz. 


M! 9 . ^ .5 2g 

7^* a* 7a _ y 9 ’ atyS 

= 15 /.» » 


which we may write 




where p, q, r stand for the three numerators. 

If the conic be not a circle it will be an ellipse, parabola or 
hyperbola according as 

\ 7 “ fiy ya) ^ VyS* 7 * ^y) vt* 7 a/ ’ 

which we may easily get into the form 

p^ + q^ + r^ — 2pq — 2qr — 2rp = 0. 

Or the condition can be expressed in determinantal form 

^ ^ G 

^ a/3’ 7 a’ 

a^’ fiy’ 

g_ z 9 1 

ya ’ ^y ’ 7 * ’ 

1 , 1 1 0 

21—2 
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which can be written 
1 

a’/SV 


A, 

H, 

G, 

« =0, 

H, 

B, 

F. 

B 

G. 

F. 

c, 

7 

a, 

B. 

7. 

0 

asing 

a, /3, 7 all real. 

A, 

H, 

G, 

P 

VIIA 

P 

H, 

B, 

F, 

B 

G, 

F, 

0, 

7 

a. 

B, 

y> 

0 


The condition for a rectangular hyperbola can easily be 
proved as in § 276 to be y 

p cos A , q cos B , r cos ^ 

^ j 1 0 . 

a 0 0 

It must be clearly understood that this discrimination we 
have made is not applicable if the coordinates be imaginary. 
The need for this caution will be apparent at a later stage. 
The coordinates will be imaginary if some of the quantities 
p, V, a, /3, 7 of § 304 be imaginary. 


312. Special coulci. 

The student will be able to see for himself that the general 
equation of conics circumscribed to the triangle of reference, 
whatever system, of homogeneous coordinates is used, is of the 
form 

Fyz + Gza: + Hxy = 0, 

that conics inscribed in the triangle of reference have for their 

equation 

•JXx + V/ty + = 0, 

and that Aa? + By* + Gz* = 0 

is the equation of conics for which the triangle of reference is 
self-polar. 

The equation of the circle circumscribing the triangle of 
reference is 

cue ySy ys 
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and in general it will be observed that when the equation of 
any conic related to the triangle of reference is known in areal 
coordinates, its equation in generalised homogeneous coordinates, 
for which the line at infinity is aa; + /3y + 7 ^^ = 0 , will be got 
from the areal equation by writing ax, fiy, for x, y, z 

respectively. 


313. The foci. 

To find the foci of the general conic in any system of 
homogeneous coordinates. 

Let S = An? + By'‘ + Gz* + 2Fyz + 20zx + 2Hxy = 0 be the 
conic. 

The pair of tangents fi*om {x.,, y^, «j) is 
Si {Ax^ + By* + Cz* + ^Fyz + lOzx + ^Hxy) = {^iX + yiy + ^iz)*, 
where = Axi + ffyi + Ozi, rji = Hxi + Byi + Fzi, 

~ Gxi i yi Czi • 

That this may satisfy the conditions for a circle we must 
have 


(: 


— 4. — ^ ~ ^ , ^Vi^i 

S* y* By) ’ S' y' B'i 


By' 


That is 


a^ 


= similar expressions. 




a* b* 

where 

These equations then determine the foci 


B G 2F 

P = = as befora 


314. The axes. 

To ohtamfhe equation of the axes of the general conic in any 
system of homogeneous coordinates. 

We see firora the last paragraph that the coordinates of the 


foci satisfy 




326 


HOMOGENEOUS COORDINATES IN GENERAL 


where { = V — ^ 

^=Qx-\-Fy-\- Cz, 

The above equations give 

(I_|)--5S+U..O. 

(|_|)’_^g+Xo= = 0. 
Eliminating S and \ we have 


f!-?V 

y) ■ 



= 0 

(A). 


?> 




\y a) 





U ’ 

r. 

c* 




This then is a conic on which the four foci He. But this 
conic passes through the centre of the given conic, for the centre 
is given by 

f ^ ? 

a /3 7* 

Hence (A) is the equation of the axes (comp. § 289). 


The director circle. 


It may be left as an exercise for the student to prove as in 
§ 286 that the equation of the director circle is 


cos A 




+ 


cos B 


cos G 




■|.o. 


316. Trlllnear coordinates. 

Strictly speaking all homogeneous coordinates as we have 
defined them are trilinear in the sense that they are interpreted 
in reference to a triangle. 
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But the term ‘ trilinear coordinates ’ has been specially used 
for that system where the position of a point is determined by 
its perpendiculars upon the sides of the triangle of referfence. 
Denoting these by X, Y, Z we have the identical relation, 
aX + bY + cZ = 2 A, 
where A is the area of the triangle. 



So for this particular system we have 

The equation of the line at infinity is thus 
(iX + 61^+ cZ — 0. 


The letters a, 7 are frequently used instead of X, Y, Z in 
this system. 

The student may practise himself by shewing that the 
condition that the general conic should be a rectangular 
hyperbola in this system is 

A +B+G—2F cos a — 2G cos B — 2H cos 7 = 0, 
where o, 7 are the angles of the triangle of reference. 


316. Cartesian coordinates as a homogeneous system. 

Suppose we transform our Cartesian coordinates a, y by 
writing 

ai = X, y=Y, l=^aX + BY + Z. 

The sides of the triangle of reference being X = 0, Y — 0, 
Z = 0, are in the Cartesians 

« = 0, y — 0 , and ax + By = 1, 
that is to say, the axes of coordinates and the line ax + fiy = 1. 
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Now when a and /3 are very small this last line has very 
large intercepts on the axes, and in the limit when a and )S 
approach zero it becomes the line at infinity, we then have 
® = Z, y=F, l = Z, 

and we have a homogeneous system in which the triangle of 
reference is formed by the axes of Cartesian coordinates and 
the line at infinity. 

We may thus make all our Cartesian equations homogeneous 
by the insertion of appropriate powers of Z, which is unity. 

We can thus include Cartesians among homogeneous 
coordinates and write the general equation 

oo* + + 2fyz + 2gzai + 2hxy = 0, 

g being unity. 

It will be remembered that the equation of a central conic 
referred to two conjugate diameters as Cartesian axes was 
found to be 

— + — = 1 

a* ^ ' 

where « and /9 are the lengths of the semidiameters. 

Making this homogeneous by means of z we have 

- 

Thus we see that the equation of a conic referred to two 
conjugate diameters is really only a particular case of a conic 
for which the triangle of reference is a self-polar triangle. In 
this case the triangle of reference is formed by the two con- 
jugate diameters and the line at infinity, which is of course the 
polar of the centre. 


317. Transformation from one let of homogeneous 
coordinates to another. 

We can transform from one set of homogeneous coordinates 
X, F, Z to other coordinates X', .Z' by substitutions, 

such as 

X = l,X'+rrHT + n,Z', 

T=l,X' + m,r +n^', 

Z=^ltX' + m,T + n»Z', 



HOMOGKNEOUS COOEDINATBS IN QENBRAL 829 

then X', Y', Z' form a homogeneous system, and aa 
olK. + f^Z — 1 , 

there is a relation between X\ Y', Z', such as 
a'X' + ^'F + 7'Z' = l. 

We see now that by a proper transformation we can reduce 
the equation of a conic to a simple form. For in any system of 
homogeneous coordinates the equation of a conic for which the 
triangle of reference is self-conjugate is 

AX* +BY'+CZ^ = 0. 

Thus by taking such a triangle for the triangle of reference 
we can express the equation of a conic in this form, and we 
can then write 

X \l A — X, Y >\fB — y, Z s]G =■ Zy 

and we have a new set of homogeneous coordinates d;, y, .e in 
which the equation of the conic is 

a;* -p y* -f- 2* = 0. 

Clearly x, y, z cannot be all real here if the conic be real, 
and the test for discriminating the conic cannot be applied. 

318. Polar reciprocals. 

Let us make use of homogeneous coordinates to prove that 
the polar reciprocal of a conic B with respect to a conic F is 
a conic. 

The polar reciprocal of B with respect to F means the locus 
of the poles of tangents to S with respect to F. 

We may take as the equation of F, 

a;»-Py»-P2* = 0 (1), 

and represent B by the general equation 

owj* -f 6y* + cz* -f %fyz -P ^gzx -P 2Aa;y = 0 (2). 

(®i» J/i> *i) be the pole with respect to (1) of some 
tangent to (2). 

The equation of the polar being 
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we see that this must satisfy the condition for being a tangent 
to (2), 

♦ Qly hf iTj “ 0# 

h, b, f, yi 

g, f, c, 

Vi, Zi, 0 

Thus the polar reciprocal of S with respect to F is 
a, h, g, X = 0, 

K b, f, y 

g, f, c, 2 
y, z, 0 

which we may write 

Ax^ + By'‘ + Cz* + '2Fyz + ^Ozx + ^Hxy = 0 (3), 

where A, B, G, etc. are the minors, with their proper signs, of 
a, b, 0, etc. in the determinant 

a, h, g = A. 

h, b, f 
g> f> c 

Thus the polar reciprocal of S with respect to F is the conic 
(3) which we will call S'. 

319. It is now easy to see that if we take the polar 
reciprocal of S' with respect to F we get the conic S. 

For the polar reciprocal will be 

A' a? + B'y^ + (7V + 2F'yz + 20' zx + 2H'xy = 0 . . .(4), 
where A', B', etc. are the minors of A, B, etc. in the 
determinant 

A, H, 0 . 

H, B, F 
0, F, G 

A' = (BG — F^) = (ca — g'^) {ah — h*) -{gh- a/)* = aA. 

Similarly B’ = bA, G' = cA, F' =fA, 
and so on, so that the conic (4) is the same as 

aa^ + by^ + cz* + 2fyz + 2gzx + 2hxy = 0. 
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320. The following special cases should be verified: 

The polar reciprocal with respect to a:’ + ?/’ + 2 :’ = 0 of 

(i) il«:» + £2/» + (75^ = 0is2 +1 + 5 = 0, 

(ii) Fyz + Gzx + Hxy = 0 is •JFx + ’J Qy + '^Hz = 0. 

321. Conics expressed in terms of a single para- 
meter. 

The homogeneous coordinates {x, y, z) of any point on a conic 
are in an infinite number of ways given by the ratios 

flj : 2 / : A = at* + + c : a'i* + 6'i + c' : a"t* + b"t + c", 

where the a’s, b’s, and c’s are all constants, and t is a variable 
parameter. 

For if we have a pair of tangents of the conic whose 
equations are 

liX -f nniy + UiZ =0, 1^ + m^y + = 0, 

and if the equation of their chord of contact be 

l^ + m-iy + n,^: = 0, 

the equation of the conic will be of the form 

ifx + m^ + niz) + m^ -f n^) = \ (tja; + m^y + n^z')^, 

— (lx + my-\- nzy (say). 

Thus 

Ix + my + nz l^^ + m^+n^' 

Putting each of these ratios equal to t we have 
{li- It) X + {mi — mt) y + (ni — nt) z = 0, 

{I — If) xi- {m— mf) y + {n — n.f) z — 0. 

Whence 

CD y _ z 

at^+bt + c~ a't* + b't + c'~ a"t^ + b"t + c" ’ 
where a, a', etc. are constants, being functions of I, m, etc. 

As we can express the conic in an infinite number of ways 
by taking different pairs of tangents and their chord of contact, 
we see that this mode of representing the points on the conic 
can be effected in an infinite number of ways. 
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322. On the equations of two conics. 

We have seen that the equation of a single conic can be 
written in the simple form a? + -k- The question we 

have now to consider is, how best to choose our coordinates so 
as to have the equations of two conics in as simple a form as 
possible. 

Now we know that if P, Q, R, S be four distinct points on 
a conic and if PQ and RS meet in A, PR and QS meet in B, 
and PS and QR in G, the triangle ABC is self-polar for the 
conic {Course of Pure Geometry, § 119a). 

Now two conics in general cut in four points. We see then 
that if the four poin ts of intersection of two conics be distinct, 
that is if no two of them coincide, the conics have a common 
self-polar triangle. 

Thus the equations of the two conics can, if we take this 
self-polar triangle for the triangle of reference, be expressed in 
the form 

ax^ -f by^ -t- cz^ = 0, aV -f- b'y* + cV = 0. 

We may now write 

X fa —X, yfb^Y, zfc = Z 
and so get the equations of the two conics in the form 
X^+Y*-{-Z^ = 0, AX^ + BY*^CZ* = 0. 

323. The common self-polar triangle. 

It must not however be supposed that the common self- 
polar triangle of two conics intersecting in four distinct points 
is always real. It is clearly real if the four points of intersection 
be real ; we shall shew that it is also real if the four points of 
intersection be all imaginary, but that if two of the four points 
be real and two imaginary the self-polar triangle has one real 
and two imaginary vertices. 

For taking the case where the four points of intersection 
P, Q, R, 8 are all imaginary, their Cartesian coordinates 
referred to any axes will be of the form 

(«» + iSu 7i + tSi), («! - iSi, 7i - (®a + 7a + *^a)> 

(eta-i/Sa, 7a-'i8*), 
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since the imaginary points of intersection of two real conics 
must occur in pairs. It will easily be seen that the lines 
FQ and RS are real and so their intersection is real The 
equation of the line PR will be of the form 

Ax + By^r G+ i(A'x + B'y +G') = 0 
where A, B, G, A', etc. are all real. 

The equations of QS will be obtained from this by writing 
— i for i, that is the equation of QS will be 

Ax-\- By\-G-i{A'x+ ^j/ + C') = 0 . 

Thus the point of intersection of PR and QS will be that of 
the lines 

Ax + jBy + 0 = 0 and A'x + B'y + 0 ' = 0 , 
which is real. 

Similarly the intersection of PS and QR is real 

Thus the self-polar triangle is real. 

But if the conics have two real points of intersection P (ai,7i), 
Q («s> 7») and two imaginary points R (a, -f ij3,, 7, + 18,) and 
(a, — tj8s, 7, — iSf). It will be seen that PQ and RS are both 
real and therefore their intersection is real. But the inter- 
sections of PR and QS and of PS and QR are both imaginary, 
for an imaginary line (and PR, PS are such) cannot contain 
more than one real point ; for the line through two real points 
is real. 

Thus the common self-polar triangle is imaginary. 

824. Double contact. 

We now proceed to consider the cases where the four points 
of intersection of the two conics which we will denote by S and 
S' are not all distinct*. 

Consider first the case where the conics have double contact ; 
that is touch at two points. We consider this case first because 
the conics have a common self-polar triangle. Let the conics 
touch at P and Q. Let their common tangents at P and Q 
meet in G. 

* I have made use of the Cambridge Tract on Qtuidratic Foi'tn$ by T. J. Vk. 
Bromwich, Sc.D. 
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Take any two points A and B on PQ which are conjugate 
points with regard to S. 



Take ABO for the triangle of reference. 

Thus the equation of S will be of the form 
cue* + by* + cz* = 0. 

Now 8' is a conic having double contact with 8 at the 
points where it is cut by z = 0; thus its equation will be of 
the form 

ax* + by* + cz* = \z*, 

which we may write 

cue* + by* + c'z* = 0, 

These then can be reduced to 

X*+Y*+Z* = 0, X*+T*+CZ*=0. 

We see then that ABC is self-polar for 8' as well as for 8, 
and as we have an infinite number of possible positions for A 
and B on the line PQ the two conics have an infinite number 
of self-polar triangles. 

Moreover we have an infinite number of real self-polar 
triangles. This is clearly the case if P and Q are real. If P 
and Q are imaginary their Cartesian coordinates can be expressed 
(a + t/3> 7+ (® — 7 ~ ib). The tangents at these points 

will intersect in a real point. Therefore G is real, and more- 
over the line PQ is real and so an infinite number of pairs of 
real conjugate points can be taken. 


HOMOGENEOUS COORDINATES IN GENERAL 


835 


825. Single contact. 

Let the conics S and S' touch at A and cut in B and D. 
Draw the common tangent at A and let the chord BD meet 
this in G. 

From G draw GB' tangent to S. 

Take AGB' for triangle of reference. 

The equation of S will thus be of the form 2xy + \z* = 0. 
Also the common chords of S' with /S are y = 0 and a line 
through C whose equation will be of the form kx+ ly = 0. 



Thus the equation of S' will take the form 
2xy + + y (kx + ly) = 0, 

that is the form hy^ + X^* + 2hxy = 0. 

Writing 2 ; V'x= Z we see that two conics with single contact 
can be expressed in the form 

z' + 2xy = 0, 
hy* + + 2hxy = 0. 

Or again if we draw the tangent to jS at P to meet the 
tangent at J. in (7 and take G'AB for triangle of reference, the 
equation of S will take the form z* + 2scy = 0, and S' will be of 
the form z^ + 2xy + y {kx + Iz) = 0, that is z* + 2fyz + 2hxy =* 0. 

Again we might take ABD for triangle of reference, in 
which case the conics would be of the form 

fyz + gzx + hxy = 0, f'yz + gzx + h'xy — 0. 
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The tangents at A being 

gz + hy-=0, g'z+h'g-0, 
and being the same line, we have 


9 


|=X(say). 


the conics will be 

fgz + gzx + hxy = 0, /"yz + X {gzx + hxy') = 0, 
There is no common self-conjugate triangle in this case. 


326. Three point contact. 

Let the conics have three point contact at A and cut in B. 
Let the tangent to jS at JS cut the common tangent &tA inC. 
Take ABC for the triangle of reference. 

The equation of S is of form 2xy = '\z\ 

And S' has with S the pair of common chords y = 0, * = 0. 
Hence its equation is of the form 2xy — Xa* = jxyz. 



In this case then the equations of the conics can be written 
2hxy + cz‘‘ — 0, %fy^ + = 0, 

which again might be reduced as before to 

2XY+Z^ = 0, 2FYZ+2X7 + 2>^(i. 

There is no common self-conjugate triangle. 

327. Four point contact. 

Let the conics S and S' have four point contact at A. 

Let C be any point on the tangent at A. Draw GB the 
other tangent to S, and take ABC for the triangle of reference. 
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The equation of 8 is of the form 2xy = \z*, and the pair 
of common chords of S' with 8 being y = 0 twice over, the 
equation of S' will be 2xy — \z*=fiy\ 



Thus the equations this time are of the form 

2hxy + cz* = 0, b'y* + 2hxy + cz^ — 0, 
which we can reduce to 

2XY + Z^ = 0, BT*+2XT+Z* = 0. 

Here again there is no common self-conjugate triangle. 


EXAMPLEa 

1. If 005 + 4 - ys = 0 be the equation of the line at infinity in 
any system of homogeneous coordinates and a, b, c the lengtlis of the 
sides and A, JB, C the angles of the triangle of reference, prove that 
the condition that the two lines 


lx + my +nz = 0, I'x + m'y + n'z = 0 
should be at right angles to one another is 

-ill + -inn —- 5 - (wn +mn) cos A 

a* p* Y py ' 

— — (nV + v!l) cos B——n (1m' + Vm) cos 0 = 0. 

ya ' ' op ' 

i^implify this in the special case of * trilinear coordinates.’ 

A. 22 
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2. Prove that the necessary and sufficient condition that the 
pair of lines 

lx-\-my Vx + m!y + = 0 

should be conjugate lines for the general conic 

ax^ + hy^ + cz^ + 2/y« + 2gzx + 2hxy =s 0 
in any homogeneous system is 

9, I 1 = 0. 


a, h, 
h, h, /, 
9, /. c, 
m\ n\ 


I 

m 

n 

0 


8. If the lines 

liX + niiy + riiZ = 0 , l^x + + n^z = 0 , l^x + m^y •^n^z 

form a triangle self-polar with respect to a conic for which the 
triangle of reference is self-polar, then 


1 

1 

1 

w 

nil' 

% 

1 

2 

1 

k' 


n. 

1 

1 

1 

h’ 

TO 3 ’ 

«5 


4. The line lx -h my + n» = 0 meets in E and F the sides AC^ AB 
of the triangle of reference for any system of homogeneous coordinates. 
The equation of the line at infinity being known, obtain the equation 
of the line joining A to the middle point of EF. 


6. In any system of homogeneous coordinates if yi, isfj), 
(ajj, 2 / 2 ) «‘ 4 )j (^ 1 ) 2/i> ^ 3 ) vertices of a triangle inscribed in the 

conic 


the sides of the triangle will touch the conio 


+«y-^ = 0. 

V V Viy^yt V 


Shew also that the triangle will be self-polar for the conio 
^ wg* _Q 

OiXfXt ViViVt 



HOMOGENEOUS COORDINATES IN GENERAL 


839 


6. Shew that if ahc = fgh, Any one of the three conics 

aa^ -f 2/yz = 0, by^ -h 2gzx = 0, cz^ + 2hxy = 0 
is the polar reciprocal of a second with regard to the third. 

7. Prove that the four points of intersection of the conic 

yz zx xy = 0 

with the conic 

a{b +c) + b (c + a) y^ + c (a b) z^— 2bcyz — 2cazx -- 2aboDy = 0 

are concyclic, and find the equation of the circle through the four 
points, the coordinates being trilinear. 

Transpose this problem into one with the notation of areal 
coordinates. 

8. Two conics pass through the angular points of a given 
equilateral triangle and cut each other at right angles at these 
points ; shew that the locus of their remaining intersection is 

2x^y^z^ - xyz (yz + + xy) (a; + y + ») + (yz + zx-^ xyY^ 

the coordinates being trilinear and the equilateral triangle the 
triangle of reference. 

State the corresponding equation if the coordinates were areah 

9. Prove that the locus of the centre of a conic which circum- 
scribes the triangle of reference and touches the line 

lx + my + nz=^0 

is Jlx{- ax-hby cz) + V my {ax — by + cz) + isjnz {ax + by— cz) = 0, 

a, 6, c being the sides of the triangle of reference, the coordinates 
being Hrilinear.' 

Give the corresponding equation when the coordinates are 
(i) areal, (ii) homogeneous coordinates for which the line at infinity 
is ax + I3y 0. 

•10. A conic is inscribed in a triangle and the trilinear coordi- 
nates of a focus with respect to this triangle are {x, y\ z) ; prove 
that the line 

xx! (y'® ~ 2 ;'®) + yy {z^ — + zsi (a?'* — y'*) = 0 

is an axis of the conic. 
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11. Prove that in trilinear coordinates 

a s/ojsin (5 — C) + b Jy sin{C -A) + c s/zsin — 5) = 0 

is a parabola touching the sides of the triangle of reference, and 
having for its directrix the line through the centre of gravity and 
the orthocentre of the triangle. 

Generalise this for any homogeneous coordinates. 

12 . Shew that the equation in trilinear coordinates (x, y, z) of 
a conic circumscribing the triangle of reference is 

a h c ^ 
px qy rz 

where », 6, c are the sides of the triangle, and jp, r are the focal 
chords parallel to these sides. 

13. The coordinates being trilinear and referred to the triangle 
ABC, the equation of the directrix of the parabola 

Xyz + fizx -f vxy = 0 

is (/X* -h - 2/iv cos A) hex + + A® — 2rX cos B) cay 

+ (A* + ~ 2A/X cos C) abz = 0. 

14. Shew that two triangles whose sides pass through A, B, C 
respectively (the vertices of the triangle of reference) can be inscribed 
in the conic 

njix 4* + Jnz = 0, 

and that the equations of the lines joining corresponding vertices of 
the triangles are 

lx + my — Znz = 0, etc. 

15. aS' is a conic inscribed in a given .triangle OMN, is a 
conic touching OM, ON at M and N and intersecting S in P and Q. 
Prove that tangents to aS at P and Q will intersect on S\ 

16. Prove that if two conics have four point contact at 0, and 
Q be the pole with respect to the second of the tangent at P on the 
first 0, P, Q are collinear. 
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17. The polar reciprocal of y* — 4ca! = 0 with respect to 

ryA 2 

-„ + ^ = 1 is a’cy* + h*x = 0. 
o* 0 * 

Also the polar reciprocal of = 1 with respect to y* - 4ca5 = 0 is 

6V = 4c* 


18. A conic having (a^, (ajg, y^) for foci is reciprocated with 
respect to the circle + y- = c®, shew that the equation of the 
reciprocal is of the form 

k (sc’ + y*) + {xxi + yy^ - c^) {xx^ + yy, - c*) = 0. 

If the given conic pass through the origin determine k and shew 
that the later a recta of the two possible reciprocals are 

where (rj, and (r,, dj) are the polar coordinates of the given foci. 


19. Shew that the polar reciprocal of cc* + y® - 2axc, - 2yy(, = 0 
with reference to - 1 = 0 is given either by 

« + y») + f) - (*2/o + y^o - 2)* = 0, 

or «/ (yo - ix^) {x + iy) 4- \/(y« + ix,) (» - iy) + 2 = 0 

and account for both of these forms. 


20. If the reciprocal of one parabola with respect to another be 
a parabola, the three curves have their axes parallel or coincident. 

on? 

21. The conic ^ = 1 is reciprocated with respect to a point. 

Shew that if the reciprocal be always similar to the original curve 
the point must lie on the curve 

{x^ + y^y = (a^ ~ b^) {b^^ - ahf), 

whereas if its area be constant, the point must lie on a conic similar 
to the original one. 

22. The triangle formed by the polars of the middle points of 
the sides of a given triangle with respect to any inscribed conic is of 
constant area. 

[The conic may be taken to be Vfic + sly + = 0.] 



CHAPTER XVI. 

CROSS RATIOS, HARMONIC SECTION, INVOLUTION. 

828. Analytical representation of cross ratios. 

It is assumed, as is explained in the preface to this work, 
that the reader is already familiar with the principles of cross 
ratios, harmonic section and involution. We are now concerned 
with the bearing of analytical geometry on this branch of the 
subject. 

Prop. The cross ratio of the pencil formed by the lines 
whose Cartesian equations are 

y = m^x, y = y = m,®, y — m^x 

' (mi - ni^) ( Wg - nit) 

(nil — fn*) ('•^t - ffh) ' 

Draw a line parallel to the y-axis to cut the four lines, taken 
in order, in P, Q, R, S. Let this line cut the ^w-axis in L, and 
let OL = X. Then 

LP = miX, LQ = maX, LR = m*®, RS = m^x. 

The cross ratio required = (PQRS) 

PQ.RS (LQ-LP)(LS~LR) 

PS . RQ (LS - LP) (LQ - LR) 

(maX — mi®) (niiX — m3®) _ (mi — m^) (m^ — mt) 

~ (m^® — mi®) (mj,® — m^) (nii — m^) (wi, — m3) ’ 

It is easy to see that the cross ratio of the pencil formed by 
the lines 

x^nhy, x = m^, x^m^y, ® = m<y 
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has this same value. This could be proved by drawing a line 
parallel to the a;-axis. It is clear too from the fact that 
(nil — rrii) (m, — md 
(mi — m^) (m, — m,) 

is unchanged when we write for mi, m^, m*, m^ their reciprocals. 



O L X 


Cob. The cross ratio of the pencil formed by the lines 
Z=\iF, Z = X,F, Z = \,F, X = \4F, 
drawn through the vertex G of the triangle of reference in any 
system of homogeneous coordinates is 

(^1 (^8 
(X-i X.4) (X^ Xj) 

For if we transform to Cartesian coordinates («, y) with 
GB and GA as axes we have 

^ ^ I (say), F= I ^ = g® (sayX 

80 that the Cartesian equations of the lines are 

y=2Ai®, ^ = |x^, y = |A,4.'». 

Whence, from the proposition, the cross ratio of the pencil is 
(Xi — Xji) (Xg — X4) 

(X,-X4)(X,-X,)‘ 
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Example. The cross ratio of the pencil formed by lines through 
a point parallel to the four lines whose equations in any homogeneous 
system are 

fia?4-«tiy+Wir=0, 

+ OTjy + = 0, 

fsor + wiay + ^32 = 0, 

Ifpo + »i4y + = 0, 

is 


l\y mi, fl-l 


fsi ^3» ^ 


h> Wh. «i 


? 3 ) m 3 , 713 

liy 713 


»i4, n4 


h, «t4, »4 


^2) ^2» ^2 

ft y 


“) /3, y 

1 

/3. y 


(h 7 


the line at infinity being ar+|3y+y0=O. 

329. Pairs of lines harmonically conjugate. 

Prop. The necessary and sufficient condition that the pair 
of lines whose Cartesian equations are 

y = miX, y = 

should be harmonically conjugate with the lines 
y = mfx, y = m^x 

is (m, + m,) {mf + mf) = 2 (m,ma + rnfm,'). 

For the lines being harmonically conjugate the cross ratio 
of them in the order 

y = ruiX, y = m^'x, y — m^x, y = mix 
must be — 1, 

(mi — mf) (m, — m^') — — (mi — mj) (m 2 — m/), 
and this reduces to 

(m, + m,) (m/ + m,') = 2 (mim, + m/mj'). 

This condition then is necessary and it can be shewn to be 
sufficient by working the algebra backwards. 

Cor. 1. The necessary and sufficient conditions that the lines 
Z = \iF, Z = \,F, 

in any homogeneous system, should he harmonically conjugate 
with the lines 

Z=VF, Z = VF 
is (A» + X,) (V + V) = 2 (XiX, + 
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This condition holds equally well too if the lines be 
F=XxZ, F=X,Z, F=VZ, F=VZ. 

CoR. 2. The necessary and sufficient condition that the pair 
of lines + 2hxy + hy^ = 0 should be harmonically conjugate 
with a! a? + 2h'xy + h'y^ = 0 in Cartesians or any other system of 
homogeneous coordinates is ah' + a'h = 2hh'. 

For let CUB* + 2hxy + hy'‘ = h(y — mix) {y — m^), 

^ 2h , a 

so that mi + m, = — ^ , and miWa = ^ , 

and let a'x' + 2h'ooy + 6'y* = b' (y — mfx) (y — m^x), 

t 1 i t / 2^ j I, a 

so that ml + mj — ~ ^ ^ • 

The condition that the first pair should be harmonically 
conjugate with the second pair is thus 

o _ ^hK 

that is ab' + a'b = 2hh'. 


Example. The necessary and sufficient condition that the two pairs 
of points on the a;-axis given by aa:*+2Ar+6=0 should be harmonically 
coiyugate with the pair given by a'a;*+2/t'a;+6'=0 is a6'+a'6=2AA'. 

330. If the pair of lines y = mx, y = m'x be harmonically 
conjugate with the axes of coordinates in Cartesians then m'=—m. 

This can be deduced from § 329 by considering the pairs 
of lines y* — (m + m') xy + mm'x^ = 0, xy — 0 as harmonically 
conjugate. Or we may proceed as follows: 

Let a line parallel to the y-axis cut the given lines in 
P and Q and the axes of coordinates in R and S, the last point 
being at infinity. 

The condition for the harmonic relation is 
{PQ.RS) = -l, 

(PQRS)^-l, 

PR. QS_ 

PS. QR~'~^* 


that is 
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Pi? = - QB, 

OS 

for ^ — 1,8 being at infinity, 

BP = — BQ, m — — m'. 



Cor. The pair of lines x = \y, x = — \y in any homogeneous 
system is harmonically conjugate with the sides x = 0, y — 0 of 
the triangle of reference. 

This is at once seen by transforming to Cartesian axes 
GB, QA. 

331. On the representation of four points in a plane. 

If the triangle of reference be properly chosen four points in 
a plane (no three of which are collinear) can be represented in 
homogeneous coordinates by 

(f> 9> h)> (-/. g, h). (/, -g, h), (f g, -h). 

Let P, Q, B, 8 be the four points. Let ABC be the diagonal 
points of the quadrangle PQBS (Pure Geometry, § 76). Take 
ABG for the triangle of reference. Let (f g, h) be the co- 
ordinates of P. Then the equation of GP is 
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But CQ and CP are harmonically conjugate with GA and 
OB. Therefore the equation of GQ is 



(§ 330 Cor.) 


A 



y_e 

Therefore, the point Q, being the intersection of AP and 
GQ, is given by 

-r9~h’ 

that is XQ-.yQ-.ZQ^-f-.g'.h. 

Similarly ‘>:n'yR'^B=f‘-9‘-^> 

and !>^s-ys'^s^f'9'-^‘ 

Thus the four points can be represented by 

(/. 9> h), (-/, 9> (/ -9> ^)> {f>9>- A)- 

But it must be noticed that if (/, g, h) be the actual 
coordinates of P, then g, h) will not be the actual co- 
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ordinates of Q but only proportional to them. The actual 
coordinates of Q will be (— \/, Xg, Xh) where 
X(-af+0g+yh) = l. 

A similar remark applies to the coordinates of R and 8. 

332. Conics through four points. 

Bg a proper choice of the triangle of reference all conics 
through four given points (no three collinear) have their equation 
of the form 

Ax’^ + By^-\-Gz^=0, 

where A, B,G are connected by a linear relation. 

For we choose the triangle of reference as in the last 
paragraph and the coordinates of the four points aie then 
represented by 

(/, 9> h), (- f, g, h), (f -g, h), (f g, - h). 

Now take the general conic 

Ax^ + By' + Gz' + 2Fyz + IQzx + ITrlxy = 0, 
and make it pass through these four points. We then get 

and A/» + %*+a^ = 0. 

Thus the equations of all conics through the .fyw points are 
included in 

Ax' + By' + Gz' = 0, 

where the constants A,B,G which are different for the different 
conics are connected by the linear relation 

Af'-\-Bg'-\-Gh'=^0. 

We see then that the conics through P, Q, R, 8 all have 
the diagonal triangle ABG, which is the triangle of reference, 
for a self-polar triangle. 

This can be proved otherwise from the harmonic properties 
of the quadrangle and of the pole and polar of a conic (Pure 
Geometry, § 119a). 
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333. Prop. The locus of the centres of all conics through 
four given points is a conic circumscribing the diagonal triangle 
of the quadrangle. 

For taking as the typical equation of one of the conics, 

Aa^ + By^ + Cz* = 0 , 

with the relation 


Af* + Bg^ + Ch*-=0, 

we see that the coordinates of the centre are given by 

Ax By Cz . , . 

— = -e = __ = X (say), 

« 7 


(§ 310) 


. Xa 

il == — , 

X 


B = 


y ' 


G- 


Xy 


Thus the centre satisfies 


2e+®+2i’=o, 

xyz 

that is to say, the locua of the centre is a conic circumscribing 
the triangle of reference which is the diagonal triangle (compare 
Pure Geometry, § 218). 


334u Representation of four lines in a plane. 

By a proper choice of the triangle of reference the equations 
of four lines in a plane, no three of which are concurrent, can be 
expressed in the form 

lx + my -\-nz = ii, —lx-\- my + nr = 0, 

lx — my + nz = 0, lx + my — nz = 0. 

Let the four lines form the quadrilateral PQRS. Let ABC, 
the triangle formed by its three diagonals PR, QS, BE, be 
taken as the triangle of reference. Let the equation of PQ 
be lx + my + nz = 0. 

The line (lx + my + nz)- lx = 0 passes through the inter- 
section of PQ and BG. Moreover it passes through A (1, 0, 0). 

Therefore my + nz = 0 is the equation of AD. 

Therefore since A (BE, BG) = — 1, the equation of AE must 
be my — nz = (i. 
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Now the line PS passes through P the intersection of PQ 
and AO. Therefore its equation is of the form 
lx + my + n« + = 0. 


o 



Moreover the line PS passes through E the intersection of 
AE and BO. Therefore its equation is of the form 

my — nz-\- fix = 0. 

Whence, since these are the same line, 
fj. _ m _ — « 

I m + \ n * 
fz — — I- 

Therefore the equation of PS is lx — my + = 0 . 

By similar reasoning, which the student can effect for 
himself, it csin be shewn that the equation of SR is 
— lx-\- my + nz = 0, 
and that that of QB is te + my — n« = 0. 

336. It is easy to see that the proposition of the preceding 
paragraph and that of § 331 are reciprocal to each other. For 
if we reciprocate the point (/, g, h) with respect to the imaginary 
conic y^ + z‘=‘ 0, we shall obtain the line fx-^gy +hz — 0. 

And the reciprocals of the points 

(-/ 9 > ^)> (/» - 9 > ^)> (/> 9 > - A) 
are —fx + gy + kz = 0, fx—gy + hz — O, fx+gy — hz^^O. 
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836. Conics touching four lines. 

By a proper choice of the triangle of reference all conics 
touching four given lines (no three concurrent) will have their 
equation of the form Ax^ + By^ + Gi^ = 0, where the constants 
A, B, G are connected by a relation which is linear in the 
reciprocals of A, B, G. 

This may be proved by taking the four lines to be 
lx + my + = 0 

— lx + my + nz = 0 
lx — my-\-nz = 0 
lx + my — nz = 0 

and expressing the conditions that the conic 

Ax‘ + By* + Gz* + 2Fyz + 2Gzx + 2Hxy = 0 
should touch these lines. 

It will be found that these lead to the relations 



F=G=H=0 


and 


P m* n 

Z 0 ~ 


But we can get the same result very easily from § 332 by 
reciprocation. For as the conic touches the lines (1) its* 
reciprocal with respect to a?+ y* = 0 must pass through 
the points (I, m, n), {-I, m, n), (I, -m, n), (I, m, —n). 

But the general equation of conics through these points is 


(1 332) 

a? y* z* . 

A'^B^G~^ 

(2), 

where 

A^ B^ G 



And the reciprocal of (2) is (§ 320) AsP + By* + Gz* = 0. 
Thus the general equation of conics touching the lines (1) is 
AiP + By*+Gz* = 0, 

where the constants A, B,G, different for the different conics, 
aie connected by the relation 



m* n 

B'^C~ 
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Example. The locus of the centres of conics touching four given lines 
is a straight line. 

837. Constant cross ratio property of conics. 

If A, B, 0, D he four fixed points on a conic, and P 
a variable point on it, then P (ABGD) is constant. 

We have seen (§321) that a conic can he expressed in terms 
of a single parameter t in the form 

x:y:z = at^-\-ht-\-c: a't^ + + o' : a"t' + b"t + c". 

Now let ti, #a, #s, ti be the values of the parameter t for the 
four points A, B,G, D on the conic ; and let t be the value of 
the parameter for any point P on the conic. 

Take any two lines through P, 

X — lx + my ■\-nz — 0, Y=l'x + m'y + n'z = 0. 

Then any line through P will have its equation of the form 
X-\F = 0. 

Now let Xi be the special value of A for the line .4P. 

Then we must have 

I (atf + bti + c) + m {a'tf + h'ti + c') + n (af'ti^ + h"tj + c") 

= {I' (a<,* + + c) + m' (aV + h% + c') + n' {a'V + + c")} 

and 

I (ar® + 6t + c) + m (aV + h'r + o') + « (a'V + 6'V + c") 

= \i {i' (uT* + 6t + c) + m' (aV® + Vt + c) + »' (a'V + Vr + c")}. 
On subtraction, and division by f — t we get 
I {a {pi + t) + 6} + wi {a' (ti + t) + h'\ + n \a" (pi + t) + b''\ 

— h-i {u (fi + t) + 6} + m' \(i' + t) + 6^] + n’ \a," (^i + t) + h"W. 

From which we get 

Ati + B 

^~Gti+D' 

where A, B, G, D are independent of ti. 

Now P (ABOD) = (5 828X 

and 

» » _ Ati + B At^ "h P _ (jdP — BG) (pi — fj) 

* ^ “ W+P ~ {fiifrPjiCi^D) ' 
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Thus we see that 


F{ABGD) = 


^a) (^3 


which is independent of t. 

Thus P {A BCD) is constant 


<4) 

t,y 


338. Special case. 

The following is a special case of the preceding article. 

The cross ratios of the pencil formed by joining any point P 
on the conic Aa? + By^ + Cz^ — d to the four points {^±f, ±g, ±h) 
through which it passes are 

_Clf Af^ 

Ch^’ Ay* Bg^* 

and their reciprocals. 

Since the conic passes through the four points we have 
Ay-\-Bg^+Ch‘ = d. 

Now the equation of the conic can be written 

ix^/A + y V — B){!C'dA —yd — B) = {z'd — Ct)\ 

Thus (§ 321) we may take as our parameter t either of the 

equal ratios 

xfA + yd — B j z'd — G 

and — 7 = 

z\ — G w\A—y\—B 

Whence 

^ f\fA+g*/ — B ^ — ffA +yd — B 

^ If-G ’ ’ 

,_ffA-gf^ ^_ffA+gf^ 

** h^f:rG ’ -hf^ ’ 

. (2/Vg)(2/VJ)_ 

(ji ti) (tg td) 2 (f f A g 'd — B) 2 (f *d A — g ‘dB) 

Ap Ap 
Ap^Bg'~ Ch?' 

This then is one of the cross ratios and the others follow 
from symmetry. 

A. 


23 
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Examples. 1. Prove analytically that if A, (7, D be four co- 
planar points of which no three are collinear, then the locus of a point P 
such that P {ABGD) is constant is a conic through Ay By (7, />. 

2. Prove that the constant cross ratio of the pencil formed by joining 

any point on the ellipse ^ + 12 =1 *0 points upon it (xi, yi), 

y 2 )> (•*^3. (^4. Vi) is equal to 

(tkz} _ (vizl _ y4-^ \ 

\ Xi J \ Xs Xt J 

V ~ y \ «3 a?2 / 

3. Prove that one of the cross ratios of the pencil formed by joining 
any point on an ellipse to the extremities of the latera recta is eK 

4. Prove that the extremities of any diameter of an ellipse are 
harmonically conjugate with the extremities of the diameter conjugate 
to it. 

[It is here to be proved that if Q be any point on the ellipse and 
PCP\ BCD' be a pair of conjugate diameters Q{PFy 

6. Prove that the cross ratio of the pencil formed by joining any 
point on the parabola to the points 2ajLii), [ayLi^y ^ay^y 

{ay^y 2ayz)y {ay^y 2ayi) is 

(yi-y2) ^ 


339. Involution. 

We know that two pairs of lines through a point completely 
determine an involution {Pare Geometry^ § 77). We shall now 
establish an analytical test that a pair of lines through a point 
should belong to an involution determined by two other pairs of 
lines through the point. 

If an involution he determined hy the pairs of lines through 
the origin, or through a vertex of the triangle of reference, viz. 

+ 2hiwy + b^y^ =0 ( 1 ), 

+ 2h^y + h^y^ = 0 ( 2 ), 

the necessary and sufficient condition that the pair of lines 

a^po^^ + 2h^y + hy'^ (3) 

shoidd belong to this involution is 



hi, 

a^, 

h^y 

(^z> 

ha, 
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For let AX^ + 2HXY + BY^ = 0 (4) 

be the double lines of the involution. 

Then (1) and (2) are both harmonically conjugate with (4) 
(Pure Geometry, § 82). 

Bai + Ahi—2Hhi = 0, 

Ba^ + Abi — 2Hhi = 0. 

Now if (3) belong to the involution determined by (1) and 
(2), then (3) must also be harmonically conjugate with (4), 

Bcb^ + Ah^ — 2Hhi — 0 . 

On elimination of A, B, H we get 

(Xi, h/i, hi =0 
Ua, /ta, 63 
ctj, k^, bfi 

as a necessary condition. 

It is also sufficient, for supposing it to hold it will be possible 
to determine A, B, H to satisfy the equations 

aiB + biA — 2Hhi = 0 , 

+ b.iA — 2Hhi= 0 , 

aja + b^A — 2Hh3 = 0 , 
that is to say there will he a pair of lines 
An? + 2Hxy + By- = 0 

harmonically conjugate with all three of the pairs of lines, 
which must therefore belong to an involution. 

Cor. By similar reasoning we can shew that the above is 
also the necessary and sufficient condition that three pairs of 
points on the a;-axis given by 

OiX^ + 2 hiX + 61 = 0 , 

a^x^ + 2 h.^ + 63 = 0 , 

Ujir’ + 2hiX + 6, = 0, 

should belong to the same involution. 


28—2 
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340. Double lines. 

The equation of the double lines of the involution determined 


Oj«* + 'Ihxxy + 6i2/® = 0 (1), 

+ ^h^y + = 0 ( 2 ), 


is 

y\ 


x-^ 

= 0 . 


Oy, 

hi, 

by 




h^y 

h 



For let cuc + fiy = 0 be one of the double lines. Then (1), 
(2) and 

a'a? + 2afixy + /S* 2 /* = 0 

are three pairs of lines belonging to the same involution. 


Writing | = 


X 


a®, 

a/3, 

Oi, 

hi, 

Oj, 

hn, 

we get the « 



<h, 

hi. 

Clm, 

h%. 


= 0 . 


h. 


= 0 . 


341. Involution properties of conics. 

Conjugate lines through a point to a conic form an involution 
of which the tangents from the point are the double lines. 



Let A be the point, AB and AC the tangents from it. 
Take ABC as the triangle of reference. Thus the equation of 
the conic is of the form — 2kyz = 0 (1). 
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Take any line through A 

y-\z=^0 ( 2 ), 

Let y,, z-i) be the pole of this. 


Then the equation xx^ — k {yzi + y^z) = 0 must be identical 
with (2), 

«i = 0 and ^ = — 

A# 

Thus y + \z — 0 is the equation of the line joining A to the 
pole of (2), that is y + \z = 0 is the conjugate line to (2) 
through A. 

And these two conjugate lines are harmonically conjugate 
with y = 0,z = 0, that is with A C and AB. 

Therefore they belong to the involution of which AB and 
AG are the double lines. 

Cor. Conjugate diameters of a conic form an involution 
system, the asymptotes being the double lines. 

842. Test for conjugate diameters. 

By means of the proposition just established we can prove 
that the condition that the pair of lines (in Cartesian coordinates) 


+ 2hpcy + brf = 0 (1) 

should be conjugate diameters of the conic 

Ax‘^ + 2 Hxy + Btf = 1 (2) 

w Ab + Ba — 2Hh — 0. 


For if (1) be conjugate diameters of (2) they must belong to 
the involution of which the asymptotes (i.e. the tangents from 
the centre) are the double lines. 

But the equation of the asymptotes is 

Ax^ + 2Hxy -\r By^ = 0 (3). 

Thus (1) and (3) must be harmonically conjugate, 
Ab-(-Ba-2Hh^0. 

This condition then is necessary, and it is easily seen to 
be sufficient. 
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343. If we reciprocate the theorem of § 341 we get : 

Conjugate points on a line with respect to a conic form an 
involution range the double points of which are the points in 
which the line cuts the conic. 

This is proved in Pure Geometry, § 92. We will give an 
independent analytical proof of it as follows. 

Let the line on which the points lie cut the conic in A and 
B (these points may be imaginary). Take the middle point 0 
oi AB for origin, OA for the axis of x and a line perpendicular 
to it for the y-axis. 

The equation of the conic will therefore be of the form 
ax^ + 2hxy + + 2/y + c = 0, 

there being no term of the first order in x since the values of x 
when y = 0 have to be equal in magnitude and opposite in sign. 

Let P and P' be a pair of conjugate points situated on the 
given line, (xi , 0) (x/, 0) their coordinates. Then the polar of 
each goes through the other. Now the polar of (x^, 0) is 
axxi + hx{y +/y + c = 0, 
ax(x-i, + c = 0, 

» c 

(Jb 

which is constant and = OA^ = 0B\ 

Therefore P and P' belong to an involution of which 0 is 
the centre and A, B axe the double points. 

344. Proposition. A system of conics through four fixed 
points is cut by any transversal in pairs of points which form 
an involution. 

Take the line of the transversal for the axis of x. 

Let 8=aa? + 2hxy + by^ + 2gx + 2fy + c = 0 (1), 

S' = aV + 2h'xy + b'y^ + 2gx + 2fy +o' = 0 (2) 

be two conics through the four points, then any other conic 
through these points will be of the form S + X,^' = 0 (3). 
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Now the pair of points in which the transversal (which we 
have taken for the a!-axis) cuts (1) is given by 

aa? + 2gx + c = 0. 

So the pairs of points in which the transversal cuts (2) and 
(3) are given by 

(t 2^ iZJ -t“ c — 0 

and (a + \a') aj® + 2 (^r + \g') a; + (c + \c') = 0, 

and all these belong to the same involution since 
a, g, c = 0. 

a\ d 

a -t- W, g 4- \g', c + \d 
Thus the proposition is proved. 


345. Homographic ranges. 

If X and rf he the x-coordinates of two points P and P’ on 
the x-axis, and x, x' he connected hy the relation 

Axx' + Hx + H'x' + j? = 0, 

where A, B, H, H' are any constants, then a range of points, 
typified hy P will he homographic with a range typified hy P'. 

For let Pi, Pi, Pi, Pi be any four points of the P series of 
points, and let ajj, x^ be their ^-coordinates. 

Let Pi, Pi', Pi, Pi be the corresponding points in the P' 
series, and let Xi, etc. be their ^-coordinates. 


Then 


(P'Pi'Pi'Pi') 


(a?i a?2 ) {Xj Xj^ 

(xi Xi) (Xi — aSg ) 


/ Hxi -|- B Hxi 4- 5 \ / Hxi B Sxi -t- 5 \ 
V ~ 4- H' AXj + H’)\ Axj + H' Axj 4- H') 

/ Hxi 4- B Hxi + B \ / Hxi 4- B Hx^ 4- \ 

I “ A^H' Axi + S’) \ ~ Axi+S' 7 


{Xi - Xj) (Xj - Xj) 
(Xi — a/ 4 ) (jCi a7a) 


(Plpipipi). 


Thus the proposition is proved. 



360 CEOSS KATIOS, HAEMONIC SECTION, INVOLUTION 


346. The above relation gives 
Hx-^B 


af = 


Ax^H’ 


and 


x = — 


E'x'+B 
Ax' + H’ 


Now suppose that P (x) and Q {x') are any two points on 
the line connected by this relation. 

Then to P, regarded as belonging to the first series of points, 
corresponds Q in the second series. 

But the point Q regarded as belonging to the first series 
will correspond with some other point in the other series. 

But in the special case where H = H' vfe have 


and 


_ Hx_+ B 
Ax-^H 
Hx+B 
Ax'~+H* 


so that P considered as belonging to the first series will cor- 
respond with Q in the second series, and at the same time Q 
considered as belonging to the first series will correspond with 
P in the second series. 

Thus if P, F'; Q,Q'; B, R', be three pairs of corresponding 
points in the two series, 

iPQRP') = (P'Q'R'P). 

That is these three pairs of points belong to an involution 
{Pure Geometry, § 80). 

This we can see analytically thus : 

We have Axaf H {x +x') + B = (i. 

If then the pair of points P («), P' {x') be given by 
aX^ + 2hX + h=Q, 

we have e + x — 

a 

and xx' = - , 

a 

Ah + Ba=^ 2Eh, 

that is to say the pair of points P, P' is harmonically conjugate 
with the pair given by AX’‘+ 2HX + B—0. 
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Therefore all the pairs P, P'; Q, Q'; etc. being harmonically 
conjugate with the same two points in the line, form an invo- 
lution with these two points as the double points. 


347. We can also see that pairs of points connected by the 
relation 

Axx' + H(x + x') + B = 0 

form an involution in the following way : 

Transform the origin to the point (k, 0). Let the new 
^-coordinates of the two points be X, X' so that 
X = X + k, x' X' -1- k, 

A{X^k){X' + k) + H{X + X'+2k) + B = (i, 

AXX' + {Ak + H){X+X')^- Ak^ + 2ZrA: -H P = 0. 


1 . 0 , 


Now choose k so that Ak +11=0. 
Then we have 


AXX' = ^-B, 
A 


XX' = 


H^-AB 


Thus the pairs of points belong to an involution whose 
centre is the new origin and whose radius is \l — ABjA. 
Hence the double points of the involution will be real or 
imaginary according as is > or < AB. 


348. Double points. 

Now let us return to the more general relation 
Axx -1- Hx -f H'x' + B = 0, 

defining two homographic ranges which do not make an invo- 
lution. 

It is clear that there will be two points which will cor- 
respond to themselves in the two series. For putting x' = x 
we have 

Aa? -f {H -f H’) x + B = 0. 

The points so given are called the double points of the 
homographic ranges. 
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If we denote the double points by fl and fl', and P, P' be 
any pair of corresponding points (flfl'PP') is constant. 

For if Q and Q' be another pair of corresponding points, 

(nn'FQ) = (nn'P'Q'), 
(nn'FP')=(nn'QQ'), 

that is (fin'PP') is constant. 

In proving this we have made use of the theorem that if 
(ABCF) = (ABG'I)'), then (ABCC') = (ABBJ)'). 

This is easily seen to be the case ; for if 
(ABCI)) = (ABG'I)'), 
then (AGBI)) = (AG'BI)'), 

by interchanging the second and third letters in both. 

^.BD AG'.BD' 

•'* AD.BG' AD'.BG'^ 

AG.BG' ^AD.B^ 

■’* AG’.BG AD'.BD' 

{AGBG') = {ADBD'), 
{ABGG')=^{ABDD'). 

349. The constancy of (flft'PP') may be made use of to 
find the point corresponding to a point Q, when the double 
points fl, ft' and a pair of points P and P' are known. 



For let the line be turned round ft through any angle and 
let Pi, Qi, Pi', Q,', be the new positions of Pi, Qi, etc. 
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Now (nn'QQ') = (nn'PP') = (nn/PiP/). 

Therefore since ilCl'QQ' and flfl,'P,Pi' are homographic 
and have a common point fi, Cl'ili', P,Q, P/Q' are concurrent 
(Pure Oeometry, § 60). 

Hence to find Q’ corresponding to Q, we let il'fl/, and P^Q 
meet in A and then join Pi A to meet the given line in Q'. 

360. We have seen that points in a line connected by the 
relation 

Axx' + Hx + HW + B = 0 

give two homographic ranges. We shall now shew that if 
there be two homographic ranges in a line corresponding points 
are connected by a relation of the above form. 

For let a, b, c be the distances from the origin of three 
points A, B, G in the line and let a', b', o' be the distances of 
the corresponding points A', B', G', 

Let <c and ccf be the distances of any other pair of corre- 
sponding points. 

Then since (PABG) = (P’A 'B'G'). 

(x — a)(b — c)_ (x' — a') (b' — o') 

(x — c){b a) (x' — o') (b' — o') ' 
and this reduces to the form 

Axx' + Hx + H'x' + B = 0. 

351. Next let it be observed that it is not necessary that 
the points P, Q, etc. of the one series be measured from the 
same point 0 as that from which the corresponding points 
P', Q', etc. are measured. 

Say that the P series is measured from 0, and the P' series 
from O', and OP = x, O'P' — x', then x and x' are still connected 
by a similar relation. 

For let 00' = h, 

0P'=00'+0'P' = h + x’. 

Ax.OF +Hx + H'.OP' + B = 0, 

Ax (h + x) + Ex + (A + «') -J- P = 0, 


Now 



364 CROSS RATIOS, HARMONIC SECTION, INVOLUTION 

and this is still of the form 

Axx' + Hx + If '«' + 5 = 0 
with changed constants. 

352. Again, we can see that it is not necessary that the 
system of points P', etc. should be collinear with the P system. 

If X and x be the distances of P and P' measured from 
points 0 and O' in the respective lines of the ranges, the 
system P will be homographic with the system P' provided 
a relation of the form 

Axx + Hx + H'x + B = 0 
obtains, and conversely. 

We can derive at once the property referred to in § 349 that 
if two homographic ranges lie on lines which meet, and the point 
of intersection of the lines correspond to itself in the two ranges, 
the lines joining corresponding points are all concurrent. 


Y 



For tahe the two lines OX, OF on which the ranges lie as 
axes of coordinates. 

Let X and y be the distances of corresponding points 
from 0, 

Axy+ nx + H'y + B = 0, 

and as 0 is a corresponding point in the two by hypothesis, this 
relation must be satisfied by x = 0, y = 0, .\B = 0, and the 
relation is 


Axy + Hx + H'y = 0. 
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Now let p and p' be the distances from 0 of two corresponding 
points P and P', 

. *. App' + Hp + H'p' = 0, 


H ^ 

p 


-A. 


. . fl? V 1 

Thus the line PP' whose equation is - H — > = 1 passes 

jP P 

through the fixed point — JT/-4). 

We shall prove in a later chapter that the lines joining 
corresponding points of two homographic ranges on intersecting 
lines, the point of intersection of which does not correspond to 
itself in the two ranges, all touch a conic. 


EXAMPLES. 

1. Prove that the middle points of the three diagonals of the 
quadrilateral formed by the lines 

±lx± my + = 0 

lie on the line 

Px + 7Yi?y + nH = 0. 

2. Prove analytically that the locus of the poles of a given liile 
with respect to conics passing through four fixed points is a conic 
which passes through the diagonal points of the quadrangle formed 
by the given points. 

3. State and give an analytical proof of the reciprocal of the 
theorem of Ex. 2. 

4. The director circles of all conics touching four given straight 
lines form a coaxial system. 

6. If a system of conics have a common self-conjugate triangle, 
any line through one of the vertices is cut by the system in pairs of 
points which form an involution. 

6. Shew that two of the family of conics drawn through four 
fixed points, no three of which are collinear, are parabolas ; and 
that the necessary and sufiicient condition that these parabolas 
should be real is that the triangle formed by joining any three of 
the points should not enclose the fourth. 
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7. A system of four point conics can be reciprocated into 
concentric conics. 


and 


8. Prove that the four common tangents to the conics 

A £ G 

0? ^ ^ 

^ + ^=^0 


are x ±y JCA^CA ± z JAB' - il'5 -0, 

and that all conics which touch these four lines are included in 

A + kA' B + kB' C + kG' 


9. Prove that the locus of points from which the pair of 
tangents to the hyperbola “a ” ^2 ~ ^ harmonic conjugates to the 
pair of parallels to the asymptotes is the hyperbola 

a* ~ ^ 

The tangents from a point P to the ellipse ^ + 

are harmonic conjugates with respect to the tangents from P to the 

hyperbola -a“‘^ + l= 0j shew that the locus of P consists of a 
Of c 

pair of parallel lines. 

11. From a point P on a parabola two normals are drawn to 
the curve. Prove that the bisectors of the angles between these, 
with the diameter through P and the normal at P form a harmonic 
pencil. 


12. Prove that the four points on an ellipse whose eccentric 
angles are a, /8, y, 8 subtend at any point on the ellipse a pencil 
whose cross ratio is 


. a-^ . 

sin — ~ sin 



. a — 6 . 
Sin — — sin 


1Z^‘ 

2 
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13. The double points of the involution determined by the 
two pairs of points given by the quadratics 

+ 2hx + c = 0, Ao? + 2Bx + (7 = 0, 

are given by 

(aB - 6^ ) a;" - {cA ^aC)x+{bC^ cB) = 0. 

PP\ QQ\ RR are six points on a straight line. Prove that the 
six double points of the three involutions determined by QQ\ RR* ; 
RR\ PF ; and PP^ QQ* cannot be in involution unless PP^ QQ\ 
RR! are in involution, when the double points coincide in three. 


14. Shew that the complete condition that the pairs of lines 
aoi? + %xy + = 0 and aV + 2b' xy + c'y^ = 0 

should form a harmonic pencil is 

(a'c + ac' - 2hV) {{a'c + ac' ~ 2bby - 36 {ac - b^) {a'c' - V^)} = 0. 


16. Through the angular point A of the triangle of reference a 
straight line is drawn, cutting the conic 

S = ax’^ + bif + cz^ + 2/yz + 2gzx + 2hxy = 0 
in the points P and P', and also cutting the line 


L ^ lx •¥ my + = 0 

in the point Q. If a point Q' be taken on ilP such that the range 
(PP'j QQ') is harmonic, shew that as the line AD moves, the locus 
of Q' is the conic 

IS = L (ax + Ay + gz), 

16. Four points A, B, (7, D are taken on ^=1 + 6cosd, and 

the corresponding values of 6 are a, )8, y, 8. Shew that the cross 
ratio of the pencil subtended by A, P, (7, D at any point of the 
conic is the ratio with the sign changed of some two of the three 
quantities 


sin 




. V — a , 

sin sin 

Ji 


^8 
2 ’ 


. a — fl . 
Sin — ^ sin 



17. A square is inscribed in an ellipse whose semi-axes are a 
and 6, and any point on the ellipse is joined to the corners of the 
square. Prove that one of the cross ratios of the pencil so formed 


18 - 
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18. The locus of points from which the two pairs of tangents 
to the circles 

{x - af + I/* = c?y {x + ay 4- 2/^ = c* 
form conjugate pairs of a harmonic pencil is 

(2a? - c^) 2/^ — cV = (a? (?). 

19. If two complete quadrilaterals have the same lines for 
diagonals their eight sides touch a conic. 

20. Given four points on a conic section, its chord of inter- 
section with a fixed conic passing through two of these points will 
pass through a fixed point. 

21. If ^1, 4 be the lines aa? -i- 0, and Z3, the lines 

aV -f 2Kxy + and \ be the cross ratio of the pencil ^3, 

l^y then 

/X+1Y_ {aV + a^b-2hhy 

U~l/ 

22. Shew that the three lines each of which forms a harmonic 
pencil with the lines 

y = 0, aoi? -h 2hxy + by^ = 0 
are ax ^hy=^0y 

aa? + Ihxy + ^96 - = 0. 

23. If (a, 6, c, fy gy h) (x, y, 1)^= 1 be the Cartesian equation 
of a conic and if X = ax + hy + gy Y ^hx by -f prove that the 
equation of the asymptotes is 

6Z*-2AXr + a7* = 0. 

Hence shew that the lines b'X^ — 2h*XT + a^Y^ =^0 will be a 
pair of conjugate diameters if a6' + ab - 2hh' = 0. 



CHAPTEE XVII 


INVARIANTS. 

353. It follows from what has been proved in § 106 that if 
(«, y) be the Cartesian coordinates of a point referred to axes 
including an angle w and if 

act? + 'ihxy + + 2gx + 2/y + e 

transforms into 

aV* + 2h'x'y' + * + 2g^x + %f'y + (f, 

where («', y) are the coordinates of the same point referred to 
any other axes in the plane, 

a + 6 — 2^ cos ft) , ab — k* 

and — 

sin’ ft) sin’ ft) 

are invariant, for by a change of origin the coefficients of the 
terms aa? + 2hxy + by^ are unchanged, and by a change in the 
direction of the axes the invariant relation has been shewn to 
be true. There is another invariant relation between the 
coefficients a, b, c, f, g, h which we have not yet given. We 
shall before proving it establish the following proposition. 

Proposition. If the homogeneous coordinates x, y, z be 
transformed to new coordinates x', y' , z' by the substitutions 


X = Ijx' + m^y' + nf -j 
y = Zy*' + may' + n^' |- (1), 

z = l^x' + + n,/ J 

arid ax^ + + 2fyz + 2gzx + 2hxy (2) 

be transformed to 

a'x'* + 6'y'* + cV’ + fa' + 2fs!x' + 2h'x'f (3), 

A 24 
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then o', h', g = €* o, h, g 

h\ h\ f h, b, / 

g\ f, c' 9> f> c 

where 6= ly, m^, . 

It , tWs ) Wj 

On mating the substitutions* (1) we see that (2) becomes 
a (Jix' + wiiy' + ni«')* + b {l^x' + mjt/' + + c (^g®' + wigy' + 

+ 2 /(Z,«' + m^y' + Tia 2 ') (Z,®' + m^y' + n*/) + 2 ^ + n»»') 

X (ka/ + my + Thz') + 2h (kx’ + mi/ + ny) (iy + + n^'). 

Comparing this with (3) we have 

of = dl^ + bl^ + cZg® + + 2yZj?i H- Zhljii, 

b' — am^ + bm^ + etc., 
c' = aui + hrii 4- etc., 

f' as amin, + 6m,nj + crngW* + /(mjns + n/h^ + 9 

+ h{min^ + mtni), 

g' = ofiiZi + 6njZ, + cngZg + /(njZg + rigZ,) + g (n,Zi + WiZg) 

4“ A* (jijfi 4“ WgZi), 

= oZimi 4- 6Zsim, 4- cZgmg 4- /(Zgm, 4- ZgiHg) 4- y (Zgmi 4- Zimg) 

4* h ^ZiTTlg 4" ZgTIIi). 

If now we write 

i, = aZi 4- AZg 4- gla ] Ml = omi 4- 4- ymg 

1^= hli + bk + fit ■ f Mt=hmi + bnii + fmB ■ , 

Lt = gli + /l» + ckl Mt = gmi+fmi+cmt. 

JV'i = aWi 4- 4-yWg ' 

Ni—hni + bn, +fn, ■ , 

2if, = gui 4- fn, 4- c»g , 

we have 

o' = liLi 4" ZgHj 4" ZgXg, 

6' ■= niiMi 4" mgilfg 4- m^Mfi 

d —riiNi + n^N’i + n^N,, 

• See the Cambridge Tract on Quadratic Form* by T. J. I’ A. Bromwich, Sc.D. 
(Camh. Univertity Press). 
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/' = rriiNi + m^Nt + mtNt = Wi-Jfi + + n,if„ 

Q — 1i^Li + njj^ + = liN I + /a-^ a "t" > 

K = liMi + l^M-i + l.^M, = miLi + m^L, + 


a 

K f 

= 

k. 

mi, rii 

X 

Li, Mif 

-flT, 

h: 

, b', f 





L^, 



r, c 



m 3 , 


Xg, Mij 

iV. 


k, nil. 

% 

X 

li> mi. 


X 

a, h, 

9 


k, m^. 



772-2, 

7^2 


h, b. 

f 


l%> nif, 



?3, 772-3, 

773 


9> /. 

0 


= €^ a, h, g . 

h, h, f 

9, f 0 


'354. We can use the proposition of the preceding para- 
graph to prove that if 

aa^ -f ’ihxy + 'by'* -I- tgx -t- 2/y + c, 
where «, y refer to some Cartesian axes inclined at an angle at, 
be transformed to 

a'x'* + 2h'x'y' + b'y'* + 2g'x + %f'y' + c', 
where of, y' refer to Cartesian axes inclined at an angle ot' tvith 
the same or a different origin, then 

a!, h', / o, h, g 

h', b'. r h, b, f 

9\ f'> c' I ^ 9> f> c . 

sin* at sin* at 

For we make our expressions homogeneous by the insertion 
of z and z which are unity, then 

<nc* -p -p CA® -p 2fyz + 2gzx -P 2hxy 
transforms into a'x'* -P h'y'* -P cV* -P -P 2g'z'x' -p 21ix'y by 

substitutions of the form 

K = lix' -p npy' -P Rja', 
y = l^' + m^ -p n^, 

A= 


24—2 
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SO in this case 


e = 


fh 

1 




Zi, m,, 

I2, THi, 

0 , 0 , 

Now we know that the area of the triangle whose vertices 

are («». 2/i). («*. y^> (®». y«) “ 

^sinwj x^, iCj, ar, 

2 / 1 . y-2, Vi 

Z2 Zi, Zt 

l^x+niiyi+niZx, 1^% +71^3 


= I sin o) 


Zi, 


^ 2 . 


= i sin ft) 

^ 1 , mi, n, 


y/> 2^/ 




y/, «■*' 


0, 0, 1 


y»', «*' 


But the area of the triangle is 
^ sin o)' 


«/, y/, 


Xt, 


A' 


sin* ft)' sin’ ft) 


y*. 

y/, 

2l, wij, TCi 
^2> W-jj Wj 
0 . 0 . 1 

where 


•5) 


sin ft) 
sin ft) 


A = I a, h, g 
K h, f 
9> /. c 

We thus see that -r^ — is an invariant for the general 
sin* ft) ® 

equation of the second degree in Cartesian axes for any changes 
of origin and axes. 
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. Examples. 1. If 2 ; 9 r^+ 2 /y+c «0 be a parabola in 

oblique Cartesian coordinates, prove that the semi-latus rectum is 

sin^ 0 ) ( — A)i ~ (a -f 6 — 2A cos <i))^ 
where A is the discriminant abc-{-2fgh-af^-hg^-ch\ 

[We know that when we transform to the axis and tangent at the 
vertex as axes of coordinates the equation of the parabola becomes 

where I is the semi-latus rectum. 


Thus we must have 

-h 2 + hy^ -f- 2gx + 2/y + c = Ay ^ + 2/^/ 

cf Cf'^ 

where , that is 


N ow A' = ~ 


and 


But 


f (5354), 

A sin'^ci) sm^o) 

. A = — Ay ^ sin* CD = — ^A'3 sin* ca. 

a-|-A~2Aco8 0 ) V 




sin* o) 
-A 




sin* \iT 
— A sin^ CD 


A'2 sin* (D (a + A - 24 cos cd)® ^ 


^=- 


( — A)i si 


sin^o) 


(a + A -* 24 cos cd)^ 


•] 


2 . If a^*+24.r^-f A;/* + 2 j 9 ^ar-f 2/y-f-c==0 be a parabola the length of the 
focal chord which makes an angle 6 with the axis of the parabola is 

2 sin* 0 ) ( — -r-sin* ^ (a-h A - 24 cos cd)®. 


Tl 3. If ax^ + 2hxy + hy^ + ‘igx + 2fy + c = 0 represent an ellipse, prove 
that the difference of the eccentric angles of the points of contact of 
tangents from {x^ y) to the curve is 




4 If the general equation in rectangular axes represent a rectangular 
hyperbola its equation referred to its asymptotes is 

2 (h^-ab)^ xy = ^. 

Investigate also the corresponding equation when the original axoa of 
coordinates are oblique. 
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355. Invariants of two conics. 

Let iS = + c«* + 2/yz + 2gzx + 2hxy = 0 . . .(1), 

S' = aV + h'y* + dz' + %f'yz + 2g‘zx + 2h'xy = 0 . . .(2), 
be the equations of two conics in any system of homogeneous 
coordinates. Then 

S + hS' = (a + ka') a;’ + (6 + kU) y* + (c + kd) z* 

+ 2 (/+ kf) yz+2(g + kg') zx 2 (h + kh') zx^^O .. .(3) 

represents for different constant values of k a conic passing 
through the four points of intersection of (1) and (2). 

Now let A; be so chosen that (3) is a pair of straight lines, 
that is k satisfies 

a + ka', h + kh', g + kg' — 0, 
h + kh', b + kb', f+kf' 

9 + /+ c + kd 

that is 

(a + ka') (6 + kb') (c + kd) + 2 (/+ kf) (g + kg') (h + kh') 

— (a + ka') (f + k/'y — {b + kb') (g + kg'y 

-(c+kd){h + kh'y = 0, 

that is A'^ + ®'k^ +®k+ A = 0, 

where 

A = abe + 2fgh-af-bg^-ch^= a, h, g' , 

h, b, f 

9> /. c 

A'sa'b'd + 2fg'h'-af*-bg'*-ch''= a', h', / , 

h', b', f 

/'. o' 

e = (6c -f) a' + (ca - g*) b' + {ah - h*) d 

+ 2{gh- af)f + 2 (6/- bg)g' + 2 (/y - ch) h' 
s Aa! + Bb' + Cd + 2Ff + 2Gg' + 2Hh', 

©' = {b'd -/'*) a + {o' a' - g'^) b + {a'h' -h'')o 

+ 2 ig'h' - a'f')f+ 2 {h'f -b'g')g + 2 {fg' - dh') h 
s A'a + B'h + G'o + 2F'f +2Q'g + 2H'h, 
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where A, B, G, F, 0, H are the minors taken with their proper 
sign of a, h, c, f, g, h in the determinant A, and A', B, etc. are 
the corresponding minors in A'. 

T here will thus be three value s of h for which the conic (3) 
will represent a pair o f straight lines, We can aee tSat this 
mu st be so, for if the conic s (1) and (2) intersect in P, Q, R , S, 
w e can have three pairs of lines through these points, v iz. PQ, 
BS ; PB, QS ; P8, QB ; and each of these pairs of lines will be 
a conic through the four points. 

Now suppose we transform to any other homogeneous system; 
let 8 become 8, and 8' become 8', then 8 + k8' will become 
8 + k8', and exactly the same values of k will make 8 + kS' = 0 
a pair of straight lines as will make 8 + k8' = 0 a pair of 
straight lines. 

It follows then that 

_ 0 @ A _ A 

A'" A'’ A'^I'’ A'^^A'* 


In other words the ratio of each of the quantities A, A', 0, 0' 
to any one of the four is invariant. 

These four quantities are called invariants of the two conics. 
But it must be clearly understood that they are not invariant 
individually, but only in ratios. 

We have already seen (§ 353) that 


As then 
we must have 


A = €»A, A' = 6»A'. 
@ 0 

A’ 

0 = 6 * 0 , 


and similarly also 


0 ' = 6 * 0 '. 


356. Invariants and projection. 

Suppose now that we transform the equations of two conics 
8 = Oic* + 6y* + cz* + 2/yz + 2gzx + 2hxy = 0, 

8' = o a* + b'y* + o ' + 2/'yz + 2g'zw + 2h' ay = 0, 
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by the eubstitutions 

oZ+ySF+yZ 

^~\X + fiY+vZ> 

a'X + yS'F+y'Z 
2'“ XX+fiY+vZ ' 

a"X + fi"Y+y"Z 
XX+fiY+vZ ’ 

the denominator being the same in all of these. 

On substitution we find 
S(XX + ^iY + vZy 

= a {aX+^Y+jZy + h {ol’X +fi'Y+yZf + c (a"X+/8"F+7"Z)« 
+ 2/(a'Z + /3' F + fZ) (a"Z + ;8"F + y" Z) 

+ 2^ (a"Z + jQ" F+ y"Z) (aZ + /3 F + yZ) 

+ 2/t (aZ + /3F + yZ) (a'Z + ^'F+ y'Z) 

= (say) ^Z» + JSF* + CZ* + 2ZFZ + 2(?ZZ + 2a'ZF. 

And S' (XZ + /xF + vZf will be of a similar form 
A'Z» + B'Y^ + C'Z» 4- 2Z'FZ + 2G'ZZ + 2/f 'ZF. 

Now if P be the point (x, y, z), and P' the point whose 
coordinates referred to some triangle or other be (Z, F, Z), 
then as P describes the locus 

S-\-kS' = 0 ( 1 ), 

P' will describe the locus 
AZ* + PF* + (7Z* + 2PFZ+ 2GZZ + 2HXY 
+ jfc(A'Z* + P'F*+ C'Z*+ 2F'YZ+2Q'ZX + 2H'XY) = 0 (2). 
And if (1) be two lines, viz. 

(lx + my+ nz) (I'x + m'y + n'z) = 0, 

(2) will be 

(aZ +^Y + yZ) + m (a'Z + ^ F+ y'Z) + n (a"Z + ^"F+ 7"Z)} 
X {i' (oZ + ;QF + yZ) + m' (a'Z + ^'F + y'Z) 

+ n'(a"Z+^"F + y"Z)}-=0, 
which is a pair of straight lines too. 
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That is to say, the same values of k will make both (1) and 
(2) represent a pair of straight lines. Hence the invariant 
character of the ratios of A, A', 0, 0' to each other is still 
preserved for transformations of the form we are considering. 

357. Now the transformation we have made in the 
preceding article is just that which occurs in the case where 
we project conically from one plane p on to another tt (see 
Pure Geometry, Chap. iv.). 

This we shall now proceed to shew, making use of the 
elements of analytical Solid Geometry. 

Let 0 be the vertex of projection. Take three mutually 
perpendicular lines OX, OY, OZ cutting thep plane in A, B, C 
and cutting the tt plane in A', B', C. Let P be any point in 
the jp plane, and let OP cut the tt plane in P", so that P is the 
projection of P. 

Let (x, y, z) be the areal coordinates of P referred to the 
triangle ABG, and let {X, Y, Z) be those of P' referred to 
A’B’G'. 

Let OA — a, OB = b, 00 = c ; and let OA' = a', OB' = h', 
OG' = <f. 



(f> V> 0 (?^ v'> O Cartesian coordinates of 

P and P respectively referred to OX, OY, OZ. 
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K — projection of APBC on plane YOZ 

ow « — ^ pj-ojeQ^iQjj q£ on plane YOZ 



V, k 0 

•I- 

0, b, 0 


r. 0, c 


0, 0, e 


1, 1, 1 


1, 1, 1 


“ b o~a 


Thus 


? = a®, V = h> 

f' = a'Z, v' = b'Y. %'^dZ. 


But I, = — , = 4 for each of these ratios = , 

S V i 


ax _ by _ cz 

'‘l^~tY~7Z* 


X 


y 


— X - F - Z 

a b 0 


-X+x F+ 
a b c 


358. It follows from the two preceding articles that if 
8 = 0, S' = 0 be two conics in a plane whose equations are 
expressed in terms of any homogeneous coordinates referred to 
a triangle in the plane, and if these conics he projected on to 
another plane and the equations of the new conics be 8=0, 
S' =0 referred to any triangle in the new plane, the ratios of the 
quantities A, A', @, 0' are unaltered. 

For we can pass from the homogeneous coordinates in terms 
of which 8 and 8' are expressed to areal coordinates referred 
to the triangle ABG of § 357, still preserving the invariant 
character of our ratios. We now project and get two new 
conics expressed in areal coordinates referred to the triangle 
A'B'G'; and by the two preceding articles the invariants still 
hold good, nor are they disturbed when we pass to any other 
homogeneous coordinates referred to any triangle in the tt plane. 

369. It seems desirable to give a word of caution at this 
point. We know that two conics can be simultaneously projected 
into circles by projecting two of their points of intersection into 
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the circular points at infinity (Pure Geometry, % 246). It might 
then seem that we could take 

B = w^ + y^+ 2g^x + 2f^y + c, 

and 5 ' = a;* + y* + + 2/,y + c,. 

But this would be incorrect and would lead to serious error. 
What we may do is to write 

S = Oi («» + y’) + 2g^x + 2/,y + Cj, 

= a, (a:;* + y=) + 2 ^ 2 ® + 2/ay + Cj. 

We may then write a: /ui = X, y Vui = and so get 

S = X* + Y* + 2g^X + 2fj,Y + Ci, 

S' = a, (X* + P) + 2g,X + 2/F+ c,. 

The point to be made clear is that when we pass from 
8 and S' to 8 and S' by an algebraical substitution of the form 
given in § 356 we are not entitled to divide out any factor in 
either 8 or S' unless indeed we divide it out of of them. 
To this last there can be no objection. 

Just in the same way if we have two conics 8 and S' which 
have double contact we cannot, because two conics with double 
contact can have their equations (§ 324) expressed 

a? + y* + «’ = 0, + y® + C2;* == 0, 

write iS = a:® + y* + /S ' = a;* + y® + cz\ 

We may however write 

(g = a:* + y® + «*, /S' = a (as* + y®) + c«*. 

360. Illustration! of invariants. 

To find the condition that the conics 

8 s ax* + 6y* + cz* + 2fyz + 2gzx + 2hxy = 0 (1), 

S' = a'x* + b'y* + c'z^ + 2f'yz + 2g'zx + 2h'xy = 0 . ..(2), 

should be such that it is possible to inscribe a triangle in 8' whose 
three sides shall touch 8. 
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Let ABC be such a triangle. If we transform our co- 
ordinates so that ABC becomes the triangle of reference we 
shall have 

8 = — 2fiv YZ — 2v\ZX — 2\ju,XY, 

S' = 2F'YZ+2Q'ZX -t- 2H;XY. 

If now we write X' — XX, Y' = fiY, Z' — vZ we shall get 
S^X'■^■^Y'^^^■ Z'^-2Y'Z' -2Z'X' -2X'Y' ...(3), 

S' = 2FY'Z' -h 2GZ'X' + 2HX'Y' (4> 

If now A, A', 0; @' refer to (3) and (4), we have 

A = -4, 

A' = 2F0H, 

@ = 4(l’+(? -t-iT), 

& = -F^-G^-H’‘ + 2GE{- l)-{-2HF{-l)+2FQ{-l) 

==^-{F +G + H)\ 

From these we derive the homogeneous relation, viz. 

0* = 4A@'. 

As this is homogeneous it holds when A, 0, 0' refer to (1) 
and (2). 

This then is the necessary condition if the conics S and S' 
are such that a triangle can be inscribed in S' so that its sides 
touch S, or, as we may put it, circumscribed to 5 and inscribed 
to S'. 

361. We now proceed to enquire whether the condition 
02 = 4A@' is su£icient to ensure that S and S' are such that 
a triangle circumscribed to S will be inscribed to S'. 

Let A and B be two points on S' such that AS is a tangent 
to S. Draw the other tangents from A and B to S, and let 
them meet in G. 

Taking ABC for triangle of reference we may write 
S H a* -f y* -f a* — 2yz — 2zx — 2xy, 

S' = CA* -i- 2fyz + 2gzx + 2}ixy, 
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Whence we have 

e = 4(/+sr + A), A = -4, 

@' = -(/+ 5 r +A,)> + 2cA, 

therefore the condition — 4A©' = 0 becomes 

16 (/+ + hy - 16 {f+g + Kf + 32cA = 0, 
c= 0, or h — Q. 


S' 



But if = 0, S' becomes two straight lines 
z{cz + %fy 2gx) — 0. 

Excluding this case we see that 

S' = 2fyz + 2gzx + 2hxy, 

that is 0 lies on S'. 

Thus if S and S' be two non-degenerate conics satisfying the 
relation ©® = 4A0', they are such that some triangle circum- 
scribed to /Sf is inscribed to S'. And we shall now shew that 
when there is one such triangle there is an infinite number. 

*^62. Proposition. If one triangle can he inscribed in 
a conic S' and circumscribed to another conic S, then an infinite 
number of such triangles can he drawn. 

Let ABC be such a triangle. 

Let A' be any other point on S'. 

Draw A'B' to touch S and to cut S' in B\ 
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Draw B'C* and A'O' to touch 8 and to meet in G\ 

Then the six vertices A, B, 0, A', B\ C' all lie on a conic 
{Pure Geometry, § 252). 



But the conic through the five points A, B, G, A', B' is S'. 
Therefore G' must lie on S' also. 

Thus the triangle A'B'G' satisfies the conditions. 

Thus we see that an infinite number of these triangles can 
be drawn if one can. 


363. We proceed now to a further problem in which we 
shall make use of projections. 

To find the condition that the two conics 

S = aa? + hy^ + + %fyz + 2gzx + Thxy = 0 (1), 

8' = a'a? + = 0 (2), 

should he such that the sides of a quadrilateral having its vertices 
on S' should touch 8. 

Let AB, BG, CD, DA be the sides touching 8 of the 
quadrilateral whose vertices A, B, G, D lie on S'. 

Let PQR be the diagonal triangle for the quadrangle 
A, B, G, D. Then PQR is a self-polar triangle for S'. 

Now project S' into a circle with P projected into the 
centre. Then QR goes to infinity, and ABCD becomes a paral- 
lelogram, and being inscribed in a circle it must be a rectangle. 

Thus, using small letters in the projection, a, h, c, d ai’e 
points on the director circle of 8. 
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Thus S and 8' are a conic and its director circle. 
So then we may take 

S = aa^ + hy* + e, 

S'so'(a?+j/>) + a'(i + |). 


•• c~c ^ ’ 





As our k equation arises from the condition that 8 + kS' 
should be the product of two linear factors, we may omit the 

common factor -- and take 
c 

c 0 

We now write fl?Va' = VcX, yVa' = VcF, and get 

^ X* + -,7* + 1 = 0 ^* + + 1 (say), 

a a 

s'=z-+r-+(^+f)=x>+p+(i+|). 
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Now form A, A', 0, 0' for these ; we have 

A.«A A' = i + 1, 

@ = 2(a+i3), 0'=^ + ^ + 3 = ^'!^* + 1, 

p a ap 

These give AA' = a + ^, @ = 2AA', and ©' = AA'* + 1, 

00' = 2 A A' + 2 AW*, 

/. A00' = 2A*A' + 2A*A'», 

4A00' = 8A*A' + 0*, 

0*-4A00' + 8A*A' = O. 

This, being a homogeneous relation, holds when A, A^ 0, 0' 
refer to the original conics 8 and 8'. 

The above relation is necessary that the conics (1) and (2) 
should be such that a quadrilateral circumscribed to (1) should 
be inscribed in (2), It must not however be assumed that it is 
sufficient (see Ex. 10 at end of chapter). 

It is clear from the projection effected above that if one 
quadrilateral can be inscribed in 8' and circumscribed to 8, 
there is an infinite number of such quadrilaterals. 

364. Condition for single contact. 

To find the condition that the conics 8 — 0, 8' = 0 should 
touch. 

In general the conics cut in four points and we have three 
possible pairs of lines through their points of intersection, viz. 

8 + k8' = 0, 

where k is given by 

A'k* + ®'k‘ +@k + A = 0 (1). 

If the conics touch, these three pairs of lines reduce to two. 
That is, this equation giving k has a pair of equal roots. 

Now a double root of (1) is also a root of 

3A'yfc* + 20'fc + 0 = O (2). 

The condition that the conics should touch is then the 
result of eliminating k between (1) and (2). 
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This can be effected thus : (1) x 3 — (2) x & gives 

©'A” + 2@A: 4- 3A = 0 (3). 

From (2) and (3) we have 

_ 1 

2 (3A©' - ©») “ ©@' - 9AA' “ 2 (3A'© - ‘ 

Whence (®0' - 9A A')’ = 4- (3A@' - 0^) (3A'0 - 0'*), 
which becomes on multiplying out 

@20'» + 18AA'0@' - 27 A*A'* - 4A0'» - 4A'@* = 0. 

This condition is also sufficient that the conics should touch ; 
for by the theory of equations we know that the expression on 
the left side is a multiple of the square of the product of the 
differences of the roots of the equation (1). If then it is zero, 
two roots of (1) must be equal. 

365. Equation of common pair of chords of two 
conics which touch. 

Suppose that A, B, 0, D are the four points of intersection 
of two conics S and S', The three pairs rf common chords are 
AG,BD; AD,BG; AB, GD. 

Now if B coincide with A so that the conics touch at 4, it 
is the first two of these pairs that become the same, thus the 
duplicate root k in the last paragraph will be that which gives 
the pair of chords AG, AD when the conics touch at A and cut 
in G and D. 

But from the work of § 364, we see that this value of k is 
00' - 9 A A' 

2(3A'0-0''‘)' 

Hence the equation of the common pair of chords through 
the point of contact of two conics /S = 0, S' = 0 which touch is 
2 (3A'0 - 0'») S + (00' - 9AA') S' = 0. 

366. Double contact. 

We naturally seek next to discover the condition that two 
conics S and S' should have double contact. 

A. 


25 
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We know (§ 324) that we can reduce these so that 
S = a (ic* + + cz*, 

S' = a^‘+y^ + z\ 

so that we have 

A = a»c (1), A'=l (2), 

@ = 2ac + a^ (3), @' = 2a + c (4). 

We should then have to eliminate c and a between (1), (3) 
and (4) and make our resulting relation homogeneous by means 
of (2). It will be found however that the result obtained is the 
same as that which we had for single contact. This relation 
then is necessary for double contact but not suflScient. There 
must be other conditions satisfied if the conics are to have 
double contact. These will be set forth in a subsequent 
chapter. 


367. Condition for three point contact. 


In this case three of the points A, B, G, D must coincide, 
say A, B,G', then we have only one pair of common chords, viz. 
the tangent at A, and AD. 

Thus the equation giving k must have three roots equal, i.e. 


Whence 


@ A 

@ A 

0 ^3A 
3A' ~ 0' ~ @ ’ 


each of these being equal to 


368. Pair of tangents. 

To find the equation of the pair of tangents to 
S = (a, 6, c, /, g, h) (x, y, zf = 0, 
the chord of contact being lx + my nz = 0. 

Here we take 8' = {lx + my + nzf, 
so that we have A' = 0, = 0. 
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The pair of tangents is a pair of common chords of S — 0, 

And the pairs of common chords are given by 

8+k8' = 0, 

where + A = 0. 

Putting A'= 0, @' = 0 we have A: = — 

Thus the pair of tangents is 

@8 = A (lx + my + m)*, 

where 

@ = (be — /“) P + (ca — g^) to* + (ah — h*) n^+ 2 (gh — af) mn 

+ 2 (hf— bg) nl + 2 (fg — ch) Im 
mt AP + Bm^ + Cn^ + 2Fmn + 2Gnl + 2Hlm. 

Writing this 2, we have as the equation of the pair of 
tangents 

2/S = A (?« + my + nzy, 
which is the same as 

a, h, g, I 8+ a, h, g (lx-\-my-\-nz)* = 0. 

h, h, f, TO h, b, f 

g, f, c, n g. f, 0 

I, TO, n, 0 


As a particular case of the above, we see that the equation 
of the asymptotes of 

+ w’ + 2fyz + 2gzx + 2hxy = 0 
in areal coordinates is 


a. 

h, 

g> 

1 

8+ a, 

h, 

g 

h. 

b. 

f. 

1 

h, 

b, 

f 

gy 

f. 

C, 

1 

g> 

f. 

c 

1. 

1, 

1, 

0 





(x + y-\-zy = 0. 


And the equation of the asymptotes of the conic represented 
by the general equation in any system of homogeneous coordi- 
nates is 


25— a 
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a, h, g, a 

s+ 

a, h, g 

{ax + Sy + yzy=‘0, 

h, b, f, S 


h, b, f. 


9, /. c, 7 


9> f> 0 


«, S, y. 0 





where cue + + 7 ^^ = 0 is the equation of the line at infinity. 

369. Invariants and reciprocation. 

If the condition that a geometrical relation should eodst 
between two conics S and S' is determined by a homogeneous 
function of 

A, 0, 0', A' 

equal to zero, the reciprocal relation is determined by the same 
function of 

A*. A0', A'@, A'» 

equal to zero. 

For suppose the two conics S and S' reduced to 
S = aa? + by^ + cz^, 

(S' = 03* + 3 /* + z\ 

Then A = ahe, 0 = 6c + ca + o&, 0' = a + 6 + c, A' = 1. 

If we reciprocate with respect to S', the conics become 
Si = bca? + cay^ + ahz\ 
and S' = a? ■\-y^-\- 

and 

Ai = 01 = abc (a + 6 + c), 0j' = 6c + ca + ab, A/ = 1 = A'* 

= A*, = A@', s= 0A'. 

Now let <f> (Ai, 0,, 0,', A/) = 0 
be the homogeneous equation that must hold if a certain 
geometrical relation holds between /S, and S'; then the re- 
ciprocal relation holds between S and S'; and the condition is 
equivalent to 

^(A», A@', A'0, A'») = 0. 

Thus the proposition is proved. 

Illustration. The condition that triangles inscribed in S' 
should be circumscribed to ^ is as we have seen 0* = 4!A0', 
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hence the condition that triangles circumscribed to 8' should 
be inscribed in /S is 

A*@'» = 4A*A'0, that is = 4A'@, 
which is obviously correct. 

370. Geometrical interpretation of @ = 0. 

It can be seen that @ = 0 for two non-degenerate conics 
8 and S' in the two following cases: 

(i) If some triangle self-conjugate to 8 is inscribed to 8'; 
for then we can take 

8 = w‘ + y^ + z\ 

8' = %fyz -I- Igzx -f Ihxy. 

(ii) If some triangle circumscribed to 8 is self-conjugate 
for 8'\ for then we can take 

8 — x"^ y"^ + z^ — 'i.yz — '2zx — ^xy, 

8' = aa? hy'^ + gz\ 

We will now shew that if @ = 0 both the geometrical 
properties (i) and (ii) hold. 

For let A be any point on 8'. Let the polar of A with 
respect to 8 cut S' in B. Take G the pole of AB with respect 
to S. Then ABC is a self-conjugate triangle for 8. Taking 
it for the triangle of reference, we may write 
8 = a^+y^ + z\ 

8' = cz^ -I- %fyz -f ^gzx 4- ^hxy, 
since 8' goes through A and B. 

For these @ = c, .*. c = 0, 

that is G lies on S'. Thus ABG, a triangle self-conjugate for S, 
is inscribed in S'. 

Hence @ = 0 is the necessary and sufficient condition that 
some triangle self-conjugate for 8 should be inscribed in 8'. 

Reciprocating we have A@' = 0; i.e. @' = 0 (for A 0) is the 
necessary and sufficient condition that a triangle self-conjugate 
for 8 should be circumscribed to 8'. 
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That is 0 = 0 is the necessary and sufficient condition that 
a triangle self-conjugate for S' should be circumscribed to S. 

Thus if 0 = 0 both the geometrical properties (i) and (ii) 
hold simultaneously. 

It is further clear that there is an infinite number of triangles 
satisfying the conditions, 


EXAMPLES. 

1. Two circles S and S* of radii r and / and with centres at 
distance d apart are such that the sides of a triangle inscribed in S' 
touch S, prove cP = r'^ ± 2r/. 

[Take centre of S for origin and line joining the centres for 
os-axis so that the circles are 

5' = (a: - + y - r'^ = 0, 

that is aS ~ oj® + - rV, 

S + {d^ - r'^) - 2dzx. 

Then use ®2-4A@' = 0.] 

2. If = 0 be a non-degenerate conic and S' a pair of straight 
lines, then : 

(i) If ©' = 0 the point of intersection of the lines S' lies on S 
and conversely. 

(ii) If © = 0 the lines S' are conjugate lines for S and 
conversely. 

[Take S = (a, 6, c,/, g, h) {x, y, zf and S' = 2y«.] 

3. Prove that if © = 0 for the conics S and S'y then S and S^ 
can be projected into a circle and a rectangular hyperbola, the latter 
passing through the centre of the circle. 

Prove also that S and S' can be projected into a parabola and a 
circlei the centre of which lies on the directrix of the parabola. 
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4. Deduce from § 370 that the circle circumscribing a triangle 
self-conjugate for a conic S cuts the director circle of the conic at 
right angles. 

S 2 

[Take the conic ^ = 1 and the circle (x — hy + («/ — ky = r* 
and express that 0=0.] 

6. Prove that 0 = 0 if be a hyperbola and the director 
circle of its conjugate. 


6. Prove that if S' is a given conic, the locus of the centre of a 
variable conic S such that (i) 0 = 0 and (ii) a given triangle is self- 
conjugate for aS, is a straight line. 


, The condition that it should be possible to inscribe triangles 

9 . 


in the ellipse 


t 

<.5 


= 1 whose sides touch 


, = 1 is 


a b ^ 

a 0 


y3-8. If the tangents to S at two of its points of intersection with 
S' intersect on S\ then 

0"-4A@©' + 8A*A' = O. 


9. If the line joining the points of contact with the conic S' of 
two common tangents to S and S' touches S, prove that 

0* - 4A00' + SA'^A' = 0. 

Shew how this result could have been inferred from Example 8. 

10. If aS and S' be two conics which have a common self- 
conjugate triangle and if 

03 - 4A00' + 8 A^A' = 0, 

then either (i) quadrilaterals can be circumscribed to S which are 
inscribed to S' y or (ii) the tangents to S at two of its points of 
intersection with S' intersect on S'. 

[The conics have a common self-conjugate triangle ABC. 
Project S' into a circle and BC to infinity. We shall then have a 
conic S and a circle S' concentric with it. If r be the radius of the 
circle and a*, ^ the squares of the semi-axes of the conic, it will be 
found that the condition leads to either r* = a* + or H = jh (a* — ^8®). 
The first gives (i) and the second (ii).] 
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11. If two conics S and have double contact and if in 
addition an n-sided polygon can be drawn whoso sides touch one of 
the conics and whose vertices lie on the other, then 

= AA' ^1+2 cos^ ^1+2 sec^ , 

where r is an integer prime to n. 

Prove that if one such polygon can be drawn, there is an infinite 
number that can be drawn. 

[Conics with double contact can be projected into concentric 
circles by projecting the points of contact into the circular points 
{Pure Geometry, § 134).] 

12. Prove that the same relation holds as in Ex. 10 when the 
conics have single contact. 

13. If two parabolas with the same focus are inscribed and 
circumscribed respectively to a triangle, prove that the angle between 

their axes is 2 cos“^ ^ \/ \ where L and I are their latera recta. 

14. Shew that the ratio of the curvatures at the point of 
contact of the conics -S' = 0, *S" = 0 which touch, is the ratio of the two 
unequal roots of the equation 

A'A® + + 0/c + A = 0. 

[Refer the conics to their common tangent and normal as axes 
(§ 237, Ex. 2).] 

15 . li A, B, C, D are the points of intersection of the conics 
5=0, 5' = 0 and P be any point on 5 = 0, the cross ratio \ of the 
pencil P {ABCD) is given by 

(A2-\+l)8 {@2«3A07 

(X + 1)2 (2X2 ^ 5;^ ^ 2)2 "" {202 - 9 A (00' - 3AA')}2’ 

[Take S = aix? + hy^ + cz^, and 5 ' = 032 + y® + and see § 338.] 

16. The condition that the pencil formed by joining any point 
on the conic S with its four points of intersection with S' may be 
harmonic is 


27A2A'-9A0@' + 202 = 0. 
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17 . The conic degenerates into a pair of lines for 

the values Xj, prove that the cross ratio of the pencil 

joining any point on S-i-kS' = 0 to the four common points of the 
system is 

(X^XQ (A,~X3) 

(X~X3)(X,~X0' 

Shew also that for the pair of conics S = ^"k-f 4 /S' = 0, 

the condition €) = 0 becomes 


/Aj — Xi 


X2 ~ ^ — fii _ Q 

^ — Xa ^2 “ ^8 


ABCDEF is a hexagon inscribed in a conic S' so that 
any two consecutive vertices are conjugate points with respect to 
another conic aS, prove that 

®8~4A (®^y~2AA') = 0. 


19. If A? and S' be two conics such that a pair of their common 
chords are conjugate lines with regard to Sy then 

- 90®'A + 27AW = 0. 


20. If S and S' be two conics such that a pair of their common 
chords are conjugate lines for both conics, then ®^A'=0'^A and 
either @0' = 9AA^. 

21. If the four points of contact with aS^ = 0 of the common 
tangents to aS' = 0, 5" = 0 be joined to any point of S and the lines so 
formed determine a harmonic pencil, shew that 

20'" - 900' A' + 27 A A'* = 0. 
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TANGENTIAL EQUATIONS.— ENVELOPEa 

371. Tangential equations defined. 

We have seen that the condition that the line 

lx + my + nz = 0 (1) 

should touch the conic 

(a, b, c,f, g, h) (x, y, zf = 0 (2) 

is a, h, g, I =0, 

h, b, f m 
g, f, c, n 
I, m, n, 0 

which we write 

+ Bm* + Cn* + 2Fmn + 2G7il + 2Hlm = 0 . . .(3), 

A, B,G, F, 0, H being the minors with their proper signs of 
b, c,f, g, h in the determinant 

A = a, h, g , 

h, b, f 

g> f> 0 

The relation (3) giving the condition that the line (1) 
should touch (2) is called the tangential equation of the conic (2). 

372. Reciprocal relation between point and tan- 
gential equations. 

We now proceed to shew that when the tangential equation 
of a conic is given, the ordinary equation of the conic, which we 
shall call the point equation, can be found from it exactly as 
the tangential equation is formed from the point equation. 
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That is to say ; 

If aP + hm? + cn* + 2fmn + 2gnl + ^hlm =* 0 
he the tangential equation, then 

Aa? + By* + Gz* + 2Fyz + 2Qzx + 2Hxy = 0 
ia the point equation. 

For let the point equation be 

aV + b'y* + c'z* + + 2g'zx + 2h'xy = 0. 

Therefore the tangential equation is 
{h’o' - f'*) I* + (cV - g'*) m* + {a'h' - h'*) n*+ 2 (g'k'- a'f) mn 
+ 2 {hf - h'g') nl + 2 (J'g' ~ c'h!) Im = 0. 
Therefore we must have 

a ^ ® _ / 

b'c'-f'» ~ c'a'-g'* ~ ^b'^* ~ g’h' -a'f 

" W~-^' 

be -P = V {(cV - g'*) {a'h' - h'*) - (g'k' - a'/)*} 

= W {a'b'c' + 2fg'h' - a'p - b'g'* - c'h'*} = X*a'A'. 

So ca — g*= \*b'A' and ah — h* = XVA'. 

Also gh-af^\*[{h'f' -h'g'){ff -c'h') 

- Q>’c' -p) (g'h' - a'f')\ = 

So hf— bg = 'K'g'A' and fg — ch — \*h'A'. 

Wherefore the point equation of the conic is 
(6c — /“) + (ca — g*) y* + (ah — h*) z*+ 2 {gh — of) yz 

+ 2 {hf- hg) zx+2{fg- ch) xy = 0, 
that is Ax* + By* + Cz* + 2Fyz + 2Gzx + 2Hxy ~ 0. 

373. Connection with reciprocation. 

This relation of reciprocity between the point equation and 
the tangential equation of a conic is easily seen to be connected 
with that of polar reciprocation. 

For if (a, 6, c,f, g, h) {x, y,zf = (i 


( 1 ) 
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be the point equation, then 

(A, B, G, F, G, R) {I, m, ny = 0 ( 2 ) 

is the tangential equation. 

But (.4, B, G, F, G, H) {x, y, z)' = 0 (3) 

is (§ 318) the polar reciprocal of (1) with respect to the conic 

+ 2/* + = 0 (4). 

And, as we have seen, (1) is the polar reciprocal of (3) with 
respect to (4). 

Thus if (a, 6, c,f, g, h) (I, m, ny = 0 

be the tangential equation of a conic, the conic is the polar 
reciprocal with respect to (4) of 

(a, b, c,f, g, h) {x, y, zy = 0, 
that is, its point equation is 

(A. B,G,F,G,H){x,y,zy^0. 

We observe too that equation (2) expresses the fact that the 
point (I, m, n) lies on (3). 

Also the point (I, m, n) is the pole of the line 
lx + my + nz = 0 

with respect to (4). 

Hence the tangential equation of a conic merely expresses 
the fact that the pole with respect to (4) of a line touching the 
conic lies on the polar reciprocal of the conic with respect to (4). 


Example. 

equations 


Find the point equations corresponding to the tangential 


( 1 ) 

( 2 ) 


oi® + 6 ot* + = 0. 


r+''- + - 
l m n 


=a 


374. Tangential equation of the first degree. 

The general tangential equation of the first degree is 
Al + Bm + On = 0. 

This tells us nothing about the line lx + my + nz=0 except 
that it passes through the point (A, B, G). The tangential 
equation of the first degree then represents a point. As we 



TANGENTIAL EQUATIONS. — ENVELOPES 397 

have seen, the tangential equation of the second degree repre- 
sents a conic. There is however a special case where it 
represents two points. This is when it reduces to the form 

{Al + jBm + Cn) {A'l + B'm + Cn) = 0. 

For this equation is only satisfied if Al + Bni + Cn = 0 or 

^7 + 5'm+(?'» = 0. 

375. Envelope of lines Joining corresponding points 
of two homographio ranges. 

We will now prove the proposition which we stated without 
proof at the end of § 352. 

The lines joining corresponding points of two homographic 
ranges on two intercepting lines, the point of intersection of the 
lines not corresponding to itself in the two ranges, all touch a 
conic, which touches the two lines of the ranges. 

Let OX, OF be the lines of the ranges. These we will 
take for axes of coordinates. 



Let P and P' be corresponding points in the two ranges. 
Let 0P=j). OF^p'. 
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Let lx + my -^-nz—Q, 

which is the same as + n = 0, 

be the equation of PF. 

TO , TO 

P = -T> P • 

^ I m 

But App' + Hp + H'p' + B = 0, 

where A, B, H and H' are constants. 

Therefore A ^ B = 0, 

Im I m 

An^ — Hmn — H'nl + Blm = 0 (1). 

Therefore the line lx + my + nz = 0 touches a conic whose 
tangential equation is (1). 

Moreover as (1) is satisfied for the values (1, 0, 0), (0, 1, 0) 
of (I, m, to) it is clear that the conic touches 

a; = 0 and y = 0, 

that is the two lines of the ranges. 

Thus the proposition is proved. Another proof will be 
given in § 377. 

In the special case where A = 0 the conic also touches the 
line z^sO, that is the line at infinity. In this case, and in this 
case only, the conic is a parabola. 

376. Envelopes. 

The line lx + my + to« = 0, 

when the relation 

at* + bm* + cn* + 2fmn + 2gnl + 2hlm — 0 
holds, touches (or ‘ envelops ’) the conic 

Ax* + By* + Cz* + 2Fyz + 2Gzx + 2Hxy ~ 0. 

The conic then is called the envelope of the line. 

The coefficients I, m, n in the equation of the line are called 
the coordinates of the line (§ 269). If then the coordinates of a 
line are connected by a homogeneous relation of the second 
order the envelope of the line is a conic. 
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Suppose now that we have the equation of a line in the form 
{liW + TO,y + Thz) 4- k (ij® + + n^) + k? + «,«) = 0, 

and we want the envelope of this line due to changes in k, the 
Vs, m’s and «.’s not changing with k. 

Now suppose that .diB is the position of this line for some 
particular value of k which we will denote by ki . 

And let A'B' be the consecutive position of the line, differ- 
ing but slightly from AB, for a particular value of k differing 
but slightly from k^. We will denote this particular value by 
ki + where hki is very small. 

Let AB and A'B' intersect in P. 

Let A"B" be the consecutive position of the line related to 
A'B' as A'B' was to AB, and let A"B" cut A'B' in Q. 



Then the locus of these points P, Q for the various positions 
of the line will be the envelope. 

For as we see, P and Q being near points common both to 
A'B' and the locus of P, the line A'B' must touch the locus of P. 
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Similarly all the other lines must touch the locus of P. The 
locus of P gives then the envelope required. 

This is expressed by saying that the envelope of the line is 
the locus of the ultimate intersections of consecutive lines of the 
system. 

We will now write the equation of the line for short 

The equation of the line AB is then 
L + hM+km=0 

and of A’F X + (^, + hh) Bk,yN= 0. 

For points common to these we have 

L+k,M+kyN = 0\ 

Sk,{M+ 2Nk,) + (Bk.y iV = OJ ’ 

that is X + kiM + k^N = 01 

(M+2Nk,)+Bk^N=0\’ 

Now Sit, is very small, and becomes smaller and smaller the 
more A'B' approximates to AB, 

The locus of ultimate intersection of consecutive lines then 
is given by 

L + hM+kyN^O) 

M+2Nk, = 0\* 

that is + + 

that is = 4Xi\r, 

or (Ija? + mjy + = 4 {liX + mjy + «i«) + ntz), 

which is a conic. 

It will be observed that the envelope is the condition that 
L + Mk + Nk^^^O 

should have equal roots in k. This fact is easy to remember 
and enables us quickly to write down the envelope of a line of 
this form. 

But it will be observed that the above argument holds 
exactly the same for a curve whose equation can be expressed 
in the form P + kQ + k^Ji = 0. 
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The envelope of such curves for variations of h is 

That is to say this curve touches all the curves belonging to 
the fixmily of curves P -\-kQ-\- k^R = 0. 

It will be seen from this paragraph that if 

X^^XYZ 

be the equation of a conic, then the lines 
\Y^-2kX-\-k^Z=:0, 

for the different values of k are all tangents to the conic. 

It can be proved in exactly the same way that the envelope 
of the curves whose equation is 

P + QA? + Rk^ 4- Sk^ = 0, 

for variations in k is the result of eliminating k between 
P + Qk 4- Rk^ 4- = 0] 

Q + 2PA; + 3ASf/c2=0j • 

And the envelope of the curves whose equation is 

P + Qk + Rk^ ^ Sk^ 

is the result of eliminating k between this and 
Q + 2Rk 4- ZSk^ 4- ^Tk? = 0. 

But all these are but special cases of a general theorem of 
the Differential Calculus that the envelope of curves ^ {k) = 0 
for variations of k is the result of eliminating k between 

</>(^) = 0| 

By the same reasoning as that of § 37 5, we can see that if 
P + Q/j + iJA:^ = 0 

be the tangential equation of a curve the tangential equation of 
the envelope is = AsPR. 

377. Prop. The envelope of the line lx + my + n 2 = 0 where 
l\m-.n = at^ + ht + c : aV + h't + c' ; + b"t + c" 

(a, h, c, etc. being constants ) is a conic. 


A. 


26 
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This proposition is the reciprocal of that of § 321. By that 
article the locus of {I, m, n) when I, m, n are connected by the 
given relation is a conic ; and as the point (I, m, n) reciprocates 
into the line la + my + nz = 0 with respect to the conic 
ccr + y- + z^ = 0, the proposition follows at once. 

We can make use of this proposition to prove the property 
given in § 37 5. For if P and P' be corresponding points in the 
two homographic ranges the lines of which intersect in 0, then if 

OP = <, = 

ct + d 

where a, b, c, d are constants. 

Thus the equation of PP' is 

« , y(ct+ d)_ 
at + b ~ ’ 

that is (at + h)x-{- (ct^ + dt)y — (aP ■\-bt)z — 0. 

Therefore the envelope of PP' is a conic. 

378. Conics touching the common tangent of two 
given conics. 

Suppose now we have two conics whose tangential equa- 
tions are 

S = aZ® + biii^ + cn® + 2fmn + 2gnl + 2hlm = 0 (1), 

2' = a'l^ + b'm^ + c'n^ -I- 2/' inn -|- 2g'nl + 2h'lm = 0. . .(2). 

We seek to interpret the tangential equation 

2+^r = 0 (3). 

It is the equation of a conic, for it is homogeneous of the 
second degree in I, m, n. 

Moreover we can see that (3) touches all tangents which (1) 
and (2) have in common. 

For if lx 4- my + wz = 0 be a tangent to (1) and (2) they are 
simultaneously satisfied, and therefore (3) is satisfied too. 

Thus as, if /S = 0, S' =0 are the equations of two conics, 
S -I- kS' = 0 is the equation of a conic passing through their 
common points of intersection, so if 2=0, 2' = 0 are the 
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tangential equations of two conics, 2 + = 0 is the tangential 

equation of a conic touching their common tangents. 

Consider now some special cases. 

The equation 

2 + k{Ll + ifm + Nn) {L'l + N'n) - 0, 

where i, M, N, L\ M\ N' are constant, is the tangential 
equation of a conic touching the common tangents of 2 = 0, and 

{LI + Mm + Nn) {L'l + M'm + N'n) = 0, 

and thus it is the tangential equation of a conic touching the 
common tangents of X = 0, and LI + Mm + Nn =0 and also the 
common tangents of S = 0, and L'l + M'm + N'n = 0. That is 
to say it is the tangential equation of a conic touching the 
two pairs of tangents to the conic S = 0 drawn from the points 
{L, M, N) and {L', M', N'). 

In a similar way we can see that the equation 

{LI + Mm + Nn) {L'l + M'm + N'n) 

= {L"l + M"m + N"n) {L'"l + M"'m + N"'n) 

is the tangential equation of a conic touching the lines joining 
{L, M, N) to {L", M", N") and to {L'", M'", N'") and the lines 
joining {!/, M', N') to {L", M", N") and to {L'", M'", N'"). 

1 ^^ ^379. Equation of points of intersection of two 
conics. 

To find the tangential equation of the four points of inter- 
section of the conics 

8 = 00 ? +cz‘+ "ifyz + tgzx + "Nixy = 0, 

S = aV + + c'z^ + if'yz + 2 g' zx + 'Ih' any = 0, 

that is, to find the condition that the line lx + my + nz = 0 
should pass through one of these four points. 

The tangential equations of these conics are 

1, = AP BnP + Gn^ + 2Fmn + 20nl + 2Hlm = 0, 

2' = A'P-\- B'nP + (7 V + 2F'mn + 2Q'nl + 2 E 'Im = 0 

26—2 
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And the equation of any conic through their points of 
intersection is 

S+kS' = 0, 

whose tangential equation is 


a 4- ka'. 

h "f" kh', 

9 + 

1 

= 0. 

hi + kK' , 

b + kb', 

f+¥'> 

m 


g + 

/ + ¥'. 

c + kc', 

n 


l, 

m, 

n, 

0 



This on being multiplied out gives 

2 + ^•^> + A:''2'=0, 

where 

s (be' + h'c — 2ff') P + (ca! + c'a — '2,gg') m* 

+ (ab' + a'b — 2hh') n’ + 2 (gh' + g'h — af — a'f) ran 
+ 2 (hf + h'f - bg' - b'g) nl+2 (fg' +fg -ch' - c'h) Im. 

Thus the tangential equation of the envelope of the system 
of conics through the four points of intersection of S and S' is 

But the envelope or locus of ultimate intersection of the 
consecutive curves of the family S + kS' = 0 is the four points of 
intersection of S and S', for no two conics can cut in more than 
four points, and all the curves of the family S + kS' already pass 
through the same four points. 

is the tangential equation of the four points of intersection of S 
and S', 


380. The student will have understood that ** - 422 ' in the last article 
must be the product of four linear factors in I, m, n of the form 

and then (A<Ji<iP<^ (A^D^C^ (AiBiC^ give the coordinates of the 

four points of intersection. 

Ijet us illustrate this by taking the conics 
<8 s oa:* + 6?/* — 1 = 0, 

(S' B a'a;® + 6'y* — 1 ■» 0. 
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By actual solving we find that these intersect in the points 

( - \/ aV-a'b' - \/ ' 

Now let us verify that the same result is obtained from 
We have 2 = —bP — am^ + ahn^^ 

and = - (6 + 5 ') ^2 _ a') + {aV + a*h) n\ 

— 422' {(6 + h'Y - 466'} {(a + a')^ — 4aa'} 

— {(a + a') {aV + a'6) — 4aa'6 - 4aa'6'} 

- 2 / 12^2 {(6 4- 6') (ah' + a'6) - 4a'66' - 4a66'} 

H- 2/^771^ {(a + a') (6 + 6') — 4a'6 — 4a6'} 

= (6 - 6')2 (a - a')2 + (a6' - a'6) - 2 (a - a') (ah' - a'6) 

~ 2 (6' - 6) (a6' - a'6) _ 2 (a — a') (6' - 6) 

^(]i\/h' — h-\-msl a--a' ah' ^a'h)(--l\/h' — h-\-ms/a’-a' -\-n\/ ah' — a'h) 

X (^6' — 6 - m ^ Va6' - a'6) (I sjh' -h-\-m sj a ^ a! - n \/«6' - a'6). 

Thus the four points of intersection have their coordinates proportional to 
(\/6' — 6, \/a — a'^ \/«6' — a'6), (-V5' — 6, \/a — a'^ sjah' ~a'h)y 
(sjh' — hj —\/a — a'y \/ah' ^a'h^ (\/h' — h)^ \]a — a'^ —slah'—a!h\ 

But as the z coordinate is unity, the actual x and y coordinates are 
/ ^Jb' -h \la-a' \ / \/h' -h •\Ja~-a! \ 

VV ah' — a'6 ’ s] ah' — a'b) ’ \ V «6' — a'6 ’ V a6' — a'6/ * 


\\/ab'-a'h^ sjah' 
/ f^h'-'h Va 
VV a6' — a'b ’ V a6' 


si)' (- 


>i/ab' — a'b' i\Jab' — 

»Jb —b' V« 
V ab' — a'6 * Va6' 


i-a' \ 

T^b)' 

la -a' \ 
ah' - a’b) 


These agree with what we get by actual solving of the equations. 


381. Equation of four common tangents of two 
conics. 

We pass now to the reciprocal of the problem of § 379, viz. 
To find the equation of the four common tangents of two 
given conics 

S = aa? + hifi + cz* + 'ifyz + 2gzx + 2hxy = 0, 

/S' = a'a^ + 6 V + + ‘^fy^ + 2g'zx + 2h'xy = 0. 

The tangential equations of these are 

X = + Bm? + On* + 2Fmn + 20nl + 2Hlm = 0, 

2' = A'l^ + .B'm* + OV + 2F'mn + 2Q'nl + 2H'lm — 0. 
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Thus the tangential equation of a conic having as tangents 
the common tangents of the given conics is 

X + kl,' = 0. 

And the point equation of this conic is (§ 372) 

A+kA', H + kH', G + kQ', x =0, 

H + kH', ' B+kB\ F + kF', y 
G+kQ', F+kF', G + kC, z 
X, y, z, 0 

which is 

{BG - F^) + {GA - Q^) y^ + {AB- IP) «* + 2 {QH - AF) yz 

+ 2 {HF - BQ) zx+^ (FQ - GH) xy + kT+ P [{FU - F'‘^) 

+ (G'A' - G'^) y^ + {A'F - H'^) «> + 2 {G'H' - A'F') yz 
+ 2 {H'F' - B'G') zx + 2 (F'Q' - G'H') xy] = 0, 

where 

P = {BG' + B'G - 2FF') + (GA' + G'A - 2GG') y^ 

+ (AF + A'B - 2HH') z^ + 2 (GH' + G'H - AF' - A'F) yz 
+ 2 (HF' + H'F - BQ' - B'G) zx 

+ 2 (FQ' + F'Q - GH' - G'H) xy. 
Now BG — F^ = (ca — g') (ah — h-) — (gh — afy= oA. 

So CA — G'*=6A and AB — H = c^. 

Also 

QH-AF= (hf- bg) (fg - ch) - (bo -f) (gh - of) =/A, 
and similarly 

HF-BQ = ^A, and FG-GE = AA. 

Thus the above equation becomes 

^8+kF + P^'8' = 0. 

Hence P* = 4A A'SS' is the envelope of the system of conics 
touching the common tangents of the two given conics. 

But the envelope is the four common tangents themselves. 
Therefore, P* = 4AA';Sf;S" is the equation of the four common 
tangents of S = 0 and 8' = 0. 
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382. Reciprocal relation. 

Let us notice that we could have deduced the equation of 


the four common tangents of 

S = (a, b, c,f, g, h) (x, y, zf = 0 (1), 

8' = {a\ b', c',f, g\ h') (x, y, zf = 0 (2), 

from the result of § 379. 

For if we reciprocate these two conics with respect to 

+ y'^ + z^ = 0, 

we get (A, B, G, F, G, H)(x, y, zf =0 (3), 

{A', B\ G\ r. O', H') {X, y, zf - 0 (4). 

The tangential equation of the four common points of these 
two is, by § 379, 

<&,’ = 4S,S/ (5) 


where ^>i is the same function of the capital letters A, B, G... 
A', B', G' etc., as was of a, 6, c...a', h', d and 

= AP + £ito’‘ + (7in’ + 2FjVin + 2Ginl + 2HJm, 
where Ai, By, Gi, etc. are the minors with their proper signs of 
A, B, G, etc. in 

A, H, G , 

H, B, F 
0, F, G 

that is J.J = aA, 5, ^ 6A, G^ = cA, F, = /A and so on, where 


K b, f 
ff> /> c 


that is 2i = A (a, b, c,f, g, h) (I, m, n)* 

and S, is similarly A' (a', b', c',/', g', h') {I, in, n). 

Now if in the equation (5) we write x, y, z for I, m, n 
respectively we shall obtain the reciprocal with respect to 
af* + y* + = 0 of the four common points of (3) and (4), that is 

we shall obtain the four common tangents of (1) and (2), viz. 

F»»4AA'<SS', 
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where P stands for what <i> of § 379 becomes when we change 
I, m, n to a, y, z respectively and write capital letters in the 
coefficients. 

This result agrees with what we have obtained independently 
in § 381. 

/^383. Circular points at infinity in generalised co- 
OTdinates. 

To find the tangential equation of the circular points at 
infinity in general homogeneous coordinates. 

Here we want to find the condition that the line t 


lx-\-my + nz = Q ( 1 ) 

should pass through one or other of the two circular points. 

The circular points are given by 

aa; + ^y + 7A = 0 (2), 

c* 

-yz->r-^zx-^-xy^Q (3), 

for these give the intersection of the line at infinity with the 
circumcircle of the triangle of reference. 

Treating these three equations as simultaneous, we have 
from (1) and (2) 

aoo _ fiy _ 
m n n I I m' 

0 7 7 o a /3 

Substituting in (3) we get 

/n m's.fm n\ 

a^y \,7 a) \a /3/ ajdy V« j \/3 y) 


that is 


^a0y\^ y)[y a)~^’ 
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which we may write 


a- 


6 * 




2 Jc . 

-rr- cos A 
^7 


Sod* I ^ ^ctl) I /y f\ 

«t cos i? 7 ^ Im cos G = 0 . 

7® ap 


This then is the tangential equation required. 
It will be seen that 


— ^ e'^m — - e~^^n \ (- l — ^ e~*^m — - , 

\a 7 )\a ^ 7 / 

So that the coordinates of the circular points are propor- 
tional to 

ji ’ ~ ^ ^ ^ “7 -B - * sin 5)| , 

and 1^, — ^ (cos (7 — i sin (7), — (cos 5 -f i sin 5)| . 

These coordinates are not however of any serious importance. 
It is the expression 11 that will be used hereafter. 


384. Circular points In areal and trilinear coordi- 
natfi8_ — — > 

(i) If the point coordinates be areal, a = ^ = 7 « 1 , and we 
get 

fl = -l- 6 ’m’ + cW — 2bcinn cos A 

— 2 card cos B — 2ab Im cos (7 = 0. 

(ii) If the point coordinates be trilinear, a : ^ : 7 = a ; 6 : c, 
and the equation simplifies down to 

H = /“ + m® + n* — 2 mn cos A — 2nl cos B — 2lm cos (7=0. 

It is thus a special advantage which the system of trilinear 
coordinates has, that the equation of the circular points reduces 
to so simple a form. 

Example. Shew that the length of the perpendicular di.'itance of the 
point (x, y, z) from the line L=lx+my+nz=0 in generalised homogeneous 

coordinates is -7— where A is the area of the triangle of reference 
y ii 
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385. Circular pointa in Cartesian coordinates. 

To find the tangential equation of the circular points at 
infinity in Cartesian coordinates. 

The equation of the circle of radius a having its centre at 


the origin is 

ai* + 'iocy cos a + y^ — a?z^ — 0 (1). 

The line at infinity is z = 0 (2). 

We require the condition that the line 

lx + my + = 0 (3) 


should pass through a point of intersection of (1) and (2). 

Using (2) in (1) and (3) we have 

a? + 2xy cos <» + y’ — 0, 
lx + my = 0, 

P — 2fm cos o) + m’ = 0 (4). 

This then is the equation required. It reduces to 

P + m' = % 

when the axes are rectangular. 

Expressing (4) in factors we have 

(I — me"*) {I — me~"’) = 0. 

That is the two circular points at infinity have for their 
separate equations 

Z — me“* + 0.n = 0, Z — me~"* + 0 . » = 0. 

Their coordinates are therefore (Z, — e“*Z) and (t, — e~'‘H) 
where t is infinitely large. When the axes are rectangular 
these are {t, — it), (t, + it). 

386. Confocal conics. 

We will make use of the tangential equation of the circular 
points at infinity to find the equation of the system of conics 
confocal with 

8 = asP + bf + cz* + 2fyz + Igzx + 2hxy = 0 (1), 

supposed referred to rectangular Cartesian axes (so that z — 1). 
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The lines joining the foci of a conic to the circular points 
touch the conic {Pure Geometry, § 250). 

Therefore the conics confocal with (1) touch the tangents 
drawn from the circular points to (1). 

Thus if 

2 = AP + Bm? + On* + 2Fmn + 20nl + 2IIlm — 0 
be the tangential equation of the conic, since the tangential 
equation of the circular points is 

= 0 , 

the tangential equation of the conics confocal with the given 
conic is 

AP + Bm^ + Gn' + 2Fmn + 2Gtil + 2Ulm + \{P + m®) = 0, 


i.e. {A + X) P + (5 + \) m' + GiP + 2Fmn + 2Gnl + 2Elm = 0. 
Thus their Cartesian equation is 


-4 + X, 

H, 

G, 

X 

= 0, 

H, 

B -\-X, 

F, 

y 


G, 

F, 

G, 

z 



y. 

z, 

0 



that is 

A, H, 
H, B, 
G. F, 

y. 

+ A, 0, 

E, X, 
G, 0, 
s, 0, 

that is 

-AS + X B, F, 

F, G, 

y, 


G, X + X, H, 

F, y 0, B, 

G, z 0, F, 

z, 0 0, y, 

G, X + X, 0, 

F, y 0, X, 

G, z 0, 0, 

0 0 , 0 , 

y + X A, G, X 

z G, G, z 

0 X, z, 0 


G, X 
y 

G, z 
Z, 0 

G, X =0, 

E, y 
G, z 
z, 0 

■f" X® G, z =0, 

i 0 
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that is 

— A(Sf + X (2Fyz — Gy* — Bz* + 20zx — Gd* — Az*) — W = 0, 
that is 

A/S + X {0 (if + y*) — 2Fyz — 20zx + (.4, + £) f } + XV = 0. 


387. The foci. 


To find the foci of the conic 

S = aa? + hy* cz* + 2fyz + 2gzx + 2}wy = 0, 
referred to rectangular Gartesian axes. 

Form the tangential equation 

2 = Al* + Bm* + Gn* + 2Fmn + 2Qnl + 2lllm = 0. 

Then 2 + A; (Z’ + m®) = 0 

represents the conics touching the tangents from the circular 
points to the given conic, which tangents intersect in the foci. 

Determine k so that this is the product of two linear factors 
va.l,m,n and the two points thus determined will be the foci. 
The equation giving k is 


that is 


A A k, H, 

H, B + k, 
0, F, 


G 

F 

G 


= 0 , 


A, 

H, 

G 

+ 

k, 

ff. 

G 

H, 

B, 

F 


0, 

B, 

F 

G, 

F, 

G 


0, 

F, 

G 


+ 

A, 

0. 

G 

+ 

k. 

0, 

G 


H, 

k 

F. 


0, 

k. 

F 


G, 

0, 

G 


0, 

0, 

G 


that is ^* + k{BG-F* + AG-0*)+k*G=0, 

that is A* + kA (a + 6) + k* {ah — h*) = 0. 


In the case where the conic is a parabola this reduces to 
I; (a + 6) + A = 0. 
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Examples. 1. Find all the foci of the conic whose equation referred 
to rectangular axes is 

2^2 _ _ 4y2 _ 4y 4, 

[Here a = 2, b=-4:, 0=1,/*= -2, <7=0, 4. 

/. ^=-8, J5 = 2, (7= -24, i^=4, (? = 8, if =4 and A«-32. 

The equation giving k is 

-24i2-2iA + A2=0, 

that is (6i — A)(4i + A) = 0, 

which gives ~ i= - ~ = 8. 

Taking i=^8, we have 

2 + ii2= — 8Z2 + 2m2 — 24n2 + 8mn + 16?2^ + 8fm+8 
■= 10m2 ~ 24/2.2 4. Smn + 16/^^ + 8fw» 

= 2 (m + 2/i) (4f + 5m — 6/1). 

Thus we have t^two foci whose coordinates are proportional to 
^ (0, 1, 2), (4, 5, -6). 

Hence as «=!, the coordinates of the foci are (0, ^), (-§, 

Next taking i= we have 

3 (2 + iQ) == - 24f2 4- 6m2 — 7 2/^2 4- 24mn + 48nf + 24?m - 16 (f2 4. m*) 

*= — 40Z2 — 10m2 - 72/i2 4- 24mn -f 48nZ 4 - 24Zm 
= - 2 (20Z2-f 5m2+36/i2 - 12m7i - 24wZ - 12ZmX 
The imaginary foci are then given by 

20Z2 4- 5m2 + 36/1^ - 12m7i - 24nZ - 1 2Zm = 0, 
that is 20Z2 — 2 (6m -f 12/1) f+5m2— 12m7i 4- 367^2=0. 

, 6m + 12n ± v/( 67 ?i + 12n)2 - 20 + 3G/i2) 

^20 

6m + 1271 ± V - 64 ? 7 i 2 4 . 384m7i - 576 / 2.2 _ 6m -f 12?i ± i (8m - 247i) 

“ 20 20 
.• . lOZ = (3 ± 4i) m 4- (6 + 1 2t) 71 

that is 

10Z~(3+4f)m-(6 -12i) n=0, or 10Z-(3-4i)m~(6 + 12i)7i=»0; 
thus the coordinates of the foci are 

r 10 3 + 4f 1 , f -10 3-4t 1 


10 34 - 4 ^ I 

■6(l-2iy 6(l-20j 


-10 3-4t 1 

6 ( 1 + 20 ’ 6(1 + 20] 


. f l+2t -1+20 f l-2f l + 2il 

that IS -j - I 3-. ^J-- 

It can be verified that the line joining these two foci and that joining 
the two real ones bisect one another at right angles.] 
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2. Find the focus of the parabola 

a:* + 2:t^ — 4^; + 8y — 6 = 0. 

3. Find all the foci of the conic 

Sr* — 4 ^: 3 / + 5y* — 1 6a? — 1 4y + 1 7 = 0. 


388. Condition for a rectangular hyperbola. 

To find by means of the circular points at infinity the 
condition that the general equation of the second degree in 
generalised homogeneous coordinates may be a rectangular 
hyperbola. 

We will take as the general equation 

Aa? + By"^ + Gz^ + 2Fyz + 2Gzx + 2Hxy = 0 (1). 

The pair of points {x^, y,, z^) (a?,, y.i,z^) will be conjugate for 
this if 

AxxXi + By^y^i, + Cz^z., + F {y-,z., + y.,z^ + Q (z^x^ + z^^) 

+ H {xty.i + x^,) = 0, 

and thus the pair of points given by 

ul' + VJ?i’ + «?n* 4- 2u'mn + 2v'nl + 2w'lm = 0 
in tangential coordinates will be conjugate for (1) if 
Au + Bv-\- Gw + 2Fu' + 20d + 2Hw' = 0. 


Now the circular points at infinity are given by 

a’ ,, 6'“ , c’ , „bc . „ ca , „ 

-r t* + 75: ”*■ + — 2 yc- mn cos A — 2 — nl cos B 

a* j3 7 -“ By 7 « 

— 2^ Im cos (7=0. 
a/3 

Therefore the circular points will be conjugate for (1), that 
is the conic will be a rectangular hyperbola if (see Pure 
Geometry, § 248) 


a' 


6* 


, be 


+ B^+ G—— 2F~ cos A —2G — cos B 
a* ytr 7* P7 ya 

-2ir^cos(7 = 0. 
ap 

This agrees with our previously obtained condition (§ 311). 
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389. Perpendicular lines. 

To find the condition that two lines 

lx + my + n 2 = 0, Vx + m'y + n'z = 0, 
should he perpendicular. 

We require the condition that 

{lx + my + nz) {Vx + m'y + n'z) = 0 

should satisfy the condition for a rectangular hyperbola obtained 
in the last paragraph. 

This condition gives 


o’ 


be 


U — + mm -^ + nn — — {mn + m n) cos A 




7* 


/37 


— {nV + n'l) — cos B - {Im' + I'm) ^ cos 0 = 0 . 

yOL ' ap 


And this can be written 


or its equivalent 


^ di 

jdo.' 

* dT 


, , 0fl , do, _ 

+ TO5— +n 3- = 0, 
am an 


an' an 


EXAMPLES. 

Xl. Obtain the coordinates of the centre of the conic whose tan- 
gential equation for Cartesian coordinates is (a, 6, c,/, h) (If m, nf 
and shew that the conic is a parabola if c = 0. 



The line lx -f my + n = 0 satisfies the relation 

(«, Cfff gy h) (If m, 0, 


shew that its envelope is an ellipse, parabola, or hyperbola accord- 
ing as 


c 


a, A, g 
hf hf f 


^0, 


9 % /f 



416 


TANGENTIAL EQUATIONS. — ENVELOPES 


3. The envelope of chords of an ellipse which subtend a right 
angle at the centre is a concentric circle. 

^ Obtain in generalised homogeneous coordinates the tangential 
equation of a circle whose centre is {fy h) and whose radius is r in 
the form 

{If ^ mg nhf |^mncosil 

— 2 — n? cos B cos C?! , 

ya J 

A being tlie area of the triangle of reference. 

Prove that the conics 

yz zx + xy 0 

and sin ^ 9 V 2 ^ + sin - 

in trilinears are confocal. 

[Use the method of § 386. Form the tangential equations S = 0, 
2 ' = 0 and shew that S' = 2 + AO.] 

6 . The condition that the line te + 7 /iy + n = 0 should be a 
normal to the conic 

aoi? + 2hxy + ly^ + 2gx + 2/y + c = 0 , 
the axes being rectangular, is 

{aP + 2hlm + bm^) (ilP + Bm^ + Cn^ + 2Fmn 4 - 2Gnl + 277/m) 

= A (/^ + m^)^. 

[Write down the equation of the pair of tangents at the points 
where the line cuts the conic (§ 368). Then get equation of pair of 
lines through the origin parallel to these, and express the fact that 
lx + my = 0 is perpendicular to one of these.] 

7. If (a, by Cyfy gy h) (/, m, n)* = 0 be the tangential equation of 

a conic, the coordinates of the pole of the line lx -f my + = 0 with 

respect to it are in the ratio 

al + hm + gn ; hi + bm ^fn : gl -^fm + cn. 

8 . The conics confocal with ax^ + 2hxy + = 1 are given by 

(a 4- A) + 2hxy + (6 + X) y* = 1 + A (A + a 4- 6 ) -r (ab ~ A®), 

the axes being rectangular. 
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9. Tangents are drawn at the feet of the normals from a 

point g) to the ellipse — 2 + ^ = !• Shew that the equation of 

a 0 

the parabola which touches the four tangents is 


sj fx + ^ — gy sj = 0, 
[The tangent at (flCi, 2 / 1 ) is lx + my + n = 0 where 

/ : m : n = ^ : - 1 . 

a? 

f 

The normal at this point goes through {/, g) if 

*1 Vi 




... ^ 

t m n 


Hence the tangent touches the conic whose point equation is 
V/iT + \/ - = 0, 

but this conic is inscribed in the triangle of reference and therefore 
touches « = 0 which in this case is the line at infinity. Thus the 
four tangents touch the parabola 

s] f X +• \/ - yy 4* \/a^ ~ 6^ = 0. 

This parabola moreover touches the coordinate axes.] 

10. If two conics have three point contact, and Q be the pole 
with respect to the second of the tangent at F on the first, the 
envelope of FQ is a conic having double contact with the first. 

[Take as triangle of reference that formed by the common 
tangents and common chord.] 

11. From (cTo, y^ four normals are drawn to = 

shew that the four corresponding tangents satisfy the tangential 
equation 

Xq/xv — yovX + c^Xfx = 0 where ^ a? — b\ 

Thence by considering the point equation of 

k (a^X^ + b^jx^ — V*) + 2 [xqixv — y^vX + c^A/x] = 0 
shew that the equation of the four tangents is 


- (6 V+ - a^6“) [{xx^ - yy^ - c^f + 4:xyx^yf^ = 0. 

A. 27 
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12. Shew that the envelope of polars of a point with respect to 
a series of confocal conics is a parabola which touches the axes ; and 
prove that if normals be drawn from the point to the conics, the 
tangents at their feet touch this parabola, 

13. Shew that the asymptotes of the hyperbolas which touch 
the axes where lx + my —1 = 0 cuts them envelope the parabola 

{lx - myY - 4 (to + my - 1) = 0. 

14. From a point T (a, /?) tangents TP^ TQ are drawn to the 
ellipse ^ ~ Shew that the equation of the parabola which 
has double contact with the ellipse at P and Q is 

(x^ - yaY + Wax + = Va? + 4 aW. 

Shew also that if (a, P) is on the line lx 4 my = 1 the directrix of 
the parabola envelopes the parabola whose equation is 

{mx - lyY 4 2 (to 4 my) = 1 4 (Z^ 4 rti^) {p? 4 6®). 

15. The sides of a triangle inscribed in an ellipse touch a 
confocal ellipse. Shew that the points of contact are the points at 
which they touch the corresponding ecircles. 

16. A straight line meets one of a system of confocal conics in 
P and Q, and RS is the line joining the feet of the other two 
normals drawn from the point of intersection of the normals at P 
and Q, Prove that the envelope of RS is a parabola touching the 
axes. 


17. Two fixed points P and Q are taken on a given conic, and 
R is any point on a fixed straight line ; the lines PR and QR meet 
the conic again in P' and Q * ; prove that the envelope of P'Q* is a 
conic. 

18. If two conics have double contact, then every conic con- 
focal with the first has double contact with some one confocal to 
the second, and the four common tangents to any confocal to the 
first and any confocal to the second touch a variable conic which 
touches the common tangents of the original conics. 

19. The envelope of a chord of a conic subtending a constant angle 
at a focus of the conic is another conic with the same focus and axis. 
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20. A straight line passes through a given point. Prove that 
the envelope of the line joining its poles with respect to two given 
coaxial conics is a parabola. 


21. From points on a given straight line lines are drawn 
parallel to the polars of the points with respect to a conic ; prove 
that these lines envelope a parabola. 

22. A system of conics have a common focus and directrix. 
Shew that the normals at the points where a line through the focus 
in a given direction meets the conics envelope a parabola having its 
vertex at the focus and touching the given line. 


23. Interpret the equations in generalised homogeneous co- 
ordinates : 


(i) A {lx + my + nzY + B {Vx + niy + n'zY = C{ax + jSy + 

(ii) (lx + my + nz)^ = k (Vx + m'y + riz) (ax + /3y + yz)^ 

(iii) (lx + my + nz) (Vx + m'y + riz) = k (ax + + yz)\ 

in the cases (a) where /, 77^, l\ m\ n' are connected by the 
relation 


,dn . 

_ 4 . 0 , 

cl cm cn 


(b) where they are not so connected. 


24. A parabola circumscribes a triangle, shew that its axis 
touches a curve of the third class given by 


''sc 



and the tangent at the vertex always touches the curve of the sixth 
class defined by the rationalised form of 




dn 

aX 


1 0O 1 



where the line at infinity in point coordinates is a? + y + « = 0, and 
the rational tangential equation of the circular points at infinity 


is O = 0. 


[Use Ex. 23.] 


25. Consider what modification is needed in Ex. 24 if the 
equation of the line at infinity be acc + + ya? = 0, 


27—2 
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26. The point coordinates being areal, prove that the asymp- 

totes of all conics circumscribing the fundamental triangle and 
passing through the point Zi) touch a curve of the third class 

whose tangential equation is 

(v-X)V , (X-/^)V _Q 
yi *1 ■ 

27. If four normals be drawn to the conic whose tangential 

equation is 2 = 0 from then the tangential equation of 

the parabola touching the tangents to the conic at the four feet is 

a ( 2 , 0 ) a (2,0) 0(2,0) _ 

where O = 0 is the rational tangential equation of the circular points 
at infinity. 

28. A conic confocal with the conic S exists which touches the 
sides of the triangle ABC. Shew that of the conics which touch 
the four tangents to S from the points B and (7, one has a focus at 
A and the companion focus on BC. 

29. Find the envelope of a line on which two circles intercept 
chords whose lengths bear a constant ratio to each other. 

30. A chord PQ of ^ = 1 is drawn through the fixed point 

{fi 9)* Prove that if the circle through P, Q and (7, the centre of 
the ellipse, cut the curve again in the points R and aS, then will RS 
touch the parabola whose focus is (7, and the equation of the tangent 
at the vertex 

{a? - b^) (gy -fx) 4- = 0. 

31. If a parabola passes through fixed points P, (7, the 
envelope of the tangent to it at the extremity of the diameter 
through a fixed point P is a conic circumscribing the triangle ABC. 

[Use Ex. 23.] 


32. If O = 0 be the tangential equation of the circular points 
at infinity, then the line Aaj + /ay + = 0 is a normal to the conic 

(a, b, c,f, g, h) {x, y, z)* = 0, 

provided that 

n n r F r n 
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33. The point coordinates being areal, shew that the equation 
of the director circle of the conic (inscribed in the triangle of 
reference) whose tangential equation is 

fmtt + yml + him = 0 

is {(&>> + - a?)fx + (c^ + - 6 ^) yy + + 6 = - c*) hz] (.'C + y + z) 

= 2 (y + ^ {a'yz + U^zx + c^xy). 

34. Find the equation of the ellipse whose real foci referred to 
rectangular axes are (*i, y^), (a;^, y^) and whose minor axis has 
length 2 A, in the form 

[(* - an) (2/ - Vi) -{x- *2) {y - yy)Y 

+ [(a; - Xj) (« — «,) + ( 5 ^ — y-^ (y - yj)] - - 0 



CHAPTER XIX. 


COVAEIANTS. 


390. Covariants defined. 

In the last chapter (§ 381) we saw that if 

S^aa? + hy^ cz’‘ + %fyz + "igzx + 2hxy = 0 (1), 

8* = a' a? + h'y^ + cV + %f'yz + ig'zx + ^h'xy = 0. . .(2), 
be the equations of two conics in any system of homogeneous 
coordinates, then 

F!>-4AA'5fS' = 0 


is the equation of their four common tangents. 

Now suppose that we transform our equations to any other 
system of homogeneous coordinates by the substitutions 
X — XjA + yiii Y + V\Z 

y = X2X + giY + V'iZ • (A), 

z = X 3 A + /igP + v^Z ^ 

So that 

S=S, = (ai,6„c,)(A, F,Z)» = 0 (3). 

8' = S' = (a/. 6/. c/) (X, F, = 0 (4). 

Then the equation of the four common tangents to Sx = 0, 
Si = 0 will be 

Fj*-4A,A/W = 0, 


where Ai, A/, Fj, Si, S/ are exactly the same functions of the 
new coefficients and of the new variables that A, A', F, 8, 8' 
were of the old coefficients and variables. 

But we could find the equation of the four common tangents 
to (3) and (4), by taking the equation 

F*-4AA'SS' = 0, 
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which represents the tangents to the same two conics in the 
forms (1) and (2), and then changing the variables by the 
relations (A), afterwards expressing the coefficients a, 6, ... a', h', 
etc. in terms of the new coefficients. 

The result must be the same in the two cases. 

This however does not entitle us to say that 

- 4AA'/S/Sf'. 

What we can infer is that the ratio 

- 4A,A//SA' : F» - 4AA'/Sfif' 

is independent of the variables. And as Si = S and Si=S' 
while Ai = €*A and A/ = 6’ A', where 




Vl 




Xi, 


Vz 


(for this has been proved in § 355) it is clear that Pj = e*P. 

This could indeed be proved by actual substitution'biit the 
work would be very laborious. 

The expression P and likewise the expression 
P» - 4AA'-Sf/S' 

are called covariants for the two conics. 

Definition. A covariant then may be defined as a function 
of the variables and coefficients in the equations of two conics, 
such that the same function of the new variables and the new 
coefficients of the same two conics, when their equations are 
transformed by linear substitutions, bears to the original function 
a constant ratio. This constant ratio is always as a matter of 
fact a power of the determinant e. 

391. Geometrical Interpretation of covarlants. 

It seems clear then that any covariant of two conics equated 
to zero gives a locus connected geometrically with the two 
conics. For example, as we have seen, P* — 4AA'/S)S' = 0 is the 
equation of the four common tangents. We naturally ask then 
how the locus P = 0, which is a conic, is connected with the 
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two conics. Salmon has proved that this is the locus of points, 
the two pairs of tangents from which to the two conics 
are harmonically conjugate to each other. 

This we shall now proceed to prove, nor shall we in so doing 
assume the covariant character of P. 

392. The P conic. 

To find the locus of points the pairs of tangents from which 
to two given conics 

S = aar* + by’‘ + cz^ + 2fgz + 2gzx + 2hxy = 0 (1), 

S' = aV + h'y' + c'z* + 2f'yz + 2g'zx + 2h'xy — 0 (2), 
are harmonically conjugate to each other. 

The equation of the pair of tangents from (Xi,yi, Zi) to (1) is 
(ax* + by* + cz* + 2fyz + 2gzx + 2hxy) 

X (ax^ + by^ + cz^ + "ify^Zx + 2gz-^x-i^ + 2hxg)^ 

- {((w;i + + gz^ X + (/uci + by^ +fzj) y 

+ {g ‘^1 +/yi + c^i) z]* = 0. 
Now the coeflScient of a? on the left side is 
a (ax^* + by^* + cz^* + 2fyiZ^ + 2gZyXi + 2hx^yj) - (ax^ + hy^ +gzi)*, 
which s= (ab - h*) y^* + {ca- g^) Zx - 2 (gh -af) y^Zj, 

= Gy^* + Bz^*^- 2FyiZ^. 

Similarly the coefiScient of y* is 

.42^1* + Gxi* - 20ziXi, 

and the coefiScient of z* is 

Bxi* + Ay i*— 2 HxjPi, 

Also the coefiScient of 2yz is 

f(axi* + byi* + czj* + 2fyy,z^ + 2gz^Xi + 2hx^y^ 

- (Aci + + /2,) (gx^ ■\-fy^ + cz^, 

which 

= -(gh- af) X* - (be -f*) y^Zj. + (fg- ch) z^x^ 

+ (hf-bg)x^y 

— — FtB^ - AyiZi + HziXi + Oxjjfi, 
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Similarly the coefficient of 2zx will be 

- Gyi* - + Fwiyi + Sy, , 

and the coefficient of 2xy will be 

— Hzi^ — Gx^ifi + OyiZ^ + Fz^x^. 

Thus the equation of the pair of tangents is 
{Gyi + Bz^' — 2/^i/i^i) a? + two similar terms 
+ 2 {Ox^y^ + Hz^x^ — Ay^z-^ — Fx^) yz + two similar terms = 0. 

Putting 2 = 0 in this we obtain 
(Gy^ + Bz^ — 2Fy^z^) ic‘ + (Azi^+ Gx^ — 2 Oz^x^ y* 

+ 2 {FziX-i + Qy^Zi — Gxiyi — Hz^) xy = 0 (3), 

which is the equation of a pair of lines joining the (7- vertex of 
the triangle of reference to the points where the pair of 
tangents meet the opposite side of the triangle of reference. 

Similarly 

+ B'z^' - 2F'y,z^) a? + {A'z^^ + (7 V - ^Q'z,x^ y» 

+ 2 (F'ziXi + G'yiZi — G'xjyi — H'zf) xy = ^ (4) 

will be the equation of the pair of lines joining G to the points 
where the pair of tangents to (2) meet the opposite sides of the 
triangle of reference. 

The condition that the two pairs of tangents should be 
harmonically conjugate is plainly the same as that (3) and (4) 
should be so, and this is 

{Gy^' + Bz,^ + 2Fy^z,) {A'z^^ + (7 V - 2(? Vi) 

+ {G'yi^ + B'zi^ — 2F'yiZi) (Az^^ + Gx^ — 2GziX^ 

■= 2 {Fz^Xi + GyiZi — Gx^y^ — Hz^) 

X {F'z^Xi + G'yyZi — G'xyyy - H'zy% 

Multiplying this out and dividing by z-^ we see that the 
locus of (xi, yi, Zy) is the conic 
(BG' + B'G — 2FF') x? + two similar terms 

+ 2 + Q'R — AF' — A'F )yz-^ two similar terms = 0, 

that is F = 0. 
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393. The work of the preceding paragraph could be made 
easier if we were to assume the covariant character of F, for 
then we could reduce the equations of the two conics to standard 
forms and write 

S = + ftjT* + CiZ^, 

S’ = ch'X^ + WY^ + c^'Z^. 

The algebra would then be simpler, and we should find that 
the locus of the points, the pairs of tangents from which to the 
two conics are mutually harmonically conjugate, is 

P, = 0. 

And as Pi = e’P, we see that the locus when we revert to 
the old coordinates is P = 0. 

The student can gain practice in the algebra by going 
through the work in this simpler case. 

394. Properties of the P conic. 

The conic P = 0 passes through the eight points of contact of 
the common tangents to S = 0, S' = 0. 

For let P be a point of contact with /Si of a common tangent 
to the two conics. If the equation of this common tangent be 
lx + my + nz = 0, then the pair of tangents from P to S will be 


(lx + my + nzf = 0 (1), 

and the pair of tangents from P to S' will be (say) 

(lx + my m){l'x -^-m'y + n'z)=Q (2), 


and the lines (1) satisfy the test for being harmonically conju- 
gate with (2). 

Hence P lies on the locus P = 0. 

Coe. 1. If S—0, S' = 0 touch, then P = 0 will touch them 
both at their point, or points, of contact. 

Cor. 2. If S and S' have three point contact at P, P will 
also have three point contact with them at P. 

Cor. 3. If S and S' have four point contact at P, P will 
also have four point contact with them at P, 



COVARIANTS 


427 


Examples. 1. /8'a<?** + 2A«^=0 and <S's6?/*+c2* + 2Aay=0 are two 
conics with four point contact. Prove that their F conic is 

by^ + 2 c 2 * + Ahxy — 0 , 

and so verify that P has four point contact with S and S' at their common 
point y=0, 2=0. 

2. S=cz^^-'ihx;y =0 and (Sf'=<J2*+2^2+2A^=0 are two conics with 
three point contact at y=0, 2=0. Express their P conic in the form 

- i/ V + + 2/y* + ’^.hxy) = 0, 
and shew that it has three point contact with them. 

395. F in the standard form. 

The covariant P assumes a simple form when the equations 
of the two conics are given in the form 

S = aa? + hy^ + cz'^ — 0 , 

S' = a? + = 0, 

for then .4 = 6c, B-=ca, G=ab, F=^G = H=0, 

A'=l, B' = l, C' = l, F'=G' = H'==0. 

So that F = a (b + c) a? + b(c + a) y^ + o{a+ b) z\ 

We see then that the conic P = 0 has for a self- conjugate 
triangle any triangle self-conjugate to the original conics. 

396. Conditions for double contact. 

To find the conditions that the conics 

S = cue® -I- by^ -h cz'‘ -p 2fyz + 2gzx + 2hxy = 0 , 

S' = aV + b'y^ + cV + 2/'yz -p 2g'zx -f 2h'a!y = 0, 
should have double contact. 

We have seen (§ 324) that if two conics have double contact 
their equations can be reduced to the forms 

/S = /S = a (ic* -f y’) + CA* = 0, 

S'^S' = a?-^f + z'‘ = 0, 

whence 

P = a(o-t-c)a:*-fa(c-t-a)y*-fc (2a) a* = a/S -1- acS'. 

Thus P is a linear function of 8 and S', 
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Therefore since S = 8 and 8’ = 8', and P = e*P, we see that 
P must be a linear function of 8 and 8 ' ; so then we write 

F = k8 + 18'. 

Now let us write (a, b, c, f, g, h]^®, y, zf for P, so that 

& = BG' + B'G-2FF', 

and so on. 

We thus get 

& — ka + la', h = kh + lb', c = + IF, 

t=kf^lf', g=-kg + lg', \i = kh + lh'. 

Hence we have as the conditions for double contact of the 
conics 8 and 8', 


a, b. 

c, 1 g. 

h 

a, b. 

c. f, g, 

h 

a', V, 

c', /. 9’, 

h' 


by which is meant that all the determinants formed by taking 
any three of these columns are zero. 

The student will see also that these conditions are sufficient 
to^ ensure double contact. 

397. Polar reciprocal. 

We may use the covariant P and the invariants to find 
the equation of a conic geometrically related to two given conics. 

Thus let us find the equation of the polar reciprocal of 
8 = ax^ + by^ + cz'^ + 2fyz + 2gzx + 2hxy = 0, 
with respect to 

8' = aV + b'y' + c'z"^ + 2f'yz + 2g'zx + 2Fxy — 0. 

Transform the conics to 

/S=^=aX* + /SP + 7Z» = 0, 

We then have 

A = ayS7, A' = l, = /87 + 7a + ot/S, 0 ' = a + j8 + 7 
and P = a (;8 + 7) Z* + yQ (7 + a) 7’ + 7 (a + y8) Z^. 

Then (§ 320) the polar reciprocal of 8 with respect to 8' is 
+ 7a F* + aBZ^ = 0, 
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that is 

(/S7 + 7a + a/ 3 ) (Z’ + F’ + Z*) 

- {a (/8 + 7) ^ ‘_+ /S ^7 + a) F» + 7 (a + ^) F>} = 0, 
that is 0^' - F = 0. 

Hence the polar reciprocal of S with respect to S' is 

0/3' - P = 0. 

Examples. 1. S and S' are tioo conics; from P a point on S' tangents 
are drawn to S to meet S' again in Q and R; it is required to find tliC 
envelope of the line QR. 


S' 



The first solution we will give is somewhat lengthy but it is instructive 
from an analytical point of view. 

We will transform the equations of our conics so that 




S* = aX^ -h ^2 


We may represent a point on (2) by means of the relations 

— c cos 

Spby—z\J~^cmn 0, 

and then the equation of the chord through the points given by and 
6)=/3, wiH be 

Va*co8 ^^+ V^co8 5^^=0 (3). 


Let Q and R be the points a and S, and let P be given by ^=y. Then 
the chords 


^x cos + ^/by sin -zsf- 
2 2 


~ a — y _ 

ccos— ^=0 


and f/axcoQ^^-j- *fby&m 

are both tangents to (1). 
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acos*^^+6 sin*^^-c cos*^^^=0 (4), 

ocos*^- + 6 sin*^^-c coa^^-^=0 (6). 

We want to find the envelope of the line (3). Let us then write this 
line la;+iny+m=0, where 

_ /— ci4"3 /T • a — ^ 

^asyacos— m = vosin— ns= — v -ccos 

Now from (4) and (5) we see that a and ^ are roots of the equation in 
d, viz. 

a cos^ + b sin^ - c cos^ =0, 


that is a(l-hcos 6’^y)-\rb(l —cos d + y) — c(l +cos d-y)=0, 
that is a + 6 - c + (a - 6 - o) cos d cos y - (a - 6 -f c) sin d sin y « 0, 
which, if wo write 

6+c-a=^, c-^a-b—By a+b-c=^G, 


becomes A cos 6 cos y + J5 sin d sin y = C. 

Thus we have 


A cos a cos y + i? sin a sin y *= (7, 
^ cos^cosy + -Ssin^siny=(7. 
And from these we have at once 

A cos y B sin y 0 

Cl + / 

T" 


cos- 


sm 


a + ^ 


COS 




2 


that is 


sin y 
m 


cosy 
I '' 


Asia Bsjb CsJ ’-c 
*’• aA^'^ 


Thus the envelope of the line is 

aA^o[^-\-b B^^y^ + cC'^z^ — 0, 

that is a(5+c-a)*^‘^+6(c+a-6)2y2^(;((t^ 

Now we have 

A = l, 0=a + 6+c, ©' = 5c + ca-f aft, 6!^aba 

Thus the envelope is 

a (0 - 2a)* ^*+6(0- 26)* 3/* + c (0 — 2c)* 2* = 0, 

that is 

0* (o^* + * + os*) - 40 (a*r* 4- 6*//* -f c*e*) + 4 (a*.r* -h 6*?/* + c^2*) = 0^ 
that is 0*>S' — 4 {a (6*y* + c*^*) + b (cV + a*^*) -f c (a%* + 6*3/*)} = 0, 

or ©*/S' — 4 {6c (6^* + c«*) 4- ca (c2:* 4- a^?*) 4- «6 (oo;* 4- 6^*)} = 0, 
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that is e*/S'- 4 { 6 c(/S''-a;c»)+ca(/S'- 65 ^*)+a 6 (AS''-<»*)}« 0 , 
that is - 40'>S" + 4abcS' = 0, 

which we write (9^ - 49' A) /S''+4 AA'aS'=0, 

so that it is homogeneous in A, A', 9 and 9'. 

This then is the equation of the envelope for all homogeneous trans- 
formations of S and S\ 

We observe that if 9^- 49'A=0, this reduces to the conic >S=0. (Com- 
pare § 360.) 

The following short and elegant solution of the problem is given by 
Salmon. 

If we take PQR for triangle of reference we can write 

and S' = 2fyz -f 2gzx + 2hxy. 

Let X=l+Ai, then 

S=x^-{‘y^-\-z^ -f 2yz-2zx — 2xy — 2hJcxy^ 

• . S^kS' =x^-\’y'^'{-z^-\-2{fk-\)yz + 2{gk-\)zx- 2xy. 

Hence S^kS'=0 is & conic touching 0 = 0 , that is QR, 

It can now be shewn that this conic is a fixed conic. 

For we have 

A==1-2(1 + M)-1~1-(1+M)2 

« - 4 4 A> 5 : - A2F = - (2 -l- AA) 2, 

0=^(1 -4-A^ + 1) + 2^ (I -f-Ai-bl) + 2A (1 -1-1 +Ai) 

2 (/+^ -f A) (2 + AA), 
e'= - {f‘V9'^hf-2fghk, 

6!=2fgh, 

Thus 92 4 A9' = 4AA'i. 

Hence the conic >S+/:Ay=0 is 

( 92 - 4A9') >S-t-4AA'^=0. 

This being homogeneous in A, A', 9, 9' must be a fixed conio. 

2. The sides of a triangle touch a conic S and two of its vertices lie on 
another conic S'^ to find the locus of the third vertex. 

We can so transform our equations as that 
S s ax ^ + 2 4 . cz\ 

/S' = 072 4-^2 4 . 

So that A=^abc^ Q^Sbe, 0' = 2a, A^«l. 

Now reciprocate with respect to S' ; we have two conics 
Sisbcx^-i-cay^-i-abz^, the reciprocal of S, 

S'sx^i-y^H-z^, 


and 
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such that tangents from P (the reciprocal of p) to 8* meet /Si in Q and 
the reciprocals of q and r. And by the previous example the envelope of 
OR is 

(0i'2>40iAiO >S'i+4AiAi'>S"=0, 
where Ai' = I = A'^, 

eis=a6c(a+6 + c) = A0', 0i'=6c-f ca-l>a6 = 0 = A'0. 



Thus the envelope of QR is 

(A'^0^ — 4A0'a'^) {bcx^ 4- caj/"^ 4- ahz^) + 4A^A'^ + ?/^ + z^) = 0, 

4A^ 

that is bcx^-{’Ca7/^+abz^+\(x^+y^’^z^):=i0y where X= — 

The locus of (qr) is the polar reciprocal of this with respect to 
which is 

( 6 c + X) {ca + X) + (ca + X) (ab + X) 4 - (^ab + X) ( 6 c + X) 
that is abcS+\F+\^S'^0, 

which is A/S' -h \F-\- \^A*S' = 0. 

We now substitute for X, and get 

AS (02 - 4A0')2 + 4A2i^(02 - 4A0') + 16A^A'/S' =0. 

On dividing by A we have 

(©2 - 4A0')2 /S + 4A (02 - 4A0') F-^^ IGA^A'/S' = 0 

398. The 4> conic. 

As the locus of points the pairs of tangents from which to 
two conics form a harmonic pencil is a conic, it follows by 
reciprocation that the envelope of lines cutting two conics in 
two pairs of points forming a harmonic range is a conic also. 

Let us now find the equation of this conic for the two 
conics 


8 = (a, b, c,/,g, h)(x, y, 2:)* = 0.... 
S'^ia',b'.c’,f,g\h'){w,y,zy = 0 


( 1 ), 

( 2 ). 
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If we reciprocate these two conics with respect to 


+ a* = 0, 

we get 8i = (A, B, G, F, O, II) {x, y, zy = 0 (3), 

8, = {A', B’, G', F', G', H') {x,y,zy=0 (4). 


Now clearly if lx + my nz = 0 be a line which cuts (1) 
in two points harmonically conjugate with the two points 
in which it cuts (2), then (l> ^ point on the P 

conic of (3) and (4). 

But as the minors oi A, B, G etc. in the determinant 
A, H, G 
H, B, F 
0, F, G 

are proportional to a, b, c etc., being in fact 
aA, bA, cA etc....(§ 372), 

and similarly the minors of A', B', G' etc. in their determinant 
are a A', b'A' etc., therefore the P conic of (3) and (4) is 

(be' + b'c — %ff') a? + two similar terms 
+ 2 (gh' + g'h — af — a'f) yz + two similar terms = 0. 

As then (I, m, n) lies on this we have 
(be' + b'c — 2^') P + etc. + 2 (gh' + g'h — af — a'f) mn + etc. = 0. 

That is = 0, where <I> is as defined in § 379. 

This then is the tangential equation of the conic which is 
the envelope of lines cutting (1) and (2) in pairs of points 
harmonically conjugate. 

It is convenient to speak of this conic as the conic of 
(1) and (2y^ 


399. Point equation of <I> conic. 

To find the point equation for the conic of 

8 = (a, b, c,fg,h)(x,y,zy = 0 (1), 

8' = (a', b', c',f,g', h')(x,y,zy^Q (2). 

A. 28 
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We transform these conics into 

£f = aZ» + /9F* + 7Z» (8), 

S' = X* + + Z* (4). 

For (3) and (4) 


A = aS7, ® = Sy + 7® + «S> 

O' = a + S + 7, A' = 1, 

and P = a (S + 7) X® + S (7 + <*) F* + 7 (a + S) 

Now the 4> conic of (3) and (4) is 

(S + 7) + (7 + a) m’ + (a + S) «* = 0, 

and the corresponding point equation is 
(7 +«)(« + S) X* + (a + S) (/3 + 7) F* + (/3 + 7) (7 + ot) = 0. 

The coefficient of X’ is 

a (a + S + 7) + y37 

= a (a + S + 7) 4" (y®7 4" 7* 4- flS) ® (S + 7) 

= tt0' + © ~ a (S + 7)* 

Thus the point <I> equation of (3) and (4) is 

©' (aX » + /3F* + 7 F*) + ® (X’ + F* + ^*) 

— {« (/3 4- 7) X** + S (7 4- a) F* + + S) = 0, 

that is ®'S + ©S' - F = 0. \J 

As this is homogeneous in ®, ©', P, it follows that it is the 
point equation of (1) and (2) when @, ©', P refer to those two. 

400. Contravariants. 

The expression <t> which stands for 
(6c' + 6'c — 2/'') I* + etc., + 2 {gh! + g'h — af' — a'f) mn + etc. 
is called a ‘ contravariant ’ for the conics 

S = (a, 6, c, f, g, h) {a, y, zf = 0, 

S' = (a',6',c',/',/,/i')(®,y,A)» = 0. 

A contravariant differs from a covariant in that it is a 
function of I, m, n and the coefficients, not of x, y, z and the 
coefficients. A contravariant equated to zero will give the 
tangential equation of some locus geometrically related to the 
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two conics ; while a covariant equated to zero gives the point 
equation of some locus geometrically related to them. 

The analytical distinction between a covariant and a con- 
travariant can be seen in the following way. 

If tlic equations of the conics be transformed by substitutions 
of the form 

CD = \i X Hh T* “f* Z/] 

y = ^ 2 ^ -f- + vX ‘ (A.), 

^ = X3 A 

the line lx -f my + = 0 will be transformed into 


where 


VX-\-m'Y^n'Z = 0, 


V = \^l + \^m + 


m' = iju^m + V (B). 

n' — v^l + v^m + v^n J 


Now if f{a,b,c...a\ b\ c' ...I, m, n) 

be a contravariant, 

f(<h> ... a/, 6/, Cl' ... I', m',n') 

will be 

€^/(a, 6, c... a,, 61, Cl... lym,n), 

where di, 6i, Ci etc. are the new coefficients of X^, etc. in the 
transformed equation and e is the determinant 

Xi, fii, vi 

We observe then that the Z, m, n are transformed into 
l',m\n'hy the substitutions (B), whereas tx),y,z are transformed 
into X, F, Z by the substitutions (A). 

We can then define a contravariant in this way: 

A homogeneous function of I, m, n and of the coefficients of 
two conics /Sf and ^'is called contravariant when, on the equation 
of the conic being transformed by the linear substitutions 


X = XiX + jubiY + v^Z 'I 
y = X 2 A -h d" ^ 2 ^ I 
z = Xj A “b F *4" v^Z j 


» 
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and the I, m, n being transformed to V, m', n' by the substitu- 
tions 

“{“ \o7n X 3 ??' ^ 
m = fill + fi^m + fifU > » 

n' = Uil -I- v^m + v^n J 

the function which is related to the new coefficients of S and 
S' and to V, m', n' exactly as was the original function to the 
old coefficients of S and S' and to I, m, n bears a constant ratio 
to it, viz. e* where e* denotes some power of the determinant of 
transformation. 

401. The Jacobian of three conics. 

If we have three conics 

S = ax- -f + cz‘‘ %fyz -I- ‘irjzx -f- ^hxy = 0, 

S' = a' a? -f h'y' -f cV -f %f'yz -f 2g'zx -f "ih'xy = 0, 

and we write down the equations of the polars of these with 
respect to the point {xi, y,, we obtain 

{axi -f hyi + gzi) x (hxi -f byi -\-fzi) y -t- (gxi +/yi + cr,) « = 0, 
(a'xi -I- h'yi + g'zi) x + ... =0, 

{a"xi q- h"yi -f g"zi) x+ ... =0. 

The condition that these three lines should be concurrent is 
axi -\-gZi, hxi -\-byi +fzi, gxi +fzi ■\r czi =0. 

a'xi +h'yi -Vg'zi, h'xi -{-b'yi +f Vi + 

a"xi -f h''yi -f g"zi , h"xi -f 6"y, -f , y"®i +/"yi + 

Hence the locus of points whose polars with respect to the 

three conics are concurrent is the cubic curve 

ax -^hy -h gz, hyi + by -i-fz, gx -^-fy + cz - 0. 

a'x 4- h'y 4- y'z, h'x + b'y +f'z, g'x ■\-f'y 4- c'z 

a"x + h"y 4- g"z, h"x b"y 4- f'z, g"x ^f'y 4- d'z 

The expression on the left-hand side is known as the 
Jacobian of the three conics. In the notation of the differential 
calculus the equation can be written 
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where 


t 

S'gg, S'„ 

<y// o// 

*> V> 


S^ 

S'^ 




402. Special cases of the Jacobian. 

In the special case where the three conics have a common 
self-conjugate triangle we can refer them to this triangle and 
write 

S = ax"^ -H hy^ -f cz^, 

S' = a'x^ + b'y^ -f c'z^, 

S" = a"y‘‘ + b"y'^ -p c"z\ 

The Jacobian curve, or locus of points whose polars with respect 
to the conics are concurrent, is then 


ax, 

hy, 

cz 

a'x, 

Vy, 

cz 

a^'Xy 

y'y, 

c"z 

that is 

xyz == 

0, 


which represents the three lines on which lie the sides of the 
triangle of reference. 


403. Should it happen that the three conics all pass 
through the same two points, A and B say, then it is clear that 
the line is a part of the locus. For if P be any point on 
AB and we take Q in the same line so that 

(AB,PQ)=.-1. 

the polars of P with respect to all three conics will be concurrent 
in Q. Thus all points in the line AB belong to the locus. 

In this case then the Jacobian curve will be a line and 
a conic. 

This will always happen when the three conics are all 
circles ; for all circles have the two circular points at infinity 
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common. Thus the Jacobian for three circles will be the line 
at infinity and a conic. 

We can now shew that the conic in this case is the circle 
which cuts the three circles orthogonally. 

For the circle which cuts the three circles orthogonally is the 
conic through the six limiting points of the circles taken in 
pairs, and these limiting points belong to the locus of points 
the polars of which for the three circles are concurrent. This 
indeed follows from the fact that the polars of a limiting point 
with respect to two circles are the same line. 

404. The Jacobian will still reduce to a line and a conic if 
the three conics all touch at a common point, for the common 
tangent there is obviously a part of the locus. 

If the three conics have double contact at the same two 
points, then their Jacobian must vanish identically, for they 
have an infinite number of common self-conjugate triangles 
and all points on the sides of these satisfy the geometrical 
property that determines the Jacobian (§ 401). 

Examples. 1. If three conics have four- point contact at the same 
point, shew that their Jacobian is identically zero. 

2. If three conics have three-point contact at the same point, shew 
that their Jacobian reduces to the cube of their common tangent at that 
point. 

3. If three conics have three-point contact at the same point, and a 
second point common to all three, their Jacobian is identically zero. 

405. The cubic covariant of two conica. 

If we form the Jacobian of two conics S and S' and their 
P conic, it is clear that this will give a co variant for the two 
conics, which is in the third degree in the variables. 

That the Jacobian is a covariant is clear from the fact that 
when equated to zero it gives a geometrical locus connected 
with the two conics, viz. the locus of points the polar of which 
with respect to S and S' and P, should be concurrent 
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From what has been already said about the Jacobian of 
three conics we have the following properties of the cubic 
covariant in special cases : 

(1) If /S and S' do not touch, in which case S, S' and P 
have a common self-conjugate triangle, the Jacobian (denoted 
by the letter J) is the three sides of this common self-polar 
triangle. 

(2) If S and S' have simple contact, J will be the 
product of their common tangent and a quadratic function of 
X, y, z. 

(3) If S and S' have double contact, in which case P 
has double contact with them, J will vanish identically. 

(4) If S and S' have three-point contact, in which case 
P has also three-point contact with them, J will reduce to the 
cube of their common tangent. 

(5) If S and S' have four-point contact, J will again 
vanish identically. 

406. Jacobian of S, S' and their $ conic. 

The Jacobian of two conics S and S' and their <I> conic will 
be the same locus as the Jacobian of 8, S' and P, for as we have 
seen (§ 399) the conic is 

-f @/S" - P = 0, 

and the left side is a linear function of 8, S' and P. 

407. The cubic contravariant. 

It is clear from the principles of reciprocation that there 
must be a cubic contravariant of two conics S and S' to 
correspond with the cubic covariant J. This (which is denoted 
by F) equated to zero will give the tangential equation of the 
envelope of lines whose poles with regard to S, S' and their 
conic are colli near. 
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r will be the Jacobian with respect to I, m, n of S, T and 

S = 0, 2 =0 being the tangential equations of the two 
conics. 

That this is so is seen from the fact that 2 = 0, 2' = 0 when 
X, y, z are written, for I, m, n are the equations of the polar 
reciprocals of S = 0, S' = 0 with respect to the conic 

+ tf + = 0, 

and <I> = 0 when x, y, z are written, for I, 'in, n is the locus of 
points the tangents from which to these two conics, which are 
the reciprocals of S and S', are harmonically conjugate. 

Thus 2 = 0, 2' = 0, ‘1> = 0 when in them x, y, z are written, 
for I, in, n correspond to the conics /S = 0, S' = 0, F = 0. 

Thus the Jacobian of 2, 2', 4> regarded as functions of 
X, y, z will be the locus of points the polars of which with 
regard to these conics are concurrent. 

Now when we replace x, y, z by I, m, n again, we have 
a tangential equation which represents a curve possessing the 
property with regard to S, S' and F which is the reciprocal of 
that possessed by ^ soyzi 

Hence the Jacobian of 2, 2' and ^ with respect to I, m, n 
equated to zero will be the tangential equation of the envelope 
of lines whose poles with respect to the three conics whose 
tangential equations are 2 = 0, 2' = 0, <!> = 0 are collinear. 

Note. In the examples which follow F is written for F, 
there being no fear that this F will be confused with the minor 
off in the determinant A, 
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EXAMPLES. 

1. If for two conics a? = 0, - 0, the invariant 0 = 0, their <^> 

conic is the polar reciprocal of aS" with respect to S\ 

2. The equation of the four tangents to any conic = 0 at the 
points where it is cut by S' = 0 is 

(©.V - AaS")^ = 4 as (&S - F). 

3. Prove that the <I> conic for two circles which cut . ortho- 
gonally degenerates into their two centres. 

4. The envelope of the lines cutting two conics S and S' in 
pairs of points harmonically conjugate degenerates into two points if 

@®' = AA'. 

Shew too that this is the condition that the F conic should 
degenerate into two lines. 

5. Two equal rectangular hyperbolas are so placed that the 
transverse axis of the one is in the same straight line with the 
conjugate axis of the other. Prove that the straight line which is 
cut by them harmonically envelopes a hyperbola of eccentricity 

V 6. Jf 0 be the locus of points from which tangents to the 
conics S and S' are harmonically conjugate, and if F' = 0 be the 
envelope of lines divided harmonically by the two conics, then 
if F~0, F'-O be such that triangles can be inscribed in F self- 
conjugate with respect to F', 

®©'4-3AA' = 0. 

7. The locus of points from which pairs of tangents to the 
two conics S=0j S' = 0 are harmonically conjugate is denoted by 
F=0^ and the envelope of lines divided harmonically by the conics 
is ^^*" = 0. It F = 0, F = 0 have double contact then S and S' have 
double contact or A©'* = A'©*. 

8. The ^ conic of = 0, S" is = 0, and the polar 
reciprocal ot S=0 with respect to aS"' = 0 is kS + S' = 0, shew that 

i = ^ (©'^ - 4A'0)/AA', 
where A, © etc. refer to S and S'. 
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9 . Shew that the locus of points, the tangents from which to 
two orthogonal circles form a harmonic pencil, is composed of the 
chords of contact of their common tangents. 

10. Shew that the point equation of + <l> = 0, where 2 and ^ 
have their usual moaning in relation to two conics S and is 

+ k ((dS + AS') + {S& + ~ = 0, 

and interpret the equation 

(05 + ASy - 4 AS (S& + 5^0 - = 0 . 

11 . Shew that if the director circle of the conic which passes 
through the points of contact of the common tangents of two circles 
is coaxial with these circles, then one of the limiting points is mid- 
way between the centres of the two circles. 

12. Two conics 5 = 0, S' =0 are such that triangles ABC can 
be Inscribed in S' so that their sides touch 5 at A'^ B\ C'. Prove 
that, as the triangle changes its position, the point of concurrence 
of the lines AA'^ i?5', CC' traces out the locus 

205=:3d5'. 

13. If TP and TQ be tangents to a conic 5, and 7T', 
TQ' tangents from the same point T to another conic 5" and 
T {PPQQ')=i k a constant, prove that the locus of ^is 

4AA'55'~ U-l/ 

and interpret the cases where A = 0, A; = l, A = -l, 

14. If a conic 5 and a rectangular hyperbola S' are so related 
that the centre of S' lies on the director circle of 5, then the conic 
jF is a rectangular hyperbola. 

15. An ellipse of eccentricity e and a coaxial h3rperbola of 
eccentricity e' are such that the eight points of contact of common 
tangents lie on two straight lines. Prove that either a pair of 
collinear axes are equal or 

= 2 or (1 1) = 1. 
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16. Prove that the F conic of two parabolas is in general a 
hyperbola but that in special cases it may be a parabola. 

The F conic of the two parabolas 

{a, b, cjy g, h) (x, y, z)' = 0, 

(a!, V, c',f\ g’, h') {x, y, *)*= 0, 

will be a parabola if 

igh - a/) {h'f - by) = (g’h' - a'/') {hf- bg). 

17. Prove that 

J* = F*- (&S + ®S') F' + (A'®-S» + Ci.&S'*) F+ (®0' - 3AA') FSS' 

- (®> - 2A®') A'/S’aS' - (®'» - 2A'®) - AA'“A'* - A’A'/S'^ 

[Take S-aa? + by'^ + cz\ (S" = + y* + «*, 

so that F=a{b + c) a^ + b (c + a)y* + c (a +b) z^, 

and J= (b- c) (c — a)(a — b) a:ya.] 







